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We update the lattice calculation of the B→ π semileptonic form factors, which have important
applications to the CKM matrix element |Vub| and the B→ π`+`− rare decay. We use MILC
asqtad ensembles with N f = 2+ 1 sea quarks and over a range of lattice spacings a ≈ 0.045–
0.12 fm. We perform a combined chiral and continuum extrapolation of our lattice data using
SU(2) staggered chiral perturbation theory in the hard pion limit. To extend the results for the
form factors to the full kinematic range, we take a functional approach to parameterize the form
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1. Introduction

The Cabibbo-Kobayashi-Maskawa (CKM) matrix element |Vub| is an important Standard Model
(SM) parameter that can be determined through the experimentally measured differential decay rate
of the exclusive B→ π`ν decay

dΓ(B→ π`ν)

dq2 =
G2

F |Vub|2

24π3 |pπ |3| f+(q2)|2, (1.1)

if the form factor f+ is known from theory. The form factors f+ and f0, which parametrize the
hadronic matrix element 〈π|V µ |B〉, encode the non-perturbative QCD effects in the kinematic
dependence and can be reliably calculated using lattice QCD [1, 2, 3]. The unitarity test of the CKM
matrix requires that the off-diagonal elements such as |Vub| be known to high precision. There is a
long-standing tension between the value of |Vub| determined from exclusive and inclusive methods.
To address this challenge, it is important to improve upon the existing lattice calculations as well
as the experimental measurements [4]. In particular, the quantity f+ from lattice QCD has not
been updated (in the peer-reviewed literature) since 2008 [3]. Recently, several efforts (including
this one) from different lattice collaborations [5] have been aiming to improve the determination
of f+ with new data (better statistics, smaller lattice spacings and smaller light quark masses) and
improved theoretical methods. Another topic that motivates this calculation is the rare B→ π`+`−

decay, which is loop-suppressed in the SM, and therefore sensitive to new physics. The low-energy
effective operators that contribute to this process in the SM are the flavor-changing vector and
tensor currents. Lattice calculations of vector and tensor form factors for this process are timely,
since first experimental measurements have already appeared [6]. Thus, the calculation of fT is
also a focus of this analysis.

2. Lattice calculation

Our calculation is based on a subset of the MILC (2+1)-flavor asqtad ensembles [7] that have
large numbers of configurations (ranging from 593 to 2259). We use 12 ensembles at four different
lattice spacings (roughly 0.12, 0.09, 0.06 and 0.045 fm) with the light quark over strange quark
mass ratio as low as 0.05. The details of these ensembles are summarized in Table 1. The light
asqtad valence quarks use the same masses as in the sea, while the b quark uses the Sheikholeslami-
Wohlert clover action with the Fermilab interpretation [8].

The relevant operators in our calculation are the vector current V µ

lat = q̄γµb and tensor cur-
rent T µν

lat = iq̄σ µνb, which are related to the continuum currents by renormalization factors such
that 〈π|Γcont|B〉 = Zhl

Γ
〈π|Γlat|B〉 where Γ = V µ or T µν . We determine Zhl

Γ
through the relation

Zhl
Γ
= ρhl

Γ

√
Zhh

Γ
Zll

Γ
[1] where Zhl

Γ
is dominated by the non-perturbatively calculated factors Zhh

Γ
,Zll

Γ
.

The flavor-changing part of the renormalization is captured by ρhl
Γ

which is determined using lattice
perturbation theory. Note that our whole analysis is currently blinded by a constant factor multi-
plying ρhl

Γ
. We parameterize the vector-current matrix elements in terms of the form factors f‖ and

f⊥,

〈π|V µ

lat|B〉=
√

2MB
[
vµ f‖(Eπ)+ pµ

⊥ f⊥(Eπ)
]
, (2.1)
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Table 1: MILC asqtad ensembles and their simulation parameters used in this analysis. The columns are,
from left to right, lattice spacing a in fm, the light/strange quark mass ratio aml/ams, lattice size space×time,
number of configurations Ncfg, root-mean-squared (RMS) pion mass Mπ , the Goldstone pion mass Mπ , Mπ L
(L is the size of space), the source-sink separations tsink and the b quark mass (hopping) parameter κb.

a(fm) aml/ams Size Ncfg MRMS
π (MeV) Mπ (MeV) MπL tsink κb

∼0.12 0.2 203×64 2259 532 389 4.5 18,19 0.0901
0.14 203×64 2110 488 327 3.8 18,19 0.0901
0.1 243×64 2099 456 277 3.8 18,19 0.0901

∼0.09 0.2 283×96 1931 413 354 4.1 25,26 0.0979
0.15 323×96 984 374 307 4.1 25,26 0.0997
0.1 403×96 1015 329 249 4.2 25,26 0.0976
0.05 643×96 791 277 177 4.8 25,26 0.0976

∼0.06 0.4 483×144 593 466 450 6.3 36,37 0.1048
0.2 483×144 673 340 316 4.5 36,37 0.1052
0.14 563×144 801 291 264 4.4 36,37 0.1052
0.1 643×144 827 255 224 4.3 36,37 0.1052

∼0.045 0.2 643×192 801 331 324 4.6 48,49 0.1143

where vµ = pµ

B/MB and pµ

⊥ = pµ

π − (pπ · v)vµ . f‖,⊥ can easily be converted to the phenomenolog-
ically relevant f+,0 [1]. We measure the two-point and three-point correlation functions, explicitly
given by

CP
2pt(t;p) = ∑

x
eip·x〈OP(0,0)O†

P(t,x)〉,

CΓ
3pt(t, tsink;p) = ∑

x,y
eip·y〈Oπ(0,0)Γlat(t,y)O†

B(tsink,x)〉, (2.2)

where P = π,B and Γlat =V µ

lat,T
µν

lat . The source-sink separation tsink, which corresponds to roughly
the same physical separation at each lattice spacing, has been optimized to maximize the sig-
nal/noise ratio. However we vary the source-sink separations by one unit, i.e., using tsink and
tsink +1, to control the staggered oscillating state contributions in the correlator fits. The data with
different source-sink separations is necessary to suppress the oscillating states with the wrong par-
ity, which are the artifacts due to staggered light quark action used. For that purpose, we construct
the average of the correlation functions introduced in Eqs. (37) and (38) of Ref. [3], denoted by C.
Finally, we extract the form factors by constructing the ratios [3]

RΓ(t) =
CΓ

3pt(t, tsink)√
Cπ

2pt(t)C
B
2pt(tsink− t)

√
2Eπ

e−E(0)
π te−M(0)

B (tsink−t)
, (2.3)

where Γ=‖,⊥,T , denotes the three-point functions CV 0

3pt ,C
V i

3pt ,C
T 0i

3pt , respectively. The ratios defined
in Eq. (2.3) have the advantage that the relevant wave function factors cancel, but the tradeoff is that
we need an additional factor (the whole square root on the right) to suppress the time dependence by
using the ground state energies E(0)

π and M(0)
B . If the ground states are overwhelmingly dominant,

then the ratios RΓ are independent of t and give f lat
Γ

up to constant factors. However, with our
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statistical errors the excited state contributions in the B→ π data turn out to be significant and have
to be included in the fits to avoid large systematic errors. We find that the first excited state of
the B meson accounts for most of the excited state contribution and the fit yields consistent results
compared to fits that include more excited states of both the pion and B meson. Thus, we fit the
ratios to the following ansatz

RΓ(t)/kΓ = f lat
Γ

[
1+AΓ e−∆MB(tsink−t)

]
, (2.4)

where AΓ are fit parameters, ∆MB is the lowest energy splitting of the B meson and the factors on
the left are k‖ = 1,k⊥ = |pi

π |,kT = (
√

2MB|pi
π |)/(MB +Mπ). Figure 1 shows examples of the fits

of ratios R‖ and R⊥ (RT follows rather similarly).
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Figure 1: Plots of the averaged ratio R‖(t) (left) and R⊥(t) (right) and their fit results for the ensemble
(a ≈ 0.12 fm, 0.1 ms). The data points with error bars are the ratios constructed from two-point and three-
point correlation functions with various momenta. The colored bands show the best fit and error for each
momentum. The horizontal extent indicates the fit range. The fit results (constants in ratio R‖(⊥) and their
errors) are marked as the color bars on the left close to the axis.

3. Chiral and continuum extrapolation

Our chiral and continuum extrapolation is based on heavy meson staggered chiral perturbation
theory (HMSχPT) [9], but with some modifications. The HMSχPT is derived with the assumption
that the external pion and the pions in the loop should be soft (Eπ ∼Mπ ); however, the pions with
non-zero momenta in the simulation are mostly too energetic. As a result, the HMSχPT provides
a poor description of our data for f lat

‖ . Thus, we adapt the hard-pion χPT [10] by incorporating the
taste-breaking discretization effects from staggered fermions. In addition, it was argued [11] that
the SU(2) χPT is more justified than the SU(3) χPT for lattice data. It turns out that the next to
leading order (NLO) HMSχPT in the hard pion and SU(2) limit gives reasonable fits to our lattice
form factors f⊥,‖,T , and we find that the systematic error due to higher-order chiral corrections is
largely captured by the statistical errors in the fits that include the NNLO (next to NLO) analytic
terms. Thus, we use the NNLO (analytic terms only) hard-pion and SU(2) HMSχPT fits as our
standard fits. The results are shown in Fig. 2.
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Figure 2: Chiral-continuum fit results for the form factors f lat
⊥ (upper left), f lat

‖ (lower left) and f lat
T (lower

right) in r1 units. We plot our form factor data using color to indicate the lattice spacing and shape to indicate
the ratio ml/ms, as detailed in the legend. The black solid lines in shaded bands are the χPT-continuum
extrapolated curves with their statistical errors.

4. A new functional approach to the z expansion

To extend the form factors f+,0,T (constructed from the lattice form factors f‖,⊥,T in the phys-
ical and continuum limit with the appropriate renormalization factors) to the full kinematic range,
we use the z-expansion method in the Bourrely-Caprini-Lellouch (BCL) formalism [13]. Explicitly,

f+,T =
1

1−q2/M2
B∗

N−1

∑
n=0

b+,T
n

(
zn− (−1)N−n n

N
zN
)
, f0 =

N−1

∑
n=0

b0
nzn, (4.1)

where N is the truncation order and the expansion of f0 is simple due to the fact that it has no poles
below the pair-production threshold. The reparameterization is normally done by taking synthetic
data at several kinematic points from the χPT-continuum fit results f χPT

i (i = +,0,T ) and fitting
them to Eq. (4.1) using the variable z. In this analysis, instead of taking synthetic points, we
consider the independent function forms in f χPT

i (z). The correlation in f χPT
i (z) is represented by a

kernel function Ki(z,z′) = E[δ f χPT
i (z)δ f χPT

i (z′)] where δ f χPT
i (z) is the fluctuation of the function
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at z, and E[·] denotes the statistical expectation. Since there are only a few independent functional
forms in f χPT

i (z), the Mercer kernel Ki(z,z′) has a finite orthonormal representation [14], based
on which we can construct the z-expansions. Explicitly, we determine the coefficients for the z-
expansions by minimizing∫

dz
∫

dz′ [ f χPT
i (z)− fi(z)]K−1

i (z,z′)[ f χPT
i (z′)− fi(z′)], (4.2)

where fi(z) are given in Eq. (4.1). Equation (4.2) is a functional analog of the common chi-squared
statistic for discrete data. The range of integration covers that of the lattice data, and reasonable
variations of the range have negligible effects. The benefit of this functional approach is that the
extrapolation is very robust against the unphysical behaviors of the lattice form factors in the large-
Eπ region where the chiral expansion fails. The expansion coefficients bn’s for f+,T in Eq. (4.1) are
constrained by analyticity [15] and the pole-dominant feature of the form factors, while those for f0

are constrained by the weaker unitarity condition [12]. We vary the order at which the z-expansion
is truncated and find that the results (central values and errors) are stable for N ≥ 4 and therefore
truncate the series at N = 4. The result for the three form factors is shown in Fig. 3. The form
factors f+ and f0 in Fig. 3 are obtained through separate z-expansions; however, the kinematic
condition f+(q2 = 0) = f0(q2 = 0) is satisfied naturally. We find a high degree of correlation
between f+ and fT , which is expected because they approach the same heavy quark limit.
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z
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0.4
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1.0

P
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f i

lattice data rangelattice data rangelattice data range

f0  z-expansion

f+ z-expansion

fT  z-expansion

f0  χPT result

f+ χPT result

fT  χPT result

Figure 3: The χPT-continuum fit results of f0,+,T (black solid lines with hatched error bands ) are extrapo-
lated to the full kinematic range (colored solid lines in shaded error bands) using the functional z expansion
method. The form factors f0, f+, fT (from top to bottom) are plotted with the pole structure removed by the
factors Pφ in front.

5. Discussion and outlook

We are currently finalizing our error budgets for the form factors f+, f0, and fT . We anticipate
that our largest uncertainties will be from statistics and the χPT-continuum extrapolation. Our next
step is to consider all the possible sources of systematic uncertainties and present our results with
full error budgets. Once our analysis is final, we will unblind our form factor results and discuss
their implications for SM phenomenology.
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