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1. Introduction

Understanding how our universe began is one of the most fundamental themes in theoretical
physics. For instance, it is widely believed that our universe underwent a rapid expansion called
inflation before the Big Bang. While there are many phenomenological models for inflation, we
have not yet understood it from first-principle calculations in a fundamental theory. Superstring
theory is the most promising candidate for such a fundamental theory, which can treat quantum
gravity and the Standard Model of particles in a unified manner. Theoretical consistency requires
that space-time should be 10d, but one can “compactify” the extra dimensions to get our space-time
without spoiling the consistency within perturbation theory. The problem, however, is that there are
actually too many consistent backgrounds leading to different physics at low energy, the situation
which is commonly referred to as the Landscape nowadays. On the other hand, if superstring
theory can be formulated in a completely nonperturbative fashion, as the lattice gauge theory does
in QCD, we may be able to obtain uniquely our 4d space-time with the Standard Model particles
propagating on it.

The type 11B matrix model]]] was proposed as such a formulation in 1996. An important fea-
ture of the model is that the 10d space-time is described dynamically as the eigenvalue distribution
of the ten bosonic matrice, (1 =0,1,---,9). In particular, by identifying the dominant matrix
configurations in the partition function, one can investigate what kind of space-time is generated
dynamically in this model. Until quite recently, this issue has been addressed in the Euclidean
version of the model, in which the temporal matrix is Wick-rotated@s —iA1p. The space-time
represented in such a model is then actually Euclidean and, in particular, one cannot apply it to
cosmology since one cannot extract the real-time dynamics.

In 2011 three of the authors (S.-W.K, J.N. and A.T.) studied the Lorentzian version of the
type 11B matrix model for the first time by Monte Carlo simulatid@.[ The real-time evolution
was extracted from the dominant matrix configurations, and it was found that 3 out of 9 spatial
directions start to expand after a critical time. There are also other recent developments in the
type 11B matrix model. Refs[3 [, B 6] discussed how to realize the Standard Model in the type
IIB matrix model and extended models, while refg,[§, @) discussed classical solutions in the
Lorentzian model, which are consistent with our 4d space-time.

In this paper we extend the Monte Carlo studies in Bfbly studying the expanding behavior
for much longer time. First we find that the expansion in three directions is actually exponential,
which may be interpreted as the beginning of inflation. This behavior is confirmed with larger
matrix size in a simplified model, which can be obtained by keeping only the term proportional
to the temporal matrix¥g in the fermionic action. This simplification emphasizes the effects of
fermionic matrices which cause a repulsive force between the eigenvalues of the temporal matrix
Ao. Such effects are expected to become less important as the universe expands due to the term
proportional to the spatial matricédg (i =1, --,9) in the fermionic action. Therefore, as a simpli-
fied model which is expected to capture gqualitative behaviors at late times, we study the quenched
model, which is obtained by simply omitting the fermionic matrices. We find in this model that the
expansion is exponential for some time, but then it changes into a powet!&)y Wwhich agrees
with the expanding behavior of the FRW universe in the radiation dominated era.

The rest of this paper is organized as follows. In sedfllave define the Lorentzian version
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of the type IIB matrix model. In sectidl we show that the expansion in three directions turns

out to be exponential. This behavior is also reproduced with larger matrices by a simplified model
for early time behaviors. In secti@we study yet another simplified model, which is expected to
capture qualitative features at late times, and show that the exponential expansion changes into a
power-law behavior at some point in time. Secfiis devoted to a summary and discussions.

2. Lorentzian version of the type IIB matrix model

The type IIB matrix modell] is defined in its Lorentzian version by the partition functih [

7 - /dAdWei(SD+Sf), 2.1)
where the action is given by
1
1 u
S= 5T (wa (CT)gg [Au,w,g}) . (2.3)

We have introducetll x N traceless Hermitian matricég, (u =0,---,9) and¥, (a =1,---,16),
which are bosonic and fermionic, respectively. The Lorentz indicesdv are contracted using
the metricn = diag(—1,1,1,---). '* are 10d gamma matrices after the Weyl projection @risl
the charge conjugation matrix. The parametér (2.2 and .3 can be absorbed by rescaliAg
andW¥,. The model has SO(9,1) Lorentz symmetry as well ashNgldymmetry.

One finds that the bosonic action is proportional to

S OTr (FuFHY) = —2Tr(Fo ) + Tr (Rj)? (2.4)

where we have defined Hermitian matridgs =i [A,,A]. Therefore, the bosonic action is not
positive definite. In order to make the partition function finite, one actually needs to introduce
infrared cutoffs

%Tr(Ao)z < KL2, (2.5)
STrAR < 12 (2.6)

in both temporal and spatial directions. It turned out that these cut-offs can be removed in the large-
N limit, and clear scaling behaviors corresponding to the continuum and infinite-volume limits were
observed[Z]. This implies that the resulting theory has no parameters except the scale parameter.
In actual simulation, we sét= 1 without loss of generality since it only fixes the scale, and choose
K appropriately as a function &f so that both the continuum and infinite-volume limits are taken.
The partition functionlZ.]) is not suitable for Monte Carlo simulation due to the phase factor
€%, However, by integrating out the scale factor of the bosonic matrices, one can rewrite the
partition function into the form that allows direct Monte Carlo studies without the sign pro@em [

Z= /dAPf/// (A)S <;Tr (FWF“V)> 5 <;Tr (A)?— L2> 0 <KL2— %Tr (A0)2> . @27
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Figure 1: The extent of spade? (t) /R? (t.) is plotted againstt — t.) /R(tc) for the original modelZ7) with
variousk andN. The solid line is a fit to the exponential behawot a+ (1 — a) exp(bx) with a = 0.82(1)
andb = 1.5(2).

where 6 (x) represents the step function. The Pfaffian/RfA) in (2.3), which is obtained by
integrating out fermionic matrices, is real in the present Lorentzian case, and it does not cause any
sign problem.

In order to extract the time evolution from configurations generate@Bj, (we first diago-
nalize the temporal matri&y as

Ao =diag(ai, - ,0N) , wherea; < --- < an , (2.8)

using the SWN) symmetry. In such a basis, it turned out that the spatial matAckave a band-
diagonal structure; namely it was found that the off-diagonal elem{@qts with || —J| > n are
small for somen. This non-trivial dynamical property motivates us to definen matriced

('A_“(t))ab = (Ai)v+a,v+b ) (2-9)

wherev =0,1,--- ,N—n, anda,b=1,---,n. We consider that these block matrices represent the
states of the universe at timgwhere

t=*zav+a~ (210)

The basic quantity we calculate in this paper is the extent of space dt dafimed as

R(t) = ~tr (A1) . (2.11)

n

3. Exponential expansion at early times

First we study the moddP(7) by Monte Carlo simulation. In fiflwe plot the extent of space
(21D as a function of timé. Here and hence forth, we normalize dimensionful quantities by
R(tc), wheret is the “critical time” at which the spatial SO(9) symmetry is spontaneously broken

1The value of should be chosen appropriately by measuring the fall-off of the off-diagonal elements dmig.
usen = N/4; in fig.Pwe usen = 8; in fig.[@we usen = 8 except folN = 128, where we use = 12.
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Figure 2: The extent of spacB?(t) /R (t.) is plotted againsft —t;) /R(tc) for the simplified model for
early times in thed = 5 case with variouk andN. The solid line is a fit to the exponential behavior
y=a+ (1—a)exp(bx) with a=0.83(1) andb = 2.3(1).

down to SO(3) and only three out of nine spatial directions start to ex@@n@dmpared with the
previous work[P], we were able to simulate larger matrices and hence a longer time period. In fact
the obtainedR(t) can be nicely fitted witly = f(x) = a+ (1— a) exp(bx), where we have imposed

f(0) = 1, which follows from the chosen normalization. This implies that three spatial directions
actually start to expand exponentially, which may be interpreted as the beginning of inflation.

In order to confirm the exponential behavior for a longer time period, we need to increase the
matrix size further, which makes the simulation too time-consuming. Here we consider, instead, a
simplified model that describes the behavior at early times. For that we decompose the fermionic
action .3 into two terms as

§ O Tr (Wa (Cr) . [Ao, Wg] ) +Tr (Wa () 1 [A, Wg] ) - (3.1)

Due to the expanding behavior of the universe, the elements of the spatial mAttieszome very
large at late times. At early times, on the other hand, it is expected that the first teB)iis(
more important, so we simply omit the second terni3d) as a simplification. Integrating out the
fermionic matrice$, we obtain the Pfaffian, which is now given by

PL/Z (A) = A%0-D | (3.2)

whereA = [7;.j (ai — aj) is the van der Monde determinant and we have written down the general
results for dimensionally reduced SYM models wdthpatial dimensionsi(= 9 in the case of type

[IB matrix model). The Pfaffiarfd2) obtained here causes a repulsive force between all the pairs
of eigenvalues oRy, which cancels the attractive force arising from the fluctuation of the bosonic
matrices at the one-loop level. Due to this cancellation, the eigenvaldgsah extend to infinity,
which necessitates the cutdi.B) in the temporal direction.

The simplified model for early times with the Pfaffian replaced®@)(can be simulated with
much less efforts. Here we study tde= 5 model, in which the rotational SO(5) symmetry is
broken down to SO(3) at some critical tirheanalogously to thel = 9 model. In figl2 we plot
the extent of spac&(1]) as a function of for variousN andk. This confirms the exponentially
expanding behavior in the simplified model, which suggests that the first term of the fermionic
action [B]) is indeed important for the space to expand exponentially.

2Strictly speaking, there are zero modes corresponditiéptsatisfying[Ag, Wy ] = 0, which we simply neglect.
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Figure 3: The extent of spacB? (t) /R? (t;) is plotted againstt —t;) /R(t.) for thed = 5 quenched model

with variousN, which is considered as a simplified model for late times. The dashed line represents a fit
y = a+ (1—a)e™ to the early time behaviom(= 0.870(3), 2.21(3)), whereas the solid line represents a fit

y = cx+d to the late time behavioc(= 17.0(1), d = —23.3(3)).

4. Power-law expansion at late times

At late times, the second term in the fermionic act@dl( becomes more important, and it is
expected that the repulsive force represente@@) (s no more effective. In order to mimic such a
situation, we consider a quenched model obtained by omitting the fermionic matrices completely.
In this model, since the eigenvaluesAy attract each other, we do not introduce the cuf@f\
in the temporal direction. The extent of the eigenvalue distribution increasedwitbwever, and
one can take both the continuum and infinite-volume limits. The breaking of SO(5) symmetry (for
d =5) down to SO(3) is observed after a critical titgdor sufficiently large matrix sizél.

In fig. B we plot the extent of spacB.(] for thed = 5 quenched model. The exponential
behavior is observed for some period after the critical time, but it changes into a linear behavior
R?(t) ~ t meaning thaR(t) ~ t¥/2, which agrees with the expanding behavior of the FRW universe
in the radiation dominated era.

5. Summary and discussions

In this paper we investigated the expanding behavior of the early universe in the Lorentzian
version of the type 1B matrix model, which is considered to be a nonperturbative formulation of
superstring theory. First we studied the original model for a longer time period than in the previous
study [], and found that three out of nine spatial directions actually start to exggpohentially
after a critical time, which may be interpreted as the inflation.

In order to study the behavior for much longer time, we considered two simplified models
for early times and for late times, respectively. The model for early times is defined by omitting
the term proportional t@\ in the fermionic action. This simplification emphasizes the repulsive
force between the eigenvalues A&f, which cancels the attractive force due to the fluctuation of
the bosonic matrices. Indeed the exponential expansion was confirmed in this model suggesting
the important role played by the repulsive force due to the fermionic matrices at early times. This
motivated us to define a simplified model for late times by the quenched model, in which the
repulsive force is absent. It turned out that the eigenvalue distributidg &f finite without the
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cutoff Z.3), but its extent increases witd. In particular, the SSB from SO(5) to SO(3) occurs
after a critical time for sufficiently larghl. We find that the expansion behavior changes from an
exponential one to a power laW? at some time after the critical time. This power-law expansion
agrees with that of the radiation dominated FRW universe.

As future prospects, it would be interesting to study the quenched model with larger matrices
to see whether the power law changes, for instance, into the one for the matter dominated era at later
times. Along the same line, we can see whether the universe somehow cools down and whether
the classical equations of motion become valid at late times as conjectured @ Ef. Finally,
it would be important to confirm the transition from the exponential behavior to the power-law
behavior directly in the original model. In particular, this will give us the value of E-folding, which
is determinedlynamicallyin the Lorentzian type 11B matrix model.
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