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We present results for the large-N limit of the (1+1)-dimensional principal chiral sigma model.
This is an asymptotically-free N × N matrix-valued field with massive excitations. All the
form factors and the exact correlation functions of the Noether-current operator and the
energy-momentum tensor are found, from Smirnov’s form-factor axioms. We consider (2+1)-
dimensional SU(∞) Yang-Mills theory as an array of principal chiral models with a current-
current interaction. We discuss how to use our new form factors to calculate physical quantities
in this gauge theory.
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1. Introduction

An integrable field theory has an infinite number of nontrivial conservation laws. These con-
servation laws restrict the form of the scattering matrix and matrix elements of operators. One can
often write down exact results without evaluating any Feynman diagrams. This approach is called
the integrable bootstrap program [1], [2].

Theories of a matrix-valued field (such as Yang-Mills theory) in the large-N limit have not
been completely solved until now. The large-N limit of matrix-valued field theories is much more
interesting than that of isovector models, since the Feynman diagrams are planar, and the Green’s
functions are not trivial. A modern review of large-N methods in gauge theories can be found in
Reference [3].

Theories of isovector-valued fields (such as the O(N) sigma model and the SU(N) Chiral
Gross-Neveu model) have been solved in the large-N limit [4]. In this case the Feynman diagrams
become linear, rather than planar. Matrix elements of local operators have been found indepen-
dently in the integrable bootstrap program in these theories. Full agreement is found between the
integrable bootstrap and the large-N expansion [2].

We have made significant progress in solving the principal chiral sigma model using the inte-
grable bootstrap and the large-N limit simultaneously [5], [6], [7].

The principal chiral sigma model is the (1+1)-dimensional theory with the action

S =
N

2g0

∫
d2xTr ∂µU†(x)∂ µU(x),

where U(x) ∈ SU(N). This action has a global SU(N)× SU(N) symmetry, given by U(x) →
V LU(x)V R, where V L,R ∈ SU(N). The Noether currents associated with these symmetries are

jL
µ(x)

c
a =
−iN
2g2 ∂µUab(x)U(x)†bc(x), jR

µ(x)
d
b =
−iN
2g2 U†da(x)∂µUab(x), (1.1)

respectively, where we have included the color indices, a,b,c,d = 1, . . . ,N, explicitly.
The principal chiral model is asymptotically free, and its excitations are massive color dipoles.

This model is integrable, and this property has been used to find the two-particle S-matrix [8]:

out〈P,θ ′1,c1,d1;P,θ ′2,c2,d2|P,θ1,a1,b1;P,θ2,a2,b2〉 in = S(θ ,N)c1,d1;c2,d2
a2,b2;a1,b1

〈θ ′1|θ1〉〈θ ′2|θ2〉

= S(θ ,N)

(
δ

c1
a1

δ
c2
a2
− 2πi

Nθ
δ

c2
a1

δ
c1
a2

)
×
(

δ
d1
b1

δ
d2
b2
− 2πi

Nθ
δ

d2
b1

δ
d2
b2

)
〈θ ′1|θ1〉〈θ ′2|θ2〉, (1.2)

where P labels a particle, A labels an antiparticle and θi is the rapidity of the i-th particle, defined
by the parametrization of energy and momentum: Ei = mcoshθi, pi = msinhθi, and θ = θ1−θ2.
The i-th particle has a left-color index ai and a right color index bi. In the large-N limit, the function
S(θ ,N) is simply S(θ ,N) = 1+O

( 1
N2

)
[8]. The terms in (1.2) that are suppressed by 1/N cannot

be discarded if the incoming particles share a contracted color index. In this case the delta functions
in (1.2) produce a new factor of N. The S-matrix for particle-antiparticle scattering can be found
from (1.2) using crossing symmetry.

Some interesting calculable physical quantities in an integrable theory are the form factors of
a local operator O . Form factors are defined as the matrix elements of this operator between a state
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of incoming excitations and the vacuum. Explicitly:

FO = 〈0|O(x)|statewith incomingparticlesandantiparticles〉. (1.3)

If all the form factors are known, two-point correlation functions can be calculated by inserting a
complete set of intermediate states:

〈0|O(x)O(y)|0〉= ∑
Ψ

〈0|O(x)|Ψ〉〈Ψ|O(y)|0〉.

Some recent progress has been made in understanding the principal chiral model in terms of
resurgence theory. In Reference [9], the role of non-perturbative saddle points in the path integral
of the chiral model was examined. These configurations are not topologically stable, given the
homotopy group π2(SU(N)) = 0. It is shown how these configurations may explain the mass gap
of the theory. In our approach, we assume the existence of a mass gap, without providing proof.
More applications of resurgence in quantum field theory are found in References [10].

An alternative large-N limit of the principal chiral model, which is not the ’tHooft limit, has
been examined in References [11]. The mass of the heaviest bound state is fixed as N goes to
infinity. The mass spectrum thus becomes continuous.

In what follows we find all the form factors of the Noether-current operators (1.1) and the
energy-momentum tensor in the ’tHooft limit. We then write down exact expressions for the two-
point functions of these operators. We mention how these results can be applied to Yang-Mills
theory in 2+1 dimensions.

2. Exact Form Factors and the Smirnov Axioms

We will next discuss the form factors of the current operator jL
µ(x)

c
a at large N. This operator

has two left-handed color indices and no right-handed color index. This implies that in a matrix ele-
ment of the form (1.3), the incoming state must have an equal number of particles and antiparticles.
The color indices of these excitations and the current must be contracted in a SU(N)× SU(N)-
rotation-invariant way. Using color and Lorentz invariance, we can write down an Ansatz for the
current form factor with M particles and M antiparticles:

〈0| jL
µ(x)a0a2M+1 |A,θ1,b1,a1; . . . ;A,θM,bM,aM;P,θM+1,aM+1,bM+1; . . . ;P,θ2M,a2M,b2M〉

= (p1 + · · ·+ pM− pM+1−·· ·− p2M)µ

e−ix·∑ p

NM−1 ∑
σ ,τ∈SM

Fστ(θ1, . . . ,θ2M)

×

[
M

∏
j=0

δa jaσ( j)+M

M

∏
k=1

δbkbτ(k)+M −
1
N

δa0a2M+1δalσ aσ(0)+M

M

∏
j=1, j 6=lσ

δa jaσ( j)+M

M

∏
k=1

δbkbτ(k)+M

]
. (2.1)

Here σ is a permutation taking the set of numbers 0,1,2, . . . ,M to σ(0),σ(1), . . . ,σ(M), respec-
tively, τ is another permutation taking the numbers 1,2, . . . ,M to τ(1),τ(2), . . . ,τ(M), respectively,
and lσ is defined for a permutation σ by σ(lσ )+M = 2M +1. Our expression is a sum over per-
mutations of the color-invariant contractions of indices. The term in the the square brackets in (2.1)
proportional to 1/N ensures that the current operator is traceless, i.e. δ a

c jL
µ(x)

c
a = 0. It remains to

find the function of the rapidities Fστ({θ}), for each pair of permutations.
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We can determine the functions Fστ({θ}) at large N using the Smirnov form-factor axioms
[1]. These axioms follow from the integrability of the theory, and they place so many restrictions
on the form factors that they can be found exactly, assuming maximal analyticity.

Smirnov’s scattering axiom (known also as Watson’s theorem) states that the order of two
excitations in a incoming state can be switched by multiplying the form factor by a two-excitation
S-matrix. Explicitly:

〈0| jL
µ(x)a0a2M+1 |I1,θ1,C1; . . . ; I j,θ j,C j; I j+1,θ j+1,C j+1; . . . ; I2M,θ2M,C2M〉

= S(θ j−θ j+1)
C′j+1C′j
C jC j+1

〈0| jL
µ(x)a0a2M+1 |I1,θ1,C1; . . . ; I j+1,θ j+1,C′j+1; I j,θ j,C′j; . . . ; I2M,θ2M,C2M〉,

(2.2)

where Ik = A if the k-th excitation is an antiparticle and Ik = P when it is a particle, and Ck is the
set of indices bk,ak if Ik = A and ak,bk if Ik = P. The Kronecker deltas in (2.1) may produce new
powers of N when contracted with the S-matrix (1.2). For a given pair of permutations σ , τ , the
1/N-expanded S-matrix used to exchange two excitations is not unity only if the excitations share
a contracted color index.

Smirnov’s periodicity axiom follows from crossing symmetry. This axiom states that one can
replace the 2M-th excitation in the form factor by the first excitation, shifting its rapidity by −2πi:

〈0| jL
µ(x)a0a2M+1 |I1,θ1,C1; . . . ; I2M,θ2M,C2M〉

= 〈0| jL
µ(x)a0a2M+1 |I2M,θ2M−2πi,C2M; I1,θ1,C1; . . . ; I2M−1,θ2M−1,C2M−1〉.

A similar exchange can be done for the 2M−1-st particle, then the 2M−2-nd and so on.
The scattering and periodicity axioms determine the function Fστ({θ}) up to a constant. This

constant is fixed by the annihilation-pole axiom. This axiom states that an incoming particle with
rapidity θ j can annihilate with an incoming antiparticle with rapidity θk. Consequently, the func-
tion Fστ has a pole at θ j− θk = −πi. The annihilation-pole axiom yields the residue of the 2M-
excitation form factor at this pole from the 2M−2-excitation form factor. The constants are fixed
iteratively, from the form factors with fewer particles. More details are shown in [6].

The solution obtained from the form-factor axioms is

Fστ({θ}) =

{
2πi(4π)M−1

∏
M
j=1, j 6=lσ (θ j−θσ( j)+M+πi)∏

M
k=1(θk−θτ(k)+M+πi)

, for σ( j) 6= τ( j), forall j

0, otherwise
. (2.3)

The annihilation-pole axiom ensures that the function Fστ({θ}) vanishes for permutations where
it would have double poles.

At finite N, only the M = 1 case has been solved [6]. The spectrum of particles at finite
N includes bound states. This introduces additional analytic structure in the functions Fστ({θ}),
which makes the problem insoluble for higher M, so far.

The correlation function of two current operators is computed by inserting a complete set of
intermediate states:

Wµν(x)a0c0e0 f0 =
1
N
〈0| jL

µ(x)a0c0 jL
ν(0)e0 f0 |0〉
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=
∞

∑
M=1

1
N!(M!)2

∫ dθ1 . . .dθ2M

(2π)2M e−ix·∑ p

×[〈0| jL
µ(0)a0c0 |A,θ1,b1,a1; . . . ;A,θM,bM,aM;P,θM+1,θM+1,aM+1,bM+1; . . . ;P,θ2M,a2M,b2M〉]

×[〈0| jL
ν(0)e0 f0 |A,θ1,b1,a1; . . . ;A,θM,bM,aM;P,θM+1,θM+1,aM+1,bM+1; . . . ;P,θ2M,a2M,b2M〉]∗.

(2.4)

Substituting the results from (2.1) and (2.3) into (2.4),

Wµν(x)a0c0e0 f0 =
∞

∑
M=1

∫ ( 2M

∏
j=1

dθ j

4π

)
e−ix∑ p4π

2(4π)2M−2

×(p1 + p3 + . . .+ p2M−1− p2−·· ·− p2M)µ(p1 + . . .+ p2M−1− p2−·· ·− p2M)ν

×(δa0e0δc0 f0−
1
N

δa0c0δe0 f0)
2M−1

∏
j=1

[
1

(θ j−θ j+1)2 +π2

]
+O

(
1
N

)
.

We have also found the form factors of the energy-momentum tensor operator, Tµν(x). We
start with a form-factor Anzatz, similar to (2.1). The energy-momentum tensor operator has two
Lorentz indices and no SU(N)-color indices, while the Noether current has one Lorentz index and
two color indices. The most general color- and Lorentz-invariant expression for the 2M-excitation
form factor is

〈0|Tµν(x)|A,θ1,b1,a1; . . . ;A,θM,bM,aM;P,θM+1,aM+1,bM+1; . . . ;P,θ2M,a2M,b2M〉
= (p1 + · · ·+ pM− pM+1−·· ·− p2M)µ(p1 + · · ·+ pM− pM+1−·· ·− p2M)ν

×e−ix·∑ p

NM−1 ∑
σ ,τ∈SM

Fστ(θ1, . . . ,θ2M)
M

∏
j=1

δa jaσ( j)+M

M

∏
k=1

δbkbτ(k)+M . (2.5)

The Smirnov form-factor axioms are used to calculate the remaining functions Fστ({θ}). This
calculation is shown in more detail in Reference [5]. The final result for the exact two point function
is

W T
µναβ

(x) =
1

N2 〈0|Tµν(x)Tαβ (0)|0〉=
∞

∑
M=1

π

8

∫ ( 2M

∏
j=1

dθ j

)
e−ix∑ p

×(p1 + p3 + · · ·+ p2M−1− p2−·· ·− p2M)µ(p1 + · · ·+ p2M−1− p2−·· ·− p2M)ν

×(p1 + p3 + · · ·+ p2M−1− p2−·· ·− p2M)α(p1 + · · ·+ p2M−1− p2−·· ·− p2M)β

× 1
[(θ1−θ2M)2 +π2]

2M−1

∏
j=1

1
[(θ j−θ j+1)2 +π2]

+O

(
1
N

)
. (2.6)

3. 2+1 Yang-Mills as a Nearly Integrable Model

We are interested in an anisotropic version of Yang-Mills theory, where two of the coordinates,
x0,and x1, are rescaled to λx0, λx1. The rest of the coordinates are unchanged. The gauge field
components transform as A0,1 → (1/λ )A0,1. The λ → 0 limit was first explored in [12], [13], in
the context of hadron or heavy-ion collisions. This rescaling was studied in terms of an anisotropic

5
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renormalization group in References [14]. We are interested in this limit, because Yang-Mills
theory in 2+1 and 3+1 dimensions has been shown to be integrable at λ = 0 [15].

This rescaling can be visualized by starting with (2+1)-dimensional Yang-Mills theory regu-
larized on a lattice with spacing a. The rescaling of coordinates amounts to taking a to zero in
the x0 and x1 directions. The system becomes an array of (1+1)-dimensional models coupled to-
gether to form a (2+1)-dimensional model. In the axial gauge, A1 = 0, the rescaled Hamiltonian is
H = H0 +λ 2H1, where

H0 = ∑
x2

HPCSM(x2) = ∑
x2

H0(x2),

and

λ
2H1 = ∑

x2

λ
2H1(x2,x2−a) =−∑

x2

∫
dx1

∫
dy1 λ 2

4g2
0a2 |x

1− y1|

×[ jL
0(x

1,x2)− jR
0 (x

1,x2−a)][ jL
0(y

1,x2)− jR
0 (y

1,x2−a)],

(3.1)

so that there is a (1+1)-dimensional principal chiral sigma model Hamiltonian at each value of x2.
The coupling between two neighboring sigma models is given by λ 2H1. The SU(N)-group-valued
field of the chiral model is defined from the remaining gauge field component, U = eiaA2 .

Physical Yang-Mills states, Ψ, satisfy Gauss’s Law, which after axial gauge fixing, and coor-
dinate rescaling becomes ∫

dx1[ jL
0(x

1,x2)− jR
0 (x

1,x2−a)]Ψ = 0.

This means that the particles of the principal chiral model particles form color singlets. The lowest
energy excitation is one with a particle and an antiparticle in one of the sigma models, with both
color indices contracted.

In the future we hope to examine corrections for non-zero λ , away from the integrable limit,
in the context of form factor perturbation theory [16]. This involves computing matrix elements
〈Ψ′|H1|Ψ〉. This is equivalent to evaluating Noether current correlation functions between the states
of the principal chiral model. This is exactly what we have found at large N.

The isotropic theory can be examined through the truncated spectrum approach. This was
used by R.M. Konik and Y. Adamov to explore the 3-dimensional Ising model as an array of
coupled 2-dimensional Ising chains [17]. One can discretize the spectrum of the (1+1)-dimensional
models by putting them in a box of finite size. The physical states are then ordered by energy, as
|1〉, |2〉, . . . , |n〉, with energies E1 < E2 < .. . < En, respectively, where En is the truncation energy.

We can define a transfer-matrix operator that describes how the system evolves in the x2 direc-
tion, as

T̂x2−a,x2 = e−
1
2 H0(x2−a)− 1

2 H0(x2)−λ 2H1(x2,x2−a).

In the truncated spectrum approach one can build a discrete, n×n matrix Ti j = 〈i|T̂x2−a,x2 | j〉, using
the set of states with energies Ei, E j ≤ En. The Yang-Mills partition function is

Z = TrT N2 ,

6
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where N2 is the total number of sigma models (the size of the x2 direction). The partition function
can be computed by diagonalizing the matrix Ti j, which can be done numerically, or perturbatively
in powers of λ . One can extract the bound state masses this way, and examine their dependence on
the truncation energy En.
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