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1. Introduction

The dynamical generation of an effective (momentum-dependent) gluon mass in Yang-Mills
theories [1] has attracted considerable attention over thepast few years, as it furnishes a convinc-
ing theoretical framework in which virtually all the recentlattice findings [2, 3, 4, 5, 6] can be
easily accommodated. This inherently nonperturbative phenomenon is usually studied within the
formal machinery of the Schwinger-Dyson equations (SDEs),supplemented with a set of funda-
mental guiding principles, which enable the emergence of “massive” (propagator) solutions, while
preserving intact the gauge invariance of the theory [7, 8].

The most crucial theoretical ingredient for achieving thisresult,without interferring with the
gauge invariance of the theory (encoded by the BRST symmetry), is the existence of a set of special
vertices, to be generically denoted byV , calledpole vertices. These vertices contain massless,
longitudinally coupled poles, and must be added to the usual(fully dressed) vertices of the theory;
they are responsible for the underlying mass generation mechanism, as they trigger a non-Abelian
realization of the Schwinger mechanism [9]. In addition, the massless poles they contain act as
composite, longitudinally coupled Nambu-Goldstone bosons: they maintain the gauge invariance
of the theory (preserving the form of the Ward identities (WIs) and the Slavnov-Taylor identities
(STIs) even when a gluon mass is dynamically generated), andthey cancel out fromS-matrix
elements.

Recent studies indicate that the QCD dynamics can indeed generate longitudinally coupled
composite (bound-state) massless poles, which subsequently give rise to the required vertices
V [10]. Building on this, we describe our recent work [11], where it has been established a pre-
cise quantitative connection between the fundamental ingredients composing the aforementioned
pole vertices and the gluon mass itself. Specifically, we dissect the pole vertices and scrutinize
the field-theoretic properties of their constituents, within the context of the “massless bound-state
formalism”, first introduced in some early seminal contributions to this subject [12, 13, 14, 15, 16],
and further developed in [10]. The final outcome of this analysis is an alternative description of
the dynamical gluon mass in terms of quantities appearing naturally in the physics of bound states,
such as the “transition amplitude” and the “bound-state wave function”, which turns out to be
completely equivalent to the standard approach based on SDEs.

2. The SDE of the gluon propagator

The full gluon propagator∆ab
µν(q) = δ ab∆µν(q) in the Landau gauge is given by the expression

∆µν(q) =−iPµν(q)∆(q2); Pµν(q) = gµν −
qµqν

q2 , (2.1)

and itsinverse gluon dressing function,J(q2), is defined as

∆−1(q2) = q2J(q2). (2.2)

Within the framework provided by the synthesis of the pinch technique (PT) with the background
field method (BFM), known in the literature as the PT-BFM scheme [17, 18], one can consider
the propagator connecting a quantum (Q) with a background (B) gluon, to be referred as theQB
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Figure 1: The SDE obeyed by theQB gluon propagator. Black blobs represents fully dressed 1-PI vertices;
the small gray circles appearing on the external legs are used to indicate background gluons.

propagator and denoted bỹ∆(q2). The SDE of the above propagator is shown in Fig. 1, and it may
be related to the conventionalQQ propagator,∆(q2), connecting two quantum gluons, through the
background-quantum identity [17, 19]

∆(q2) = [1+G(q2)]∆̃(q2). (2.3)

In this identity, the functionG(q2) corresponds to thegµν form factor of a special two-point func-
tion typical of the PT-BFM framework [17, 19, 20]; in the Landau gauge, it can be related to the
dressing functionF(q2) of the ghost propagatorD(q2) = F(q2)/q2 throughout the approximate
relation

F−1(q2)≈ 1+G(q2), (2.4)

which becomes exact in the limitq2 → 0 [21]. Then, the corresponding version of the SDE for the
conventional gluon propagator (in the Landau gauge) reads [18, 20]

∆−1(q2)Pµν(q) =
q2Pµν(q)+ i∑6

i=1(ai)µν

1+G(q2)
, (2.5)

where the diagrams(ai) are shown in Fig. 1. The relevant point to recognize here is that the
transversality of the gluon self-energy is realized according to the pattern highlighted by the boxes
of Fig. 1, namely,

qµ [(a1)+ (a2)]µν = 0; qµ [(a3)+ (a4)]µν = 0; qµ [(a5)+ (a6)]µν = 0. (2.6)

3. SDE formalism

As has been explained in detail in the recent literature [8, 10], the Schwinger mechanism al-
lows for the emergence of massive solutions out of the SDE, preserving, at the same time, the
gauge invariance intact. At this level, the triggering of this mechanism proceeds through the in-
clusion of the pole verticesV in the SDE Eq. (2.5). From the kinematic point of view, one can
describe the transition from a massless to a massive gluon propagator by carrying out the replace-
ment (Minkowski space)

∆−1(q2) = q2J(q2)−→ ∆−1
m (q2) = q2Jm(q

2)−m2(q2). (3.1)

3
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Notice that the subscript “m” indicates that effectively one has now a mass inside the corresponding
expressions. Then, gauge invariance requires that the replacement given in Eq. (3.1) be accompa-
nied by the following simultaneous replacement of all relevant vertices

Γ −→ Γ′ = Γm +V, (3.2)

whereV must be such that the new vertexΓ′ satisfies the same formal WIs (or STIs) asΓ before.
To see how this works with an explicit example consider the fully dressed vertexBQ2 connect-
ing a background gluon with two quantum gluons, to be denotedby Γ̃αµν . With the Schwinger
mechanism “turned off”, this vertex satisfies the WI

qα Γ̃αµν(q,r, p) = p2J(p2)Pµν(p)− r2J(r2)Pµν(r), (3.3)

when contracted with respect to the momentum of the background gluon. The general replacement
described in Eq. (3.2) amounts to introducing the vertex

Γ̃′
αµν(q,r, p) =

[
Γ̃m(q,r, p)+ Ṽ (q,r, p)

]
αµν

; (3.4)

then, gauge invariance requires that

qαṼαµν(q,r, p) = m2(r2)Pµν(r)−m2(p2)Pµν(p), (3.5)

so that, after turning the Schwinger mechanism on, the corresponding WI satisfied bỹΓ′ would
read

qα Γ̃′
αµν(q,r, p) = qα

[
Γ̃m(q,r, p)+ Ṽ (q,r, p)

]
αµν

= [p2Jm(p2)−m2(p2)]Pµν(p)− [r2Jm(r
2)−m2(r2)]Pµν(r)

= ∆−1
m (p2)Pµν(p)−∆−1

m (r2)Pµν(r), (3.6)

which is indeed the identity in Eq. (3.3), with the aforementioned replacement∆−1 → ∆−1
m en-

forced. In addition, the pole vertices must be completelylongitudinally coupled; i.e., they satisfy
conditions of the type (for the case of theBQ2 pole vertex)1

Pα ′α(q)Pµ ′µ(r)Pν ′ν(p)Ṽα ′µ ′ν ′(q,r, p) = 0. (3.7)

According to the previous discussion, after the inclusion of the pole vertices, the gluon SDE
Eq. (2.5) becomes in the Landau gauge

[q2Jm(q
2)−m2(q2)]Pµν(q) =

q2Pµν(q)+ i∑6
i=1(a

′
i)µν

1+G(q2)
, (3.8)

where theprime indicates that (in general) one must perform the simultaneous replacements Eq. (3.1)
and Eq. (3.2) inside the corresponding diagrams. At this point, following the detailed procedure
presented in [22], one is able to isolate the mass function inEq. (3.8) using as only input the WIs

1Notice that this longitudinality condition implies that, in the Landau gauge, the pole vertices cannot be observed
in lattice simulations of connected Green’s functions.

4



P
o
S
(
Q
C
D
-
T
N
T
-
I
I
I
)
0
1
9

The dynamical gluon mass in the massless bound-state formalism David Ibanez

m̃2(q2) =
1

q2
qµ ×




µ µ
+

ν

Ṽ
×qν




Γm

Y (k2)

Figure 2: Diagrammatic representation of the condensed operations leading to the all-order gluon mass
equation, where we have introduced the shorthand notationm̃2(q2) = m2(q2)[1+G(q2)].

supplemented by the totally longitudinal nature of the polevertices. The resulting mass equation
reads (Minkowsky space)

m2(q2) =
ig2CA

1+G(q2)

1
q2

∫

k
m2(k2)∆γρ(k)∆

ρ
µ(k+q)K γµ

SD (q,k), (3.9)

where we have defined the SD kernel

K
γµ

SD (q,k) = gγµ [(k+q)2− k2]

{
1+

3
4

ig2CA[Y (k+q)+Y (k)]

}

+
3
4

ig2CA(q
2gγµ −2qγqµ)[Y (k+q)−Y (k)], (3.10)

which contains the purely two-loop dressed loop integral

Y (k2) =
1

d −1
kα

k2

∫

l
∆αρ(l)∆βσ (l + k)Γσρβ . (3.11)

Interestingly enough, the entire procedure for deriving the mass equation may be pictorially sum-
marized, in a rather concise way, as shown in Fig. 2. Then, under certain approximations, Eq. (3.9)
can be solved numerically for the entire range of physical momenta, revealing the existence of
positive-definite and monotonically decreasing gluon masses (see Fig. 7).

4. Massless bound state formalism

Whereas in the SDE approach outlined in the previous sectionone relies predominantly on
the global properties of the verticesV , within the massless bound-state formalism [11] one takes,
instead, a closer look at the field-theoretic composition ofthese vertices, establishing fundamental
relations between their internal ingredients and the gluonmass itself. This becomes possible thanks
to the key observation that, since the fully dressed vertices appearing in the diagrams of Fig. 1 are
themselves governed by their own SDEs, the appearance of such massless poles must be associated
with very concrete modifications in the various structures composing them.

To fix the ideas we will focus our discussion on the case of theBQ2 pole vertex̃Vαµν ; however,
all basic arguments may be straightforwardly extended to any generic pole vertex. Let us begin
by recalling that, when the Schwinger mechanism is turned off, the various multiparticle kernels
appearing in the SDE for theBQ2 vertex, shown in line(A) of Fig. 3, have a complicated skeleton
expansion, but their common characteristic is that they areone-particle irreducible with respect to

5
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Γ̃′
αµν(q, r, p) =

Γ̃αµν(q, r, p) = + . . .+ + +

r

α

ν µ

q

p

(A)

(B) + + + · · ·+

α

q

Bµν

i/q2

Iα(q)

Figure 3: (A) The SDE for theBQ2 vertexΓ̃αµν . Gray blobs denote the conventional one-particle irreducible
(with respect to vertical cuts) multiparticle kernels. (B)The SDE of theBQ2 vertex in the presence of its
pole part. The new SD kernels, which are modified with respectto those appearing in line (A), are described
in Fig. 4.

cuts in the direction of the momentumq. Thus, for example, diagram(a) of Fig. 4 is explicitly
excluded from the four-gluon kernel(b), and the same is true for all other kernels.

Now, when the Schwinger mechanism is turned on, the structure of the kernels is modified by
the presence of the composite massless excitations, described by a propagator of the typei/q2. For
example, as shown in Fig. 4, the four-gluon kernel(b) is converted into the kernel(b′), which is
the sum of two parts: (i) the term(b′1), which corresponds to a kernel that is “regular” with respect
to theq-channel, and (ii) the term(b′2), which describes the exchange of the composite massless
excitation between two gluons in theq-channel. Thus, when the replacements of Eq. (3.1) and
Eq. (3.2) are carried out, the SDE for theBQ2 vertex Γ̃′

αµν in the presence of its pole part will
be given by an expansion such as that shown in line(B) of Fig. 3. These modifications in the
composition of the kernels give rise precisely to theBQ2 pole vertex̃Vαµν , which, in this formalism,
is separated into two distinct parts, namely,

Ṽαµν(q,r, p) = Ũαµν(q,r, p)+ R̃αµν(q,r, p), (4.1)

defined as follows.Ũ is the part of̃V that has its Lorentz indexα saturated by the momentumq;
thus, it necesarily contains the explicitq-channel massless excitation, namely, the 1/q2 poles. A
closer look at the structure of the last diagram in line(B) of Fig. 3 reveals that this is precisely the
term to be identified with thẽU part, which will be cast in the form

Ũαµν(q,r, p) = Ĩα(q)
i

q2 Bµν(q,r, p); Ĩα(q) = qα Ĩ(q2). (4.2)

In this expressioñIα(q) denotes the background transition amplitude that mixes a background gluon
with the massless excitation, whose diagrammatic expansion is shown in Fig. 5. The quantityi/q2

corresponds to the propagator of the massless excitation, and B is an effective vertex describing
the interaction between the massless excitation and gluonsand/or ghosts. This latter vertex can be
decomposed in a suitable tensor basis as follows

Bµν(q,r, p) = B1gµν +B2qµ qν +B3pµ pν +B4rµqν +B5rµ pν , (4.3)

6
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(B)

(A)

(a)

.

(b′1) (b′2)(b′)

= + i
q2

pν r µ pν r µ

r µpν

(b)

(C)

(b′1)

= +
Γ′ Γ′

.

+ . . .
Γ′ Γ′

6∈

Figure 4: (A) A diagram not included into the standard kernel.(B) The kernel with the Schwinger mecha-
nism turned on: in addition to the “regular part”(b′1), the massless excitation in theq-channel(b′2) is added.
(C) The part(b′1) is obtained from the original kernel(b) by inserting massive gluon propagators into its
diagrams, and carrying out the substitution Eq. (3.2) in thefully-dressed vertices of the skeleton expansion.

and, in the standard language used in bound-state physics, represents the bound-state wave function
(or Bethe-Salpeter wave function), whose dynamics is controlled by a Bethe-Salpeter equation [10].
Finally, the termR̃ contains everything else; in particular the massless excitations in the other two
kinematic channels, namely, 1/r2 and 1/p2, are assigned tõR.

Let us finally briefly discussing the two fundamental relations of the massless bound-state
formalism, derived in [11]. The first of them relates the gluon mass with the square of the transition
amplitude and it emerges when the corresponding pole parts of the vertices appearing in the SDE
of the gluon propagator are inserted in Eq. (3.8). It simply reads

m2(q2) = g2I2(q2), (4.4)

and demonstrates that, unlessI(q2) vanishes identically, the gluon mass obtained is positive-
definite. The second relation is obtained when one combines the WI Eq. (3.5) with Eq. (4.2)
and links thegµν form factor of the effective vertexBµν directly to the gluon mass through

[1+G(q2)]I(q2)B1(q,r, p) = m2(p2)−m2(r2), (4.5)

which serves as the starting equation for obtaining the momentum dependence of the gluon mass
in the formalism described here.

5. Comparison of the two mass-generating formalisms

At this point we have established two seemingly different formalisms for describing the phe-
nomenon of gluon mass generation, namely, the SDE formalismand the massless bound-state

7
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+ + +

.

(d̃1) (d̃2) (d̃3) (d̃4)

+ +

(d̃6) (d̃7)

+

(d̃8)
(d̃5)

α

=

q

Figure 5: Diagrammatic representation of the background transitionamplitudẽIα(q).

formalism. Nonetheless, Eqs. (4.4) and (4.5), can be used todemonstrate the exact coincidence of
the integral equations governing the momentum evolution ofthe gluon mass in both frameworks.

The demonstration begins with the evaluation of the transition amplitude which, in the Landau
gauge, is given solely by the sum of diagrams(d̃1) and(d̃4) shown in Fig. 5. Then, following the
steps detailed in [11], one concludes that thecomplete transition amplitude may be written as

I(q2) =
i

q2CA

∫

k
k2∆ρ

µ(k)∆
µ
ρ (k+q)B1

+
3
2

g2C2
A

q2

∫

k
[(kq)gµγ +qµqγ ]Y (k2)∆µ

ρ (k+q)∆ργ(k)B1, (5.1)

which, quite remarkably, allows to express the full transition amplitude, for general value ofq2,
in terms of one single form factor, namely,B1. Now, we arrive at the crucial observation which
enables us to relate the mass equation Eq. (3.9) obtained in the context of the PT-BFM formal-
ism with the bound-state formalism showing that, indeed both formalisms are self-consistent and
interconnected. Using Eq. (4.5) and after a straightforward rearrangement, Eq. (5.1) yields

I2(q2) =
iCA

1+G(q2)

1
q2

∫

k
∆γρ(k)∆

ρ
µ(k+q)K γµ

SD (q,k)m2(k2), (5.2)

where we observe that the SD kernel defined in Eq. (3.10) appears. Thus, using the mass formula
Eq. (4.4) on the lhs of Eq. (5.2), we reproduceexactly the full mass equation Eq. (3.9) derived
in [22], providing a striking self-consistency check between these two formalisms. However it is
important to recognize that, although formally equivalent, the two approaches (“SDE” vs “mass-
less bound-state”) entail vastly different procedures forobtaining the desired quantity, namely the
functional form ofm2(q2). Given that in practice approximations must be carried out to the funda-
mental equations of both formalisms, the results obtained for m2(q2) will be in general different;
indeed, the formal coincidence proved above is only valid when all equations involved are treated
exactly.

8
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Y (k2)

(B)
tree − level

l

q

k + q

(A)
k + q

k

p + q

p

k

K
improved

+ +
ladder

Figure 6: (A) The kernelK of the Bethe-Salpeter equation satisfied byB′
1 and the approximation introduced

in [10]. (B) The full kernelKSD of the mass equation, and the approximation employed in [22].

To appreciate this issue in some quantitative detail, recall that, within the massless bound-state
formalism, the momentum-dependence of the gluon mass is obtained from Eq. (4.5). Specifically,
in the limit q → 0 one obtains the following exact relation for the derivative of the effective gluon
mass (Euclidean space) [10]

dm2(p2)

dp2 =−F−1(0)I(0)B′
1(p2); B′

1(p2)≡ lim
q→0

{
∂B1(q,−p−q, p)

∂ (p+q)2

}
. (5.3)

It turns out that the functionB′
1(p2) satisfies its own homogeneous Bethe-Salpeter equation, of the

general form [10]

B′
1(p2) =

∫

k
K (p,k)B′

1(k
2), (5.4)

whereK corresponds to the Bethe-Salpeter four-gluon kernel, shown in line (A) of Fig. 6. Ev-
idently, the exact treatment of this equation would requirethe complete knowledge of the four-
gluon kernel, which is a largely unexplored quantity. Therefore, in order to obtain an approximate
solution to Eq. (5.4), one resorts to the “improved” ladder approximation of this kernel, shown
diagrammatically in Fig. 6, by dressing the gluon propagators but keeping the vertices at tree-level.
Then, the numerical solution of Eq. (5.4) yields forB′

1(q
2) the function shown on the left panel of

Fig. 7. With this information at hand, the gluon mass may be obtained through direct integration of
Eq. (5.3), namely

m2(q2) = m2(0)−F−1(0)I(0)
∫ q2

0
dxB′

1(x). (5.5)

As for the constantF−1(0)I(0), using Eq. (4.4), one obtains

F−1(0)I(0) = F−1(0)

√
m2(0)

g2 = F−1(0)

√
∆−1(0)
4παs

, (5.6)

which allow us to estimateI(0) from the lattice values of the ghost dressing function and the gluon
propagator at zero momentum, treatingαs as an adjustable parameter. Thus, one finally arrives at
the dynamical gluon mass shown on the right panel of Fig. 7 (red continuous curve) [10].

9
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Figure 7: (Left panel): The general form ofB′
1(p2) obtained from the numerical solution of Eq. (5.4), in

the improved ladder approximation. (Right panel): The two solutions obtained for the gluon mass within the
massless bound-state [red (solid)] and SDE [blue (dotted)]approaches

In the case of the SDE approach, the basic dynamical equationis that of Eq. (3.9), whose
central ingredient is the quantityY (k2), entering into the kernelKSD, given in Eq. (3.10). The
quantityY (k2), shown in lineB of Fig. 6, involves thefully-dressed three-gluon vertex, which too
is rather poorly known. As a result, in [22],Y (k2) has been approximated by its perturbative (one-
loop) expression, by replacing the fully dressed internal gluon propagators and three-gluon vertex
by their tree-level values, as shown in Fig. 6. Under these approximations, the numerical treatment
of Eq. (3.9) gives rise to the solution shown on the right panel of Fig. 7 (blue dotted curve).

It is clear from this direct comparison that the two formallyequivalent approaches lead to
qualitatively similar results, which, however, do not coincide, due to the inequivalence of the ap-
proximations employed.

6. Final remarks: About the decoupling of the massless poles

Before presenting our conclusions, we add in this section some final remarks about the gen-
eral mechanism that leads to the decoupling of all massless poles from the physical (on-shell)
amplitudes of the theory. It is precisely this mechanism which explains how these Goldstone-like
particles cancel in theS-matrix elements and why they cannot be measured in physicalprocesses,
neither be observed in the spectrum of the theory. Even though these issues have been addressed
in detail in the past and recent literature [12, 13, 14, 15, 16], they have come up in the discussion
session of this presentation; as a result we think it is important to go briefly over them and clarify
them as much as possible.

To fix the ideas, let us consider a specific process, and namelythe one of the four-gluon
scattering amplitude. As it is shown in Fig. 8, thecomplete four-gluon scattering amplitude [graph
(a)] is given by the sum of three different contributions, namely: (i) the amplitude(b), which is
regular asq2 → 0, (ii) the graph(c), which contains the massless excitation, coupled to the external
gluons through the proper vertex functionBµν , and (iii) the one-particle reducible term, denoted by
(d), which is excluded from the SDE kernel in the usual skeleton expansion. Note that the above
amplitudes are none other than(b′1), (b

′
2), and(a) in Fig. 4, respectively. Thus, since the amplitude

(b) is regular by construction, one must only demonstrate that,asq2 → 0, the divergent part of(c),

10
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= + +

(a) (b) (c) (d)

q q

Figure 8: The decomposition of the complete four-gluon scattering amplitude.

whose origin is the massless excitation, cancels exactly against an analogous contribution contained
in (d), leaving finally a regular result. Effectively, the term(d) with the replacements of Eqs. (3.1)
and (3.2) already implemented reads

(d) = −ig2Γ̃′
αµν(q, p1, p2)∆̂(q2)Pαβ (q)Γ̃′

βρσ (q, p3, p4)

= −ig2Γ̃′
αµν(q, p1, p2)∆̂(q2)Γ̃

′α
ρσ (q, p3, p4), (6.1)

where, within the PT-BFM framework that we use, the off-shell gluon (carrying momentumq)
is converted into a background gluon, while the two three-gluon vertices are thẽΓ′ defined in
Eq. (3.4). Note that in the second line we have eliminated thelongitudinal termqα qβ/q2 inside
Pαβ (q) using the “on-shellness” condition

qα Γ̃′
αµν(q, p1, p2)|o.s. = 0, (6.2)

valid for both three-gluon vertices. Then, following the demonstration outlined in [10], one may
isolate the divergent contribution of the massless pole 1/q2 to Eq. (6.1), obtaining the result

lim
q2→0

(d)pole=− lim
q2→0

{
B

(
i

q2

)
B

}
, (6.3)

which is precisely the contribution of the term(c) in the same kinematic limit, but with the opposite
sign. Therefore, the on-shell four-gluon amplitude is freefrom poles atq2 = 0, as announced.

Finally, a general and process independent proof of this decoupling mechanism, involving an
arbitrary on-shell scattering amplitude, may be found in [15]. There, the generalization proceeds
through the following two basic observations: (i) since in an arbitrary amplitude all the particles
except the internal gluon (with momentumq) are on the mass shell, similar conditions to Eq. (6.2)
remain valid, and (ii) the massless pole contributions can be factorized from the regular parts of the
amplitude which, in the previous example, occurs when the replacement of Eq. (3.2) is carried out
in diagram(d).

7. Conclusions

In this presentation we have reported recent progress [11] on the study of gluon mass gener-
ation within the massless bound-state formalism, which constitutes the formal framework for the
systematic implementation of the Schwinger mechanism at the level of non-Abelian gauge theories.
The main ingredient of this formalism is the dynamical formation of massless bound-states, which
give rise to effective vertices containing massless poles;these latter vertices trigger the Schwinger
mechanism, and allow for the gauge-invariant generation ofan effective gluon mass. The principal
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advantage of this approach is its ability to relate the gluonmass directly to quantities that are usu-
ally employed in the physics of bound-states, such as transition amplitudes and bound-state wave
functions, as well as obtaining the dynamical evolution through a Bethe-Salpeter equation instead
of a SDE [see, Eqs. (4.4), (5.4) and (5.5)]. A central result is the formal equivalence between the
massless bound-state formalism and the corresponding approach based on the direct study of the
SDE of the gluon propagator [22]. In particular, the relations given in Eqs. (4.4) and (4.5), allow us
to demonstrate the exact coincidence of the integral equations governing the momentum evolution
of the gluon mass in both formalisms.

Acknowledgements: I would like to thank the ECT* for their hospitality and for making this
workshop possible.
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