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1. Introduction

At non-zero chemical potential µ the fermion determinant becomes complex and cannot be
used as a probability weight in a Monte Carlo simulation of finite density lattice QCD. This so-
called ”complex action problem” (or ”sign problem”) has been a major obstacle on the way to an ab-
initio treatment of QCD at finite µ on the lattice. For small µ a possible way out are various series
expansions where the coefficients of the expansion can be computed in a simulation at µ = 0. The
simplest expansion is the Taylor series in µ (see, e.g., [1]), with the advantage that the coefficients
can be evaluated with standard techniques. An interesting alternative is fugacity expansion, which
on a finite lattice is a finite Laurent series in the fugacity parameter eβ µ . For the fugacity series the
expansion coefficients become small quickly, but on the other hand are very costly to compute as
Fourier moments of the fermion determinant with respect to imaginary chemical potential [2].

In this contribution we analyze regular Taylor expansion (RTE) and a modified Taylor expan-
sion (MTE) and compare the results to the exact results from Fourier transformation using both
free fermions and free bosons. The MTE is an expansion in

ρ = eµ −1 , ρ = e−µ −1 , (1.1)

which for small µ reduces to the conventional Taylor expansion. On the other hand it captures
features of the fugacity series, but the coefficients come with the same price tag as the coefficients
of the Taylor series. A comparison [3] of the regular and the modified Taylor expansions in a
toy model, the Z3 center model, showed that the MTE outperforms the RTE for a wide range of
parameters.

2. The modified Taylor expansion MTE

In this work we use free fermions, as well as free bosons at finite density. The corresponding
lattice actions are given by

SF(µ) = ∑
x

[
(m+4)ψxψx−

4

∑
ν=1

[
eµδν ,4ψx

1− γν

2
ψx+ν̂ + e−µδν ,4ψx

1+ γν

2
ψx−ν̂

]]
, (2.1)

for the fermions (we use the Wilson action), and by

SB(µ) = ∑
x

[
(m2 +8)φ ∗x φx−

4

∑
ν=1

[
e−µδν ,4φ

∗
x φx+ν̂ + e+µδν ,4φ

∗
x φx−ν̂

]]
, (2.2)

for the bosons. The fields live on the sites of N3
s ×Nt lattices and we use periodic boundary condi-

tions for all directions, except for the temporal direction in the fermionic case where the boundary
conditions are anti-periodic. Throughout this paper the lattice spacing is set to a = 1 and all results
are in lattice units. For later use we define the 3-volume in lattice units as V = N3

s and the inverse
temperature in lattice units as β = Nt (the Boltzmann constant is set to kB = 1).

For both the fermion and boson cases we decompose the action as

S(µ) = S(0) − ρR − ρR , (2.3)
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where for the fermions

R = ∑
x

ψx
1− γ4

2
ψx+4̂ , R = ∑

x
ψx
1+ γ4

2
ψx−4̂ , (2.4)

and
R = ∑

x
φ
∗
x φx−4̂ , R = ∑

x
φ
∗
x φx+4̂ , (2.5)

for the bosons. The partition sum can then be written as

Z(µ) = Z(0)
〈

eρR eρR
〉

0
, (2.6)

where 〈..〉0 denotes the expectation value at µ = 0. Series expansion of the two exponentials leads
to the MTE

Z(µ) = Z(0)
∞

∑
n,n=0

ρn ρ
n

n!n!

〈
Rn R n

〉
0
. (2.7)

We remark that it is straightforward to include gauge fields in the formalism by simply adding the
gauge links Uν(x) in the nearest neighbor terms in (2.1), (2.2), (2.4), (2.5) – all other expressions
remain the same.

In addition we also consider the conventional Taylor expansion of the partition sum,

Z(µ) =
∞

∑
n=0

c2n µ
2n , c2n =

1
2n!

(
∂

∂ µ

)2n

Z(µ)
∣∣∣
µ=0

. (2.8)

For both expansions we study as our observables the free energy density f , the particle number
density n and the particle number susceptiblity χn which were calculated according to

f = − 1
V β

ln Z(µ) , n =
1
V

∂

∂ (µβ )
ln Z(µ) , χn =

1
V

∂ 2

∂ (µβ )2 ln Z(µ) . (2.9)

Of course the expansions (2.7) and (2.8) and thus also the resulting series (2.9) for the observables
have to be truncated. This is done by truncating the series for ln Z(µ) (obtained by inserting the
series for Z(µ) into the logarithm) at the desired order in µ2 or in ρ and ρ .

3. Solution of the free case from Fourier transformation

For the free case which we consider here, the partition sum can be computed in closed form
with the help of Fourier transformation. The momenta are given by

pi =
2π

Ns
ni , ni = 0,1,2 ...Ns−1 for i = 1,2,3 , p4 =

2π

Nt
(n4+θ) , n4 = 0,1,2 ...Nt−1, (3.1)

where θ = 1/2 for the fermions and θ = 0 for bosons. Below we display the exact results for
lnZ(µ) for both the fermionic and the bosonic case, as functions of ρ and ρ . From that one can
immediately obtain the MTE for lnZ(µ) by expansion in ρ and ρ and the RTE by expansion in µ2.
Subsequently the observables were computed with the help of (2.9).
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Fermions:
Using standard techniques (see, e.g., [4]), the logarithm of the canonical partition function lnZ(µ)
for fermions is obtained in closed form as:

ln Z(µ) = 2∑
p

[
ln Rp + ln (1 − ap ρ − a∗p ρ )

]
, (3.2)

with

ap =
cp eip4

Rp
, Rp = c2

p−2 cp cosp4 +
3

∑
i=1

sin2 pi +1, cp = m+4−
3

∑
i=1

cospi . (3.3)

Bosons:
For the bosonic case one obtains for lnZ(µ) in closed form the expression:

ln Z(µ) = V β ln 2π − ∑
p

[
ln Rp + ln (1 − ap ρ − a∗p ρ)

]
, (3.4)

where

ap =
eip4

Rp
, Rp = m2 +8 − 2

3

∑
i=1

cospi − 2 cosp4 . (3.5)

In both cases one can now perform an expansion of lnZ(µ) in ρ and ρ to obtain the MTE, or an
expansion in µ2 for the RTE. The expansions are then truncated at some order and subsequently
we compute the derivatives necessary for the observables (2.9). For comparison we use the exact
results for the observables, i.e., we compute the observables directly from (3.2) and (3.4) without
any expansion.

4. Results

In this section we now present the observables (2.9) from the MTE and the RTE at different
orders for the truncation and compare the results to the exact expressions. The results we show
here were obtained on 323× 4 lattices with a fermion mass of m = 0.1 and for the bosons with a
mass of m = 1.0. Tests with other masses and volumes gave rise to comparable results.

We begin with the discussion of the results for the fermionic case. In the top row of plots
in Fig. 1 we show the observables f , n and χnβ as a function of µ . We display the results from
the RTE taking into account terms up to orders O(µ4), O(µ6), O(µ8) and O(µ10) and compare
them to the exact result. In the bottom row of plots we show the corresponding relative errors. We
observe that when including terms up to order O(µ10) in the RTE, one finds a good representation
of the exact result up to µ = 1 for all our observables. Truncating at lower orders reduces this range
to smaller values of µ .

In Fig. 2 we present the same observables as in Fig. 1, but now for the modified Taylor ex-
pansion MTE. In this case we find only a smaller range in µ where the O(µ10) series is reliable –
roughly up to µ ∼ 0.6.

In Fig. 3 and Fig. 4 we repeat the analysis of Fig. 1 and Fig. 2, now for the case of bosons.
Here the role of MTE and RTE is reversed with a slightly better representation of the exact results
by the MTE, which gives a reliable representation up to µ ∼ 0.75.

4



P
o
S
(
L
A
T
T
I
C
E
 
2
0
1
3
)
4
5
2

A test of Taylor- and modified Taylor-expansion Max Wilfling

-6.8

-6.6

-6.4

-6.2

-6.0

-5.8

f

exact

4th order

6th order

8th order

10th order
0.0

0.5

1.0

1.5

n

0.0

0.5

1.0

1.5

χ
n
β

0.0 0.5 1.0 1.5 2.0

µ

0.00

0.01

0.02

0.03

∆f

0.0 0.5 1.0 1.5 2.0

µ

0.00

0.05

0.10

0.15

0.20

0.25

∆n

0.0 0.5 1.0 1.5 2.0

µ

0.0

0.5

1.0

1.5

∆χ
n
β

Figure 1: Assessment of the RTE in the fermionic case: We show our observables (top row of plots) and
relative errors (bottom) as a function of µ .
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Figure 2: Assessment of the MTE in the fermionic case: We show our observables (top row of plots) and
relative errors (bottom) as a function of µ .
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Figure 3: Assessment of the RTE in the bosonic case: We show our observables (top row of plots) and
relative errors (bottom) as a function of µ .
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Figure 4: Assessment of the MTE in the bosonic case: We show our observables (top row of plots) and
relative errors (bottom) as a function of µ .
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5. Discussion and remarks

In this project we explore a new variant of the Taylor expansion, MTE, and compare it to
the regular Taylor expansion, RTE, for free bosons and free fermions. The MTE is an expansion
in e±µ − 1 and thus combines properties of the fugacity expansion (a Laurent series in eβ µ ) with
aspects of the Taylor series.

We find that in the fermionic case the RTE is the most viable method for approximating the
exact results, with the MTE being less accurate for the parameters we studied. For bosons the sit-
uation is reversed and the MTE proves to be the more precise method. These results are somewhat
unexpected as in a recent comparison of the RTE and the MTE in an effective theory for the center
degrees of freedom of QCD [3] it was found that the MTE very clearly outperforms the RTE. Why
this is not the case in the free theories studied here will have to be the subject of future studies.
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