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1. Introduction

2. Methodology
The RI-MOM scheme [5] imposes renormalization conditions on amputated Green functions
of the relevant operators in the momentum space. The Green functions needed to be computed
include the quark propagator, the forward Green function and the vertex function:
S(p) = ∑ e−ipx hψ(x)ψ̄(0)i,
x

GO (p) = ∑ e−ip·(x−y) hψ(x)O(0)ψ̄(y)i,

(2.1)

x,y

ΛO (p) = S−1 (p)GO (p)S−1 (p).

(2.2)

The renormalization condition is (imposed in the chiral limit)

1 
−1
Zq−1 ZO Tr ΛO (p)Λtree
≡ Zq−1 ZO ΓO (p)| p2 =µ 2 = 1,
O (p)
p2 =µ 2
12

(2.3)

1/2

where Zq is the quark field renormalization constant with ψR = Zq ψ (the subscript “R" means
after renormalization), ZO is the renormalization constant for operator O with OR = ZO O and
ΓO (p) is the projected vertex function. In practice, we do calculations at finite quark masses
and then extrapolate to the chiral limit. The Green functions in Eq.(2.3) are not gauge invariant,
therefore the calculation has to be done in a fixed gauge, usually in the Landau gauge.
We compute the renormalization constant ZAW I of the local axial vector current from a Ward
Identity (see Sec. 3.1), which equals to ZARI in the RI scheme. Then we use
ZqRI = ZAW I


1 
−1
Tr ΛA (p)Λtree
.
A (p)
p2 =µ 2
12

(2.4)

to get ZqRI , and Eq.(2.3) to compute ZS , ZP and ZV for the scalar, pseudoscalar and vector current.
At tree level, Λtree
O (p) = Γ for quark bilinear operators.
The overlap operator [6] is defined as Dov (ρ) = 1 + γ5 ε(γ5 Dw (ρ)), where ε is the matrix sign
function and Dw (ρ) is the usual Wilson fermion operator, except with a negative mass parameter
−ρ = 1/2κ − 4 in which κc < κ < 0.25. We set κ = 0.2 in our calculation that corresponds
to ρ = 1.5. The massive overlap Dirac operator is defined as Dm = ρDov (ρ) + m (1 − Dov2(ρ) ) =
ρ + m2 + (ρ − m2 ) γ5 ε(γ5 Dw (ρ)). More details on our point source overlap fermion propagators can
be found in Ref. [3]. With the good chiral properties of overlap fermions, we should and indeed
find ZS = ZP and ZV = ZA in our results.
2
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The setup of overlap valence quark on domain wall fermion configurations is successful in
lattice calculations of physical quantities such as the strangeness in nucleon [1]. The inversion
of overlap fermions can be speeded up by using HYP smearing [2] and deflation with low eigenmodes [3]. The χQCD collaboration is determining charm and strange quark masses [4] and other
physical quantities using this setup. The renormalization constants of quark bilinear operators
needed to match lattice results to those in the continuum MS scheme are calculated in this work.
We use the RI-MOM scheme [5] to calculate renormalization constants for flavor non-singlet
scalar, pseudoscalar, vector and axial vector operators O = ψ̄Γψ 0 , where Γ = I, γ5 , γµ , γµ γ5 respectively. The results are converted to the MS scheme. We have two lattice spacings with various
quark masses and give results in the chiral limit of both the valence and light sea quark masses.
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Table 1: The parameters and statistics of configurations used in this work. The residual masses in lattice
units mres are in the two-flavor chiral limit as given in Ref. [7].

1/a (GeV)
1.73(3)

2.28(3)

ml /ms
0.005/0.04
0.01/0.04
0.02/0.04
0.004/0.03
0.006/0.03
0.008/0.03

volume
243 × 64
243 × 64
243 × 64
323 × 64
323 × 64
323 × 64

Ncon f
92
88
138
50
40
50

mres
0.003152(43)

0.0006664(76)

Table 2: Overlap valence quark masses in lattice units on the 243 × 64 and 323 × 64 lattices.

243 × 64
323 × 64

0.00620
0.00460

0.00809
0.00585

0.01020
0.00677

0.01350
0.00885

0.01720
0.01290

0.02430
0.01800

0.03650
0.02400

0.04890
0.03600

3. Numerical results
We use configurations generated by the RBC-UKQCD collaboration using 2+1 flavor domain
wall fermions[7, 8]. We employ HYP smearing on the gauge fields and then fix to Landau gauge.
The parameters and statistics of configurations are collected in Tab. 1. The overlap valence quark
masses are given in Tab. 2. The corresponding pion masses are from about 220 to 600 MeV.
We use (anti-)periodic boundary condition in the spacial(time) directions. Thus the mox 2πky 2πkz
menta are ap = ( (2kt T+1)π , 2πk
L , L , L ), where kµ = −6, −5, ..., 6 on the L = 24 lattice and kt =
−5, −1, ..., 6, ki = −6, −5, ..., 6 on the L = 32 lattice. To reduce the effects of Lorentz non-invariant
[4]
discretization errors, we use the momenta which satisfy the condition (pp2 )2 < 0.32, where p[4] =
∑µ p4µ and p2 = ∑µ p2µ . The statistical errors of our final results are from Jackknife processes.
3.1 Renormalization of the local axial vector current
The renormalization constant ZA can be obtained from the axial Ward identity
ZA ∂µ Aµ = 2Zm mq ZP P,

(3.1)

where Aµ , P are the local axial vector current and the pseudoscalar density and Zm is the quark
mass renormalization constant with mR = Zm mq . Since Zm = ZP−1 for overlap fermions, one can
find ZA by considering the matrix elements of the both sides of Eq.(3.1) between the vacuum
2m h0|P|πi
and a pion: ZA ∂µ h0|Aµ |πi = 2mq h0|P|πi. If the pion is at rest, one has ZA = mπ qh0|A4 |πi , where
A4 = ψ̄γ4 γ5 ψ. To obtain the matrix elements, we compute 2-point correlators GPP (~p = 0,t) =
∑~x h0|P(x)P(0)|0i and GA4 P (~p = 0,t) = ∑~x h0|A4 (x)P(0)|0i. Here we follow Ref. [9] closely. When
the time t is big, the contribution from the pion dominates in both correlators. Then one has
ZAW I =

2mq GPP (~p = 0,t)
.
mq →0,t→∞ mπ GA4 P (~
p = 0,t)
lim

3

(3.2)
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label
c005
c01
c02
f004
f006
f008
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24 × 64 Lattice with Overlap Fermions, ZA ,m0.005-0.04
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Figure 1: ZAW I against valence quark masses on data
ensemble c005.

Figure 2: ZqRI as a function of the momentum scale
for different valence quark masses on ensemble c01.

243 × 64
323 × 64

ml /ms
ẐAW I
ml /ms
ẐAW I

0.005/0.04
1.105(4)
0.004/0.03
1.080(1)

0.01/0.04
1.115(6)
0.006/0.03
1.079(1)

Figure 3: Examples of ZVRI as functions of the momentum scale for ensemble c01.

0.02/0.04
1.101(4)
0.008/0.03
1.075(1)

ml + mres = 0
1.111(6)
ml + mres = 0
1.086(2)

Figure 4: ZVRI /ZARI in the valence quark massless
limit against the scale for ensembles c01.

Fig. 1 shows an example of ZAW I obtained from Eq.(3.2) before taking the quark massless limit.
For the valence quark massless limit, we fit the data to ZAW I = ẐAW I (1 + bA amq ). The results of ẐAW I
are given in Tab. 3. In the last column, the results at the light sea quark massless limit are from a
linear extrapolation in ml + mres with mres given in Tab. 1.
3.2 Renormalization constants of the quark field and local vector current
Fig. 2 shows examples of ZqRI computed from Eq.(2.4) against the scale for various valence
quark masses. The quark mass dependence of ZqRI is quite small. In Landau gauge, the anomalous
dimension of Zq is zero at 1-loop. This is why Zq is quite flat in Fig. 2.
ZVRI for the local vector current for different valence quark masses on ensemble c01 are shown
in Fig. 3. Here in using Eq.(2.3), we have averaged µ = 1, 2, 3, 4 for the vector current. The quark
mass dependence for ZVRI is small. ZVRI is scale independent at large scale: When a2 p2 >∼ 3, ZVRI is
flat up to discretization errors. Fig. 4 shows the ratio ZVRI /ZARI for ensemble c01. To go to the chiral
limit, we used a linear extrapolation in valence quark masses for ZVRI /ZARI . As we see in Fig. 4, at
large momentum scale ZVRI /ZARI = 1, i.e., ZVRI = ZARI is satisfied as expected. The results of ZVRI /ZARI
for other five ensembles are similar.
3.3 Renormalizations of the scalar and pseudoscalar density
ZSRI as a function of the scale for different valence quark masses (amq ) on ensemble c005 are
4
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Table 3: ẐAW I on the 243 × 64 and 323 × 64 lattices.
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sub (2 GeV) on the 243 × 64 and 323 × 64 lattices.
Table 4: ZSMS (2 GeV) and ZP,MS

ensemble
ZSMS (2 GeV)
sub (2 GeV)
ZP,MS
ensemble
ZSMS (2 GeV)
sub (2 GeV)
ZP,MS

c005
1.1433(54)
1.164(14)

c01
1.1397(82)
1.168(22)

c02
1.1581(74)
1.194(28)

ml + mres = 0
1.1308(87)
1.141(25)

f004
1.0607(66)
1.068(21)

f006
1.0747(64)
1.093(19)

f008
1.077(10)
1.105(24)

ml + mres = 0
1.0597(64)
1.066(21)

ZS =

As
+ Bs +Cs (amq )
(amq )2

(3.3)

to fit our data and take Bs as the chiral limit value of ZS . The double pole term comes from
topological zero modes [10, 11]. In a calculation of ZS in the RI’ scheme [12], the curving up of ZS
at small amq is suppressed when the zero modes are subtracted from the quark propagator.
The fits to Eq.(3.3) have small χ 2 /dof at all momentum scales. One example of the fits is
shown in Fig. 6. ZSRI in the valence chiral limit as a function of the scale for ensemble c005 are
shown by the black diamonds in Fig. 7. We use conversion ratios from continuum perturbation
theory [13] to 3-loops to convert ZSRI to the MS scheme. The value of αsMS (µ) in the ratios is
obtained by using its perturbative running to 4-loops [14, 15]. We use ΛMS
QCD = 350 MeV for three
flavors. ZSMS as a function of the scale a2 p2 are shown by the red fancy crosses in Fig. 7.
To get ZSMS (2 GeV), we first use the mass anomalous dimension to 4-loops [13] to evolve
ZSMS (a2 p2 ) to 2 GeV (lattice spacings in Tab. 1 are used). The blue crosses in Fig. 7 show ZSMS (2
GeV; a2 p2 ), the running results from the initial scale to 2 GeV. ZSMS (2 GeV; a2 p2 ) would lie on
a horizontal line at large a2 p2 if there were no discretization errors. The solid blue line in Fig. 7
is a linear fit to the blue crosses with a2 p2 > 5 to extrapolate away O(a2 p2 ) discretization errors.
Using the data with a2 p2 > 4 to do the extrapolation gives consistent results. ZSMS (2 GeV) on all
ensembles are collected in Tab. 4, where we have used a2 p2 > 5 for the extrapolations on the L = 24
lattices and a2 p2 > 3 on the L = 32 lattices.
From the values on all six ensembles, we do a simultaneous linear extrapolation in the renor-

Figure 5: Examples of ZSRI as functions of the momentum scale for ensemble c005.

Figure 6: ZSRI against the valence quark mass at a
given scale for ensemble c005.
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shown in Fig. 5. Fig. 6 shows ZSRI against amq at a given scale on ensemble c005. The dependence
on amq is not linear. To go to the chiral limit, we use a 3-parameter function
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Figure 8: Linear extrapolation of ZSMS to the light
sea quark massless limit.

Figure 7: The conversion and running of ZS in the
valence quark massless limit on ensemble c005.

Source
Truncation (RI to MS)
Coupling constant
Lattice spacing
Fit range of a2 p2
Extrapolation in mRl
Total

ZSMS (L=24)

ZSMS (L=32)

sub (L=24)
ZP,MS

sub (L=32)
ZP,MS

Error (%)
1.4
1.5
0.5
0.4
0.18
2.2

Error (%)
1.3
1.5
0.4
<0.1
1.8
2.7

Error (%)
1.4
1.5
0.5
0.18
0.5
2.2

Error (%)
1.3
1.5
0.4
0.09
3.8
4.3

malized light sea quark mass to obtain ZSMS in the sea quark massless limit. The fit function is
Z(mRl ) = Z(0) + c · mRl ,

where mRl = (ml + mres )Zmsea .

(3.4)

Here Zmsea = 1.578(2) on the L = 24 lattice and 1.573(2) on the L = 32 lattice [7]. The slopes in
Eq.(3.4) for the coarse and fine lattices are required to be the same. The extrapolation is shown in
Fig. 8. The results after extrapolation are given in the last column of Tab. 4. We also did separate
linear extrapolations in sea quark masses on the coarse and fine lattices and got consistent results.
The systematic errors of ZS are given in Tab. 5. The O(αs3 ) term in the conversion ratio from
the RI-MOM to the MS scheme contributes about 2.2%. The ignored O(αs4 ) term is suppressed
by a factor of αs . Assuming its coefficient is 3 times as that for the αs3 term, we get a ∼ 1.4%
MS
truncation error. Using ΛMS
QCD = 400 MeV instead of 350 MeV to evaluate αs changes ZS (2 GeV)
by 1.5% on both lattices. The O(αs4 ) term in the perturbative running of ZSMS from an initial scale
to 2 GeV contributes less than 0.02%. Thus this truncation error can be ignored. Varying the lattice
spacings by one sigma leads to ∼ 0.5% change in ZSMS (2 GeV). In the extrapolation of ZSMS (2
GeV;a2 p2 ) to reduce discretization errors, changing the range of a2 p2 introduces 0.4% error on the
coarse lattice or < 0.1% error on the fine lattice. Here we vary a2 p2 > 5 to > 4 on the coarse lattice
and a2 p2 > 3 to > 2 on the fine lattice.
Finally we get ZSMS (2 GeV)=1.131(9)(25) on the coarse lattice and 1.060(6)(29) on the fine
lattice, where the first error is statistical and the second systematic. The statistical uncertainty is
much smaller than the systematic one.
The pseudoscalar renormalization constant ZPRI is shown in Fig. 9 for ensemble c01. The
coupling to the Goldstone boson channel [5] leads to the singular behavior in ZPRI at small a2 p2 . To
6
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sub (2 GeV)
Table 5: Systematic uncertainties of ZSMS (2 GeV) and ZP,MS
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Figure 9: ZPRI against the momentum scale for ensemble c01 at various valence quark masses.
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Figure 10: An example of fittings of ZPRI for ensemble c01.

ZP−1 =

A
+ B +C(amq ),
amq

(3.5)

and take ZPsub = B−1 as the RI-MOM value in the valence quark chiral limit. Fig. 10 shows one
example of the fittings of ZPRI to Eq.(3.5) at a given a2 p2 . All the fittings have small χ 2 /dof. ZPsub is
sub (a2 p2 ) to 2 GeV.
then converted to the MS scheme. Similar to the analysis of ZS , we evolve ZP,MS

Then a linear fit in a2 p2 to the data at large a2 p2 is used to reduce O(a2 p2 ) discretization errors.
sub (2 GeV) on all ensembles are given in Tab. 4. In the last column, the sea quark massless
ZP,MS
limit values are obtained from a simultaneous linear extrapolation in the renormalized light sea
quark mass with the fit function Eq.(3.4). Comparing the numbers in Tab. 4, we see that ZS = ZPsub
is well satisfied. Similar to the analysis for ZS , we give the systematic errors of ZPsub in Tab. 5.
sub is about the same size as the systematic one.
Unlike ZS , the statistical error of ZP,MS
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remove this non-perturbative effect, we fit ZPRI at each given a2 p2 to the 3-parameter ansatz [16]

