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We take a new approach to determine the scale parameter r0, the physical masses of strange and
charm quarks through a global fit which incorporates continuum extrapolation, chiral extrapola-
tion and quark mass interpolation to the lattice data. The charmonium and charm-strange meson
spectrum are calculated with overlap valence quarks on 2+1-flavor domain-wall fermion gauge
configurations generated by the RBC and UKQCD Collaboration. We use the masses of Ds, D∗s
and J/ψ as inputs and obtain mMS

c (2GeV) = 1.110(24)GeV, mMS
s (2GeV) = 0.104(9)GeV and

r0 = 0.458(11) fm. Subsequently, the hyperfine-splitting of charmonium and fDs are predicted to
be 112(5)MeV and 254(5)MeV, respectively.
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1. Introduction

In lattice QCD simulations, quark masses and the strong coupling constant are bare param-
eters in the QCD action. The coupling constant is related closely to the dimensional quantity on
the lattice, the lattice spacing a, which should be determined first through a proper scheme to set
the scale. After that, the physical point is approached through extrapolation or interpolation of
the bare quark masses by requiring that the physical values of hadron masses and other physical
quantities are reproduced. In this proceeding, we implement a global fit scheme combining the
continuum limit extrapolation, the chiral extrapolation and the quark mass interpolation to set the
scale parameter r0 and determine quark masses (at a specific energy scale µ) simultaneously. We
adopt the overlap fermion action for valence quarks and carry out the practical calculation on the
2+1-flavor domain wall fermion gauge configurations generated by the RBC/UKQCD Collabora-
tion [1, 2]. It has been verified that the charm quark region can be reached by the overlap fermions
on the six ensembles of the RBC/UKQCD configurations at two lattice spacings a∼ 1.7 GeV and
a ∼ 2.3 GeV [3], such that by applying the multi-mass algorithm in the calculation of overlap
fermion propagators, we can calculate the hadron spectrum and other physical quantities at quite
a lot of quark masses ranging from the chiral region (u,d quark mass region) to the charm quark
region. This permits us to perform a very precise interpolation to the physical strange and charm
quark masses. In order to compare with experimental values, the lattice values of dimensionful
physical quantities should be converted to the values in physical units through a scale parameter,
for which we choose the Sommer’s parameter r0 [4] and express it in the units of lattice spacing at
each ensemble through the calculation of static potential. As such, all the dimensionful quantities
calculated on the lattice (and their experimental values) can be expressed in unit of r0. In order for
the physical quantities calculated at different bare quark masses and different lattice spacings to
be fitted together, we calculate the quark mass renormalization constant to convert the bare quark
masses to the renormalized quark masses at a fixed energy scale in the MS scheme . With these
prescriptions, the physical quark masses and the r0 can be determined by some physical inputs,
through which we can predict other quantities at the physical point in the continuum limit.

2. Quark mass renormalization and the scale setting

Our calculation are carried out on the 2+1 flavor domain wall fermion configurations gener-
ated by the RBC/UKQCD collaboration with the parameters listed in Tab. 1. For valence quarks

β L3×T ms
sa ms

l a mresa
2.13 243×64 0.04 0.005 0.01 0.02 0.00315(4)
2.25 323×64 0.03 0.004 0.006 0.008 0.00067(1)

Table 1: The parameters for the RBC/UKQCD configurations [2]. ms
sa and ms

l a are the mass parameters of
the strange sea quark and the light sea quark, respectively. mresa is the residual mass of the domain wall sea
quarks.

we use the overlap fermion operator Dov = 1+γ5ε(HW (ρ)) to define the effective massive fermion
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operator

Dc(ma)≡ ρDov

1−Dov/2
+ma, (2.1)

where HW (ρ) = γ5DW (ρ) with DW (ρ) the Wilson-Dirac operator with a negative mass parameter
−ρ , and the parameter ma is purely the bare current quark mass (in lattice units) and free of ad-
ditive renormalization owing to the good chiral property {γ5,Dc(0)}= 0. Through the multi-mass
algorithm, quark propagators SF(ma) = D−1

c (ma) for dozens of different valence quark masses ma
can be calculated simultaneously, such that we can calculate multiple physical quantities at each
valence quark mass and obtain clear observation of the quark mass dependence of these quan-
tities. We estimate the physical strange quark mass to be around msa = 0.056 for the 243× 64
lattice and msa = 0.039 for the 323× 64 lattice, therefore we choose the msa to vary in the range
msa ∈ [0.0576,0.077] and msa ∈ [0.039,0.047] for the two lattices, respectively. Figure 1 shows an
almost linear bare quark mass dependence of the masses of J/ψ , ηc, Ds, and D∗s calculated from the
six gauge ensembles. In addition to the above observation, we also find that the hyperfine splitting
of vector and pseudoscalar mesons, ∆ = MV −MPS, varies with quark masses like ∝ 1/

√
m [3], as

shown in Fig. 2. Taking into account the sea quark mass dependence, ∆ can be well described by
the formula

MV −MPS =
C+C1ml√

mq1 +mq2 +δm
(2.2)

to a high precision. The detailed discussion of this dependence will be presented in Ref. [5].
Finally, the global fit formula for the meson system is

Mmeson = (A0 +A1mc +A2ms +A3ml +(A4 +A5ml)
1√

mc +ms +δ
)

×
(
1+B0a2 +B1m2

ca2 +B2m4
ca4)+A4a2 (2.3)

with δ a constant parameter. Note that A2 is set to zero for the charm quark-antiquark system, and
A1 is expected to be close to 1(or 2) for the meson masses of c̄s(c̄c) system. We keep the mca
correction to the forth order and add explicit O(a2) correction term to account the artifacts due to
the gauge action and other possible artifacts. There should be msa corrections, but they are very
small and are neglected.

In lattice QCD, the bare quark masses are input parameters in lattice units, say, mqa. However
in the global fit including the continuum extrapolation using Eq. (2.3), one has to convert the
mqa to the renormalized current quark mass mR

q (µ) at a fixed scale µ which appears uniformly
in Eq. (2.3) for different lattice spacings. This requires two issues to be settled beforehand. The
first is the renormalization constant Zm of the quark mass for a fixed lattice spacing a. Since we
use the overlap fermion operator Dov, if the quark field ψ is replaced by the chirally regulated
field ψ̂ = (1− 1

2 Dov)ψ in the definition of the interpolation fields and the currents, it is expected
that there are relations ZS = ZP and ZV = ZA, where ZS, ZP, ZV , and ZA are the renormalization
constants of scalar, pseudoscalar, vector, and axial vector currents, respectively. In addition, Zm

can be derived from ZS by the relation Zm = Z−1
S . In the calculation of ZS and other Z’s of the quark

bilinear currents, we adopt the RI-MOM scheme to do the non-perturbative renormalization on the
lattice first, then convert them to the MS scheme using ratios from continuum perturbation theory
(The numerical details can be found in Ref. [6]). The relations between Z’s mentioned above are
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Figure 1: The quark mass dependence of the masses of Ds, D∗s , ηc, and J/ψ are illustrated in the plots for
the six RBC/UKQCD configuration ensembles, where the linear behaviors in mca or mca+msa are clearly
seen.
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Figure 2: The quark mass dependence of the hyperfine splittings ∆m = mV −mPS for c̄s and c̄c systems. For
clarity, the (∆m)−2 versus mq1 +mq2 are plotted in the figure, where one can see an almost linear behavior
throughout the range mq1 +mq2 ∈ [0.1,3]GeV. This behavior suggests the relation ∆m∼ 1√

mq1+mq2+δ
.

verified, and ZS at the scale µ = 2GeV in the MS is determined to be ZMS
S (2GeV) = 1.127(9) for

the 243× 64 lattice and 1.056(6) for the 323× 64 lattice. Besides the statistical error, systematic
errors from the scheme matching and the running of quark masses in the MS scheme are also
considered in Ref. [6]). The systematic error from the running quark mass in the MS scheme is
negligible small, while the one from scheme matching is at four loops, and has a size of about
1.4%.

The second is the precise determination of the lattice spacing a. This is a subtle question
because a has direct relationship with the coupling constant β and the sea quark mass. On the other
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β = 2.13 β = 2.25
mla 0.02 0.01 0.005 0 0.008 0.006 0.004 0
r0/a 3.906(3) 3.994(3) 4.052(3) 4.126(11) 5.421(5) 5.438(6) 5.459(6) 5.504(4)

Table 2: r0/a’s for the six ensembles we are using.

hand, the continuum limits of physical quantities are independent of a. So we need a dimensionful
physical quantity as a scale parameter, which is independent of quark masses, such that dimensional
quantities such as hadron masses, lattice spacing a, and quark masses can be expressed in units
of this parameter. A proper choice for this purpose is Sommer’s scale parameter r0. In each
gauge ensemble, the ratio r0/a =

√
(1.65− ec)/(σa2) can be determined very precisely through

the derivation of the static potential V (r/a), where ec and σa2 are the parameters in V (r/a), say,
aV (r/a) = aV0− ec/(r/a)+σa2(r/a). Table 2 lists the r0/a’s for the six ensembles we are using.
r0/a has obvious mla dependence, so we extrapolate it to the chiral limit m̃l = mla+mresa = 0 by
a linear fit, r0(m̃la,a)/a = r0(0,a)/a+ cm̃la ,for the ensembles with a same β . The extrapolated
values C(a)≡ r0(m̃la,a)/a are also listed in Tab. 2

With the above prescriptions, we can replace the renormalized quark masses and a by the bare
quark mass parameters mqa, C(a), r0, and Zm(2GeV,a) as

mR
q (2GeV) = Zm(2GeV,a)(mqa)

C(a)
r0

(2.4)

In this way r0 enters into Eq. (2.3) as a new parameter and can be fitted simultaneously with the
parameters Ai and Bi in Eq. (2.3).

In addition to the 1S and 1P charmonium masses and Ds/D∗s masses, we also obtain predictions
of the decay constant of Ds, namely, fDs . fPS is defined as

ZA〈0|ψ̄aγ4γ5ψb|PS〉= EPS fPS, (2.5)

where EPS is the energy of the pseudoscalar and ZA is the renormalization constant of the axial
vector current, or alternatively through the PCAC relation

〈0|ψ̄aγ5ψb|PS〉=
E2

PS
mqa +mqb

fPS. (2.6)

The later is obviously renormalization independent since ZmZP = 1 for the overlap fermion. With
the ZA calculated in Ref. [6], we find the two definitions are compatible with each other within
errors.

In practice, we carry out a correlated global fit to the following quantities in the six ensembles
– the masses of J/ψ , ηc, χc0, χc1, hc, Ds and D∗s mesons and fDs with jackknife covariance matrices.
As a first step, we obtain the parameters Ai’s and Bi’s for each quantity. Subsequently we use the
experimental values mJ/ψ = 3.097GeV, mDs = 1.968GeV, and mD∗s = 2.112GeV to determine
mMS

c (2GeV), mMS
s (2GeV), and r0. Finally, we use these physical parameters to predict the masses

of ηc, χc0, χc1, hc, and fDs at the physical pion point and with O(a2) corrections. The results are
illustrated in Tab. 3. Here is the description of the error budget:
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r0 mMS
s (2GeV) mMS

c (2GeV) mJ/ψ −mηc mχc0 mχc1 mhc fDs

(fm) (GeV) (GeV) (GeV) (GeV) (GeV) (GeV) (GeV)
PDG – 0.095(5) 1.09(3) 0.117(1) 3.415 3.511 3.525 0.258(6)

this work 0.458 0.104 1.110 0.1119 3.411 3.498 3.518 0.2542
σ (stat) 0.011 0.006 0.012 0.0054 0.035 0.045 0.028 0.0049
σ (r0/a) 0.002 0.000 0.000 0.0000 0.003 0.000 0.000 0.0000
σ ( ∂ r0

∂a2 ) 0.003 0.004 0.005 0.0005 0.003 0.006 0.002 0.0003
σ (MR/stat) – 0.003 0.020 0.0000 0.003 0.011 0.004 0.0003
σ (MR/sys) – 0.000 0.003 0.0000 0.000 0.000 0.000 0.0000

σ (all) 0.011 0.009 0.024 0.0054 0.046 0.047 0.028 0.0049

Table 3: The final results from the global fit in this work.The physical masses of Ds, D∗s , and J/ψ are used
as inputs to determine r0, mMS

s (2GeV) and mMS
c (2GeV). The physical masses of the 1P charmonia can

be reproduced with these values. The hyperfine splitting mJ/ψ −mηc and the decay constant fDs are also
predicted. The error budget is given for each quantity with σ(stat), the statistical error, and two kinds of
systematic errors, one from r0 and another one from mass renormalization (see text for the details). The total
error σ(all) combines all the uncertainties in quadrature.

i) The statistical errors are the jackknife errors from the global fit.
ii) The systematic uncertainty due to the linear a2 continuum extrapolation cannot be con-

trolled at present since we have only two lattice spacings.
iii) For the chiral extrapolation we only use the linear fit in the u,d sea quark mass and have

not considered a sophisticated fit based on chiral perturbation theory, so this systematic uncertainty
has not been analyzed.

iv) We consider two possible systematic uncertainties introduced by r0, one of which is from
the statistical error of C(a) = r0(a)/a (denoted as σ(r0/a)), and the other is from non-zero a2

dependence of r0(a) (denoted as σ( ∂ r0
∂a2 )). The latter is not so straightforward. In our global fit, we

take the r0 at a finite lattice spacing to be the one in the continuum limit. To address the issue that
our prediction for r0 (0.458(11) fm) is slightly smaller than the one from RBC/UKQCD (0.48(1)
fm), we set ∂ r0

∂a2 = 0.2 (which makes the r0(a) at the two lattice spacings to be around 0.48 as
the RBC-UKQCD collaboration so determines) , so as to check the changes of the predictions to
estimate their systematic errors. It turns out, the χ2 of the global fit is insensitive to this dependence
and the results do not change much.

v) The error σ(MR) takes into account two kinds of uncertainties of Zm(µ), one of which is
the statistical error of Zm(µ) in the RI/MOM scheme, and the other is due to the systematic error
of perturbative matching and the running of the MS masses to the scale of 2 GeV.

All of these uncertainties are combined together in quadrature to give the total uncertainty
σ(all) of each physical quantity.

3. Summary

With overlap fermions as valence quarks on domain wall fermion configurations generated
by the RBC/UKQCD Collaboration, we have undertaken a global fit scheme combining the chiral
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Figure 3: The ratios between PDG Live averages and our simulations. Note that the numbers of PDG Live
are in italic type, and all the numbers are in unit of GeV, except r0. For r0, we list the one from HPQCD
(0.4661(38)fm) and RBC-UKQCD (0.48(1)fm) for reference.

extrapolation, the physical quark mass interpolation, and the continuum extrapolation. We use the
physical masses of J/ψ , Ds, and D∗s as the inputs to determine r0, the charm and strange quark
masses to be

r0 = 0.458(11) fm, mMS
s (2GeV) = 0.104(9)GeV, mMS

c (2GeV) = 1.110(24)GeV (3.1)

Our r0 is smaller than 0.48(1) fm obtained by RBC/UKQCD [7] but close to the HPQCD result
0.4661(38) fm [8]. With these results, we can reproduce the physical masses of χc0, χc1 and hc,
and further predict the hyperfine splitting mJ/ψ −mηc and the decay constant fDs ,

mJ/ψ −mηc = 112(5)MeV, fDs = 254(5)MeV. (3.2)

The errors we quote above are quadratic combinations of the statistical and systematic errors.
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