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1. Introduction
In 2+1 dimensionaBU(N) gauge theories and in the confining phase, the flux-tube vjbiich

colour sources in the fundamental representation for laggarations looks like a thin string.
The spectrum of such a long flux-tube should be calculablearframework of an effective string
action. Recently, remarkable progress in determining thieeusal terms of this effective string
action [1] has shown that the lardiespectrum is close to the Nambu-Goto ‘free string’ spectrum.
At the same time, and more surprisingly, numerical lattialewations [3, 4, 5] have shown that
the spectrum of the confining flux-tube at small to medium eslofl is also remarkably close to
Nambu-Goto. The very recent and remarkable work in [2] hasibéo understand this is terms of
the approximate integrability of the inter-phonon inte¢i@ts.

In this work we extend our recent calculation [3] of the fummdental flux-tube spectrunN = 6
andf3 = 171 to colour representations higher than the fundameMake specifically we inves-
tigate cases where the flux-tube is stable for all lengthscases where it is not; these include
representations witN-ality k = 0,1,2,3. As before we focus 08U(6), where the theory is close
to the largeN limit for a number of low-energy quantities. We have perfedrour calculations
at a fixed lattice spacing which is small enough for many ofdbieections to be negligible. Our
goal in this work is to investigate whether Nambu-Goto pdegi a good description for string-like
flux-tube states in colour representations higher thanuhddmental and whether these spectra
include supplementary non-string-like states assoctatedcitations of massive flux-tube modes.

We begin our investigation with flux-tubes which would emenfaom charges in th& = 2
antisymmetric () and symmetric () irreducible representations arising from the tensor pcbd
of two fundamental colour charges. Subsequently, we motheto= 3 antisymmetric (8), mixed
(3M) and symmetric (S) irreducible representations arising from the tensor pebdf three fun-
damental colour sources. Next we considerktke0 adjoint flux-tube emanating from the product
of a fundamental and an antifundamental source. Finallyprebe thek = 1 representation84,
120 arising from the product of two fundamental and an antifumelatal source.

2. Expectations

We focus on the spectrum of closed flux-tubes that wind ar@usioiatial torus of length In
order to avoid any finite volume corrections we make the trarse and temporal tori; andl;
respectively, large enough. As the flux-tube gets shortemagdme point one confronts the finite
volume transition at length, = 1/T; (T the deconfining temperature) below which the flux-tube
dissolves. Sincé is of the order of, /07 our flux-tubes have lenghts> 1/, /T%.

The flux-tubes we will study have non-zero longitudinal motoen winding along the flux
with value 2/l andq = 0,1,2. One can think that in the lardédimit and, thus, in absence of
handles and branchings the worldsheet has a topology ofraleyl The simplest action one can
consider, in this case, is just the area of the world shegptshyethe propagation of the string in a
flat space-time; in other words the Nambu-Goto action [6]isThodel is self-consistent quantum
mechanically only irD = 26 dimensions but it is expected that, for any arbitfarghis model can
be used as an effective low energy field theory for long en@ighgs. The Nambu-Goto energy
spectrum for the closed string b= 3 is given by the following expression:

1
NL+Ng 1 2mg\ 2| 2
ENL,NR(qal):{(a%’l)2+8ﬂ0%< Lz R—ﬂ>+<|—"q> } (2.1)




Stable and Quasi-Stable SU(N) flux-tubes. Andreas Athenodorou

Here oy is the string tension at colour representati@n The energy contribution of the mass-less
phonons propagating along the string is encodedliir= ', n_(k)k andNr = S nr(k)k where
N r)(K) is the number of left(right) moving phonons of momentyph= 27k/I. The difference
of the occupation numbeid, andNr is related to the longitudinal momentum through the level
matching constrairtl. — Nr = g. Finally, the parity of a state is given /= (—1)number of phonons

3. Lattice Calculation
Our gauge theory is defined on a three-dimensional Euclidpace-time lattice that has been

toroidally compactified with_x x L, x Ly sites withl = aly; |, = aL, andly = alLy. For the
spectrum calculation we perform Monte-Carlo simulatiosig the standard Wilson plaquette
actionSy =f5p [1— ﬁReTlup]. The bare coupling is related to the dimensionful coupling
through lim,_,0 B = 2N /ag’. In the largeN limit, the 't Hooft couplingA = g?N is kept fixed. The
simulation we use combines standard heat-bath and owatan steps in the ratio 1 : 4. These
are implemented by updatir§jJ(2) subgroups using the Cabibbo-Marinari algorithm.

We calculate energies from the time behaviour of corretatdrsuitable operatorgg }, such
asCij(t) = (qf(t)(pj (0)) = (@'e Han @) = zkcikcj*ke*aEk”t. We project onto loops of flux closed
around thex-torus. Hence, we use operators that wind aroundxtterus. The simplest such
operator is the Polyakov loop(ny,ny) = Try{lp(ny,n)} with lp(ny,re) = rﬁ::lux(nx,ny,nt).
Here we have taken the product of the link matrices inxtlorection, around the-torus and the
trace is taken in the desired representatidnCarrying out the tensor product decomposition for
each irreducible representatiofiwe obtain that Tag;{lp} = Tr{lp}Tr{Ig} =1, Tre{lp} =Tr{lp},

Traaazn (o} = 3 [(THIp}Y2 — (D)TH{IBN] TI5 = Trllph, Traaes 1o} =3 [(Tr{lp}2 — (9)Tr{13}],

Tranas{Ip} = & [{Tr{lp}}° = (1)3Tr{lp}Tr{12} + 2Tr{13} | and Tew{lp} =1 [{Tr{lp}}3—Tr{Ig}] .
In addition we also use many other winding paths, as listéliibie 2 of [3], and also we smeared
and blocked th&U(N) link matrices. Using all these paths we project onto difiétengitudinal
momenta and parities keeping the transverse momentum txpal= 0. Subsequently we per-
form a variational calculation of the spectrum, maximis{eg"") over this basis. This provides us
with an ordered set of approximate energy eigenoperdtprs. We then form the correlators of
these,(wiT(t)Lpi (0)), and extract the energies from plateaux in the effectivegies

4. Results

4.1 Fundamental Representation
In our previous work [3] we performed calculations$(6) for the closed flux-tube spec-

trum on the same lattices, and at the same coupling as fowthis. There we observed that the
absolute ground state is very accurately described by #eediring prediction in Equation (2.1),
with a correction only becoming visible fot/or < 2. The lightest states with# 0 also showed
no visible correction to Nambu-Goto down kg¢/as ~ 1.5. While other low-lying excited states
typically show larger corrections, these typically becanmsgnificant at values dfthat are much
smaller than required for the expansion of Equation (2. ppiwers of ¥1%c to become convergent.
Finally, we see no evidence for any non-stringy massive mode

4.2 k=2 Antisymmetric and Symmetric Representations
In the k = 2 sector we focus on the totally antisymmetric, 2A and thellypsymmetric, 2S

representations. The lightdst 2 flux-tube is purék = 2A and it is lighter than two fundamental
flux-tubes; thus it is stable. In Figure 1(a) we provide theuhes for theq = 0,1, 2 ground states.
The pure Nambu-Goto prediction appears to fit very well thetages. For the absolute ground
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state § = 0) the expansion of the Nambu-Goto prediction for the en&gy(0,!) in powers of
1/120 converges right through the range lofvhere we have calculations all the way down to
lv/o=m/3~11<l./0. We see that the free string expression is good all the wayndow
|\/02a ~ 2 which is close to the deconfining length. In additio®@./I”) correction can describe
the deviations from Nambu-Goto foy/ooa < 2.

On the other hand the spectrum &k 2xcited states witlg = 0 appears to suffer from large
deviations from the Nambu-Goto free-string expectatidfis.plot, in Figure 1(b), the four lightest
P = + states, and the two lighteBt= — ones, as well as the predictions of Nambu-Goto for the
lowest few energy levels. In Nambu-Goto the first excitedestike the ground state, is non-
degenerate with one left and one right moving phonon with erttiaap = +271/1 while the next
energy level has four degenerate states with the left afd nigpving phonons sharing twice the
minimum momentum. This can be carried by one or two phondns, ttwo of these states have
P =+ and two haveP = —. The first excited state has large deviations from the Na@bto
curve but appears to approach the string prediction. Thansthat it is either asymptoting to that
curve or it is just crossing it. For the next excited levek tibserved excited states are far from
showing the Nambu-Goto degeneracies and far from the NaBdta-predicted energies, even for
the largest values df,/o. These large discrepancies raise the question whether sha®s are
string like or associated with some massive modes; thisswared in the next section.

We turn now to the 3 representation. The associated states are expected t@bierhinan
the corresponding & states and, thus, unstable with larger statistical errtmsk-igure 1(c) we
show the ground states with= 0, 1,2. Just as fok = 2A the energies are remarkably close to the
Nambu-Goto predictions. Although unstable, the absolubeirgd state possess extended plateaux
very different from the decay thresholds. In contragt to 2A, the situation with the exciteg= 0
states is however much worse and we are unable to extracbttesponding energies.

4.3 k=3 Antisymmetric, Mixed and Symmetric Representations
In thek = 3 sector we focus on the totally antisymmetrié, 3nixed, 3M, and totally sym-

metric, Brepresentations. Their string tensions are known fromipuswork to be close to the
Casimir scaling, thus, we know thiat= 3A is stable, 31 nearly stable andShighly unstable.

In Figure 2(a) we plot the lightest energieskof 3A flux-tubes withq = 0,1, 2. Just as for the
correspondingk = 2 flux-tubes, we see excellent agreement with Nambu-Gotthalivay down
tol ~ lc. The relevant asymptotic decay states are heavier thakth8A states demonstrating,
thus, their stability. Turning now to the excited statesdet 0 we observe that their qualitatively
behaviour resembles that fke= 2A. Namely, the excited states suffer with large deviatioosnfr
Nambu-Goto predictions, raising the question whethertlségtes are string like or associated with
excitations of massive flux-tube modes.

We focus now on the heavidr= 3M states. We plot in Figure 2(b) the ground states with
g=0,1,2. Once again these particular states agree very well withiihaGoto. We also observe
that their instability is not enough to affect the extrantad the states using effective mass plateaux.
However, theg = 0 excited states are very unstable and we are unable tofidaséful plateaux.

Thek = 3Sstates are much heavier and we can only estimate energigeefpe= 0,1 ground
states; these are presented in Figure 2(c). Again we seb emgrgement with Nambu-Goto.

4.4 k=0 Adjoint Representation
Old calculations [7] provide some evidence that such flbetuexist with string tension ap-
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Figurel: (a): k= 2A ground states witlh = 0,1, 2. (b) Energies of lightest = 2A gq= 0 states. ¢) k=2S
ground states witly = 0,1,2. P = + states are represented byandP = —, by e. Solid red curves are
Nambu-Goto predictions. Vertical line denotes locatiofdetonfinement’ transition.

proximately proportional to the Casimir Scaling. Adjoinixttubes can be screened down to the
vacuum by gluons but this is suppressed B4 Hence one expects to observe such flux-tubes
at large enougiN. An adjoint flux-tube is in general heavier than a pair of faméntal and anti-
fundamental flux-tubes and can decay into these (for notrge kandl).

In Figure 3(a) the energies of the lightest adjoint flux-tutgth q = 0,1, 2 show that Nambu-
Goto provides a remarkable description all the way downh tol.. The decay thresholds are
indicated (dashed lines) and we see that the decay phase ispaall, raising the hope that the
decay widths will be negligibly small. Concerning the eatiitn spectrum, we could not identify
well-defined excited states with= 0. This is somehow reasonable since these states would have

a very large phase space for decay into a pair of fundamemtichiatifundamental flux-tubes.

45 k=184 and 120 Representations
Here we study flux-tubes carrying flux in tke- 1 84 and120 representations. Such flux-tubes

can mix with single fundamental flux-tubes, but this is lalysuppressed and we, thus, ignore this
possibility. Nevertheless, the decay/mixing with 3 (dotidamental flux-tubes and withka= 2A
and an antifundamental flux-tube is not lafgesuppressed. F&4 in Figure 3(b) we observe that
the agreement with Nambu-Goto is, once again, remarkalig ¢§or g = 0,1 and quite good for

g = 2. The excited states are very massive and it becomes difficidentify plausible plateaux.

In Figure 3(c) we plot the ground state energies of flux-tubethe 120 representation for
g=0,1. Once again we observe that Nambu-Goto provides an aded@sdtription. Th&20 string
tension is large, prohibiting us from extracting energy snalsteaux folq = 2 and for excitations
with g=0.

5. Stringy or Massive? - Heuristic investigation

We expect bound states of fundamental flux-tubes to have-#/iog excitation spectrum that
contains clear signatures of the binding scale. Our cléapestra in this paper are fkr= 2A and
k = 3A so we shall focus on these. So doeskhe 2A(3A) g = 0 spectrum shown in Figure 1(b)
reveal any massive modes that are additional to the strirgyations which, at largé, tend to the
Nambu-Goto curves? Since the low-lying excitation speataf fundamental flux tubes appears to
contain only stringy states, it is interesting to compaweitlh our k = 2A spectrum. The immediate
guestion this comparison raises is whether the first exéite®A state might be a massive mode
with the second excited state being the first excited strimggle. If this state is an approximate
Nambu-Goto-like string excitation then we would expectwes/e-functional to be similar to that
of the first excitedk = 1 state, which we have good reason to think of as being stringy
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Figure 2: (a): k = 3A ground states witlg = 0,1,2. (b) k= 3M ground states witlg = 0,1,2. (c) k=3S
ground states witly = 0,1. P = + states are represented byandP = —, by e. Solid red curves are

Nambu-Goto predictions. Vertical line
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Figure 3: (a): Adjoint ground states witlq = 0,1,2. (b) 84 ground states witlg = 0,1,2. (c) 120 ground
states withg = 0,1. P = + states are represented hyandP = —, by e. Solid red curves are Nambu-Goto
predictions. Vertical line denotes location of ‘deconfireti transition.

The comparison is made as follows. Ugp;i = 1,...,n,} be our set of winding flux tube
operators. When we perform our variational calculationravédasis in representatiow, we
obtain a set of wavefunctionalsp’), which can be written as linear combinations of our basis
operators T (@) such as®, = y*bl, .c»iTrz(@) = b, Tr,(@). The coefficientscs;
have been chosen so that they satisfy the normalisationit'cmnd(Trg,((n(0))Trﬁ%7((n(0))> =1
This is to ensure that the comparison between the coefficgnt, which encode the “shape” of
the state corresponding to the wavefunctional, of two diffi representation@ can be mean-
ingful. We, therefore, make the substitutidr, = 3707, . Tr), (@) — &, = 7°b], Tri (@) in
order to compare an excited or ground stiate 1 and% = 2A wavefunctionals by comparing
CT)/[‘%, with @% for the fundamental representation. This can be quantifiedalculating the over-

lap Oy n(Z = 2A) (01 ®5)
/ = = = = .
n.n <¢”’Tf¢?/>l/2<¢$¢2¢>1/2

These provide us with a measure of the similarity betweemtiggnal stated’, and the stat@'f"

for g= 0. For the ground state we observe an overwhelming sinyiléit 100%) between the
associated wavefunctionals far= 2A and f. Turning now on the first excited stake= 2A we

find that by far the largest overlap is indeed on the first exciundamental with a very small
overlap onto the ® excited stringyf state. Hence, this state is definitely not some new massive
mode excitation. Concerning the next tke= 2A excitations, while the dominant overlap is onto
the corresponding fundamental excited state, there ige lamjection on other states as well. It
certainly appears possible that some new massive mode dithgnates or is mixed into one or

Examples of these overlaps are presented in Figure 4.
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Figure 4: Overlap, ofk = 2A ground, first, second and third excitgd= 0 states onto the 20 lowest-lying
fundamental states for= 52a

both of these states. Similar results have been obtaindd=+d3A.
6. Conclusion

We have calculated the low-lying spectrum of closed fluxetum various representations of
colour. One of the aims of this project was to compare theltinguspectrum to simple effective
string actions, just as we did in our previous work on fluxetsiin the fundamental representation
of colour. Flux-tubes in irreducible representations kigthan the fundamental can be thought
of as bound states of fundamental and antifundamental filbest Hence the massive excitation
modes related to that binding might leave their signaturthinspectrum. While in the case of
fundamental flux-tubes we found no sign of such states wechtips we would find something
different here.

Our results show clearly that the absolute ground statetanliphtest states with non-zero lon-
gitudinal momenta are accurately described by the freegsekpression shown in Equation (2.1).
Our results also suggest that the lightest tpve 0 states of the higher than the fundamental flux-
tubes consist only of string-like states. For a more detailescription of this project you can look
at the longer write-up [8].
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