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1. Introduction

Lepton, gauge boson and hadron productions at the Tevatron and at the Large Hadron Col-
lider (LHC) provide ample opportunity not only to test the predictions of the Standard Model (SM)
but also to constrain various physics scenario of beyond the standard model (BSM). The later are
subjected to large standard model background and hence careful and precise predictions of wide
variety of SM processes have been underway [1]. Such predictions for SM processes are important
as the quantum corrections are comparable to the BSM effects. Also, they suffer from large theoret-
ical uncertainties making the leading order (LO) predictions unreliable. One source of uncertainty
is from the factorisation scale µF that is introduced to remove collinear divergences coming from
initial state massless partons. This necessitates the computation of next-to-leading order (NLO)
quantum effects from Quantum Chromodynamics (QCD). The choice of parton density functions
will also introduce uncertainty in the predictions and we will present their impact also. The realistic
predictions from the theory is another issue which we have to deal with in order to compare against
the data. Here parton level predictions need to go through parton showering (PS) and recombina-
tion of partons into hadrons through hadronization mechanism. Such predictions require careful
matching to avoid double counting. Here, we revisit the NLO QCD results for the production of
three photons in hadron collisions in NLO+PS accuracy in order to get realistic estimates for var-
ious distributions. This process has been already studied at LO [2, 3] as well as NLO level [4] in
QCD. We quantify the improvement in the predictions at small transverse momentum regions of
the final states and also the stabilisation of cross section against factorisation and renormalisation
scales.

2. NLO+PS computation

Leading order (O(α3)) contributions to production of three photons at hadron colliders result
from purely quark anti-quark annihilation processes. At NLO O(α3αs) in QCD, both virtual as
well as real emission contributions due to an additional parton, namely quark or anti-quark or gluon
will contribute. Virtual amplitudes are at O(α3/2αs), hence the interference of them with the LO
Born amplitudes will contribute at NLO level. The real emission processes include gluon emissions
from the leading order processes and scattering of a quark (anti-quark) and a gluon producing three
photons along with a quark (antiquark). The ultraviolet divergences from the virtual contributions
are removed by proper counter terms and the infra-red divergences present in both virtual and real
emission processes are removed by mass factorisation.

dσ̂
NLO
ab =

∫
dPS3γ S({p}1,5) dσ̂

(0)
ab

+
αs(µR)

4π

[∫
dPS3γ S({p}1,5) dσ̂

V,(1)
ab +

∫
dPS3γ S({p}1,5) dσ̂

CT,(1)
ab

+
∫

dPS3γ+parton S({p}1,6) dσ̂
R,(1)
ab +

∫
dPS3γ S({p}1,5) dσ̂

MF,(1)
ab

]
(2.1)

The first line in the above equation is the Born contribution, dPS3γ is the phase space measure
for the three photon final state and S({p}1,m) is the observable function which depends on the
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kinematic variables. The second line corresponds to virtual contributions to Born processes and
the corresponding counter terms. The real emission contributions at the NLO level that come from
parton emissions from the initial and final state partons suffer from soft and collinear divergences
due to their massless nature. The divergences coming from soft gluons and from collinear partons
in the final state of the real emission processes cancel with those coming from virtual processes.
The remaining collinear divergences from the initial states are removed by adding mass counter
terms given in the last line. We have used MadFKS ([5]) to obtain real emission contributions
and their mass counter terms. A set of routines available in the aMC@NLO [6], which along with
our FORTRAN routines for virtual contributions can provide results on an event-by-event basis in
terms of four momenta of all the particles involved in the scattering event and its associated weight.
We use them to obtain the observables that we require to study.

There are forty eight virtual amplitudes to order α3/2αs. Upto permutations of the final state
photons, we find one pentagon diagram, 2 box diagrams, 3 triangle diagrams and 2 bubble di-
agrams. We use QGRAF [7] to generate these amplitudes, and in-house FORM [8] code could
translate the output of QGRAF into a form that can be used for further symbolic manipulations.
We have supplied relevant Feynman rules, various identities for Dirac gamma matrices, equations
of motion and performed simplifications at the amplitude level. We have used dimensional regular-
isation and the Lorentz contractions and Dirac gamma matrix simplifications are done in n = 4+ε

space time dimensions. Both ultraviolet and infra-red divergences show up as poles in ε and they
are removed through UV renormalisation and mass factorisation respectively. We write the virtual
contribution as

∑
col

∑
spin

MV,(1)
(
M (0)

)∗
= ∑

Γ

[
∑
col

∑
spin

MV,(Γ)
(
M (0)

)∗]
(2.2)

where M (0) is the born amplitude and MV,(Γ) are the distinct topologies of virtual diagrams.
The reduction of tensor integrals to scalar ones in n dimensions is done using Passarino-

Veltman reduction. We have written a FORM code to do this reduction and expressed the virtual
contributions in terms of scalar coefficients. These coefficients are related to scalar integrals in
higher dimensions. Following ref ([9]), these integrals can be written in terms of integrals in n
dimensions thanks to dimensional recurrence relations discussed in [10]. The problem with inverse
Gram determinants that result from the recurrence relations often spoil the numerical stability of
the integrals can be dealt with using an elegant approach that has been put forward in [11] where
the authors have found signed minor algebraic relation which avoids these inverse determinants.
This does not reduce the shifted dimension to n. In ref. [11], the computation of these additional
shifted integrals are done numerically after employing a series expansion in the small Gram region.
This has been implemented in PJFry package [12], which we use to evaluate the scalar coefficients
numerically for every phase space point in n dimensions. It uses QCDLoop [13] and OneLOop
[14] to evaluate the scalar integrals in 4 dimensions. Using our FORM codes and FORTRAN rou-
tines along with the publicly available packages namely QGRAF, PJFry and QCDLoop/OneLOop,
we have evaluated virtual contributions to 3 photon production at αs level. We find that after UV
renormalisation, the infra-red poles namely double and single poles in ε are in accordance with the
expectation. We express the virtual contribution to 3 photon production in the form suitable for
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further analysis:

dσ̂
V,(1)
qq =

αs

2π

1
Γ(1+ ε

2 )

(
s

4πµ2
R

) ε

2

CF

(
− 8

ε2 +
6
ε

)
dσ̂

(0)
qq +dσ̂

V,(1), f in
qq (µR) , (2.3)

where µR is renormalisation scale, the colour factors CF = 4/3 for SU(3). dσ̂
(0)
qq comes from Born

amplitude.

3. Numerical implementation

We use aMC@NLO [6] framework not only to compute real emission contributions along with
the mass counter terms but also to obtain parton showered results. Within aMC@NLO, MadGraph
generates all the required tree level matrix elements upto NLO level. MadFKS [5] separates out soft
and collinear configurations in the real emission processes using the subtraction scheme proposed
by Frixione, Kunzst and Signer [15], namely FKS subtraction scheme and provides IR divergent
and IR safe contributions as well as the mass counter terms to remove the initial state collinear
divergences. The program provides the IR pole values which will then be cancelled against those
coming from the virtual part. We have explicitly checked cancellation of the soft and collinear
divergences among virtual, real and mass counter terms at large number phase space points for
various choices of S(pi). Then, the hard and standard events are generated in the aMC@NLO
using MINT/MINTMC MonteCarlo. The generated events are then showered by Herwig [16] and
Pythia [17] to get the realistic events.

It is well known fact that photons are produced not only at the partonic level but also through
fragmentation of partons into a photon and a jet of hadrons, often collinear to it. They introduce
non-perturbative fragmentation functions in the theoretical framework. At NLO level, this QED
collinear divergence arises when one of the final state partons becomes collinear to a photon. They
can be again factorised in universal manner and removed by additional mass counter terms which
renormalise the fragmentation functions. This introduces fragmentation scale in the perturbative
results. The fragmentation functions and the new scale give additional uncertainties. Hence, it
is desirable to avoid the introduction of non-perturbative fragmentation functions and also the as-
sociated fragmentation scale. Smooth cone isolation provides the alternative. The fragmentation
contributions will be absent if we do not allow QED collinear configurations in the final state in a
infra-red safe way. This can be done if we remove only hard partons that are collinear to photon.
In [18], Frixione proposed an elegant isolation criteria which gives an observable where fragmen-
tation contribution is minimised, at the same time the infra-red safety is guaranteed. This demands
that the sum of hadronic transverse energy inside any concentric circle of radius R < R0 in the
θ −φ plane be less than an amount given by a function H(R) which goes to zero as R→ 0. For our
analysis, we have taken the following canonical choice for H(R), namely

H(R) = E iso
T

(
1− cosR
1− cosR0

)n

, (3.1)

where E iso
T is a fixed energy.
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4. Results

We next present the results for few kinematic distributions relevant to the production of three
photons in SM at the 14 TeV LHC. The input parameters used are

MW = 80.419 GeV , sin2
θW = 0.222,

MZ = 91.188 GeV , α
−1
em = 132.507,

GF = 1.16639 ·10−5 GeV−2. (4.1)

We have considered only massless quarks and use MSTW2008(N)LO parton distribution func-
tions with errors estimated at 68% for the (N)LO and it also sets the value of the strong cou-
pling αs(MZ) at LO and NLO in QCD. The factorisation scale (µF ) and the renormalisation scale
(µR) are set equal to a central scale (µ0), which is the invariant mass of the three photon final
state i.e. µF = µR = µ0 = Mγγγ ≡

√
(Pγ1 +Pγ2 +Pγ3)

2 . For the fixed order (N)LO calculation,
two choices of cuts are used. CUTI: transverse momentum of the photons Pγ

T > 20 GeV, rapidity
|η(γ)| < 2.5, the separation of the two photons in the rapidity-azimuthal plane ∆Rγγ > 0.4, where
∆Rγγ =

√
(∆η)2 +(∆φ)2 and Frixione isolation with the parameters R0 = 0.7, εγ = 1 and n= 2 and

CUTII: Pγ

T > 30 GeV, |η(γ)|< 2.5, ∆Rγγ > 0.4 and Frixione isolation with the parameters R0 = 0.7,
εγ = 1 and n = 2, . We use the following loose cuts when the parton level events are generated:
P(γ)

T > 15 GeV, |η(γ)| < 2.7, ∆Rγγ > 0.3, Frixione isolation with R0 = 0.6, εγ = 1 and n = 2.We
have used HERWIG6 (HW6) and PYTHIA6 (PY6) to shower the events and then actual analy-
sis cuts are used along frixione isolation. We have taken the cuts at the analysis level as CUTII:
Pγ

T > 30 GeV, |η(γ)|< 2.5, ∆Rγγ > 0.4 and Frixione isolation with R0 = 0.7, εγ = 1 and n = 2. We
have estimated the scale dependence by varying the factorisation scale (µF ) and renormalisation
scale (µR) independently around the central value µF = µR = Mγγγ via the following assignment
µF = ξF Mγγγ and µR = ξR Mγγγ , where ξF and ξR varies between the range [1/2,2] independently.
The scale uncertainty band is the envelope of the results obtained by varying this ξF and ξR within
this range.

The PDF uncertainties are estimated with the hessian method, as given by MSTW [19] set. We
have plotted fractional uncertainty, which is defined as the ratio of the variation about the central
value divided by the central value, being a good indicator of the uncertainties. These uncertainty
bands can be obtained at no extra CPU cost within the aMC@NLO framework as described in
Ref. [20].

We now present our numerical results for the distributions of transverse momentum pγ

T of the
hardest photon in the left panel of Fig.(1) and the invariant mass Mγγγ of the three photons in the
right panel of fig(4.1) using our fixed order NLO as well as the NLO matched with PS (NLO+PS)
results for two different choices of showers namely HW6 and PY6. At low pγ

T , NLO+PS (for
both HW6 and PY6) resums the Sudakov logarithms leading to a suppression of the cross section
while the fixed order NLO results tend to diverge. At high enough pγ

T , the NLO fixed order and
NLO+PS (for both HW6 and PY6) results coincide as expected. In the upper and lower insets of the
Fig.(4.1), we have shown the sensitivity of our predictions to the scale and PDF choices using the
NLO+PS results. The PDF uncertainty is moderate for the entire range for both the distributions.
But the scale uncertainty in the transverse momentum distribution shows dependence on the pγ

T
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and it is small in the small pγ

T region due to Sudakov resummation in parton showering. Large
pγ

T is fully controlled by fixed order NLO result which has explicit renormalisation scale that will
be compensated only NNLO level, hence there is a strong dependence on µR in this region. We
have also found (not given in the plot separately) that factorisation scale dependence goes down
significantly if we include NLO correction as expected.
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Figure 1: Transverse momentum distribution pγ

T of the hardest photon among the photons for the fixed
order NLO and NLO+PS for HW6 and PY6 (left panel) and invariant mass distribution Mγγγ of the three
photons for the fixed order NLO and NLO+PS for HW6 and PY6 (right panel).

5. Conclusion

Precise and realistic predictions of both signal and background processes at hadron colliders
are now possible due to various important developments in the computational methods and the
availability of state of the art computational tools. We have used packages like PJFry, aMC@NLO
and several other computer codes listed in this article to study three photon production at the NLO
level in QCD for the LHC taking into account parton showering and realistic experimental cuts.
We find our predictions are less sensitive to factorisation scale and choice of PDFs and hence more
suited for direct comparison with the data from the experiments.
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