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The transition process in quantum mechanics has been studied with the probability ΓT propor-
tional to the time interval T between the initial and final states, where Γ is the rate. Recently it
was found that the constant term P(d) is added as P = ΓT +P(d). P(d) has been ignored for a
macroscopic T, but that is not ignoable in various systems. We find P(d) in such processes that
Γ ≈ 0 and show that it has wave-like properties and leads unusual quantum phenomena. P(d) is
large in magnitude and in spatial size for light particles and has universal properties in relativisti-
caly invariant systems. Implications to processes of neutrinos in beta decays and gamma rays in
various radiative transitions are presented.
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1. Boundary conditions of transition processes

A wave length of a particle of a momentum p given by Planck constant h as h̄
p , where h̄ =

h
2π , is of microscopic size, and wave phenomena have been considered to arise inside this length.
Scatterings outside this region have been treated with an independent scattering hypothesis, namely
successive reactions occur independently. Our recent study [1] shows that in various cases wave
properties appear in regions L ≤ L0,L0 =

h̄
mc ×

E
mc2 , where m and E is a particle’s mass and energy,

and the independent hypothesis is not valid. L0 is much longer than h̄
p for small mass and high

energy. This phenomenon is caused by many body interactions without obstacles and its pattern is
determined by the fundamental constants.

Scattering amplitude in L ≫ L0 is rigorously formulated with wave packets, and approxima-
tions with plane waves combined with a damping factor e−ε |t| of a positive and infinitesimal ε in
an interaction Hamiltonian work normaly. In L ≤ L0, probabilities of the events that the final states
are detected at L = cT is given in the form,

P = ΓT +P(d), (1.1)

where Γ is computed with Fermi’s golden rule and insensitive to boundary conditions. Now, P(d)

is computed differently and sensitive to boundary conditions at finite T . Because P is composed of
two different terms, independent scattering hypothesis is not valid and the probability of a succesive
reaction depends on the preceding process. Two body decays, various radiative decays, weak
decays, and radiative transitions are studied.

In a system described by H = H0 + H1, a transition amplitude and probability in the first
order of H1 from an eigenstate of H0, |α⟩ of energy Eα , to another |β ⟩ of energy Eβ , is com-
puted as, Fα,β = ⟨β |H1(0)|α⟩; P = |Fα,β |2D(Eβ −Eα ;T ), where D(Eβ −Eα ;T ) = 4sin2(Eβ −
Eα)T/(Eβ −Eα)

2 ≈ 2πT δ (Eβ −Eα). This leads P/T = 2π
∫

dβδ (Eα −Eβ )|Fα ,β |2[2]. 1/T cor-
rection from the same expression diverges [1]. For the events that the final states interact with or
are detected by other microscopic objects, boundary conditions implemented make the correction
converge.

The scattering matrix S[T ] of satisfying the boundary conditions at T are expressed with Møller
operators and satisfy [S(T ),H0] ̸= 0 [1, 3]. A matrix element is written as,

⟨β |S(T )|α⟩= δε(Eα −Eβ ) f (T )α,β +δ f , (1.2)

|α⟩ and |β ⟩ are constructed with ϕin(x) and ϕout(x), which satisfy,

lim
t→∓T/2

⟨α|ϕ f (t)|β ⟩= ⟨α|ϕ f
in,out |β ⟩, (1.3)

ϕ f (t) = i
∫

d3x f ∗(⃗x, t)∂0ϕ (⃗x, t) with normalized solution f (⃗x, t) of a free wave equation [4, 5]. The
first term in Eq.(1.2) leads ΓT and the second term does P(d), which is important for T Γ ≈ 0. δ f
and P(d) are governed by the states β of Eβ ̸= Eα , which are sensitive to boundary conditions.

2. Decays

The interaction Lagrangian of the form,

Lint = ∂µGµ ,Sint =
∫

sur f ace
dSµGµ , (2.1)
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where Gµ is a polynomial of fields, does not give bulk effects. Gµ contributes to the surface term,
and affects neither the equation of motion nor ΓT . Neverthless, Gµ modifies the wave function at
finite T, and gives P(d). Thus P(d) depends on the wave functions on the surface, which is governed
by the states β of Eβ ̸= Eα dtermined by Eq.(1.3) [6]. Various examples where Gµ is important
and P(d) leads observable effects are presented.

2.1 π → e+νe

The pion decay to an electron and neutrino is described by a pion, electron, and neutrino fields,
φπ(x), e(x), and ν(x) with an effective action of the form,

Sint = g
∫

dx[∂µ(φπ(x)ē(x)γµ(1− γ5)ν(x))− imeφπ(x)e(x)(1− γ5)ν(x)], (2.2)

where the first term is written as the surface integral and does not give bulk effects, and the second
term is proportional to the electron mass. The neutrino masses are ignored. Γ is from the second
term, and is suppressed, known as helicity suppression. P(d) is from the first term and different.
Holding lepton universality and being un-suppressed in the electron mode, P(d) is important. In
L ≤ L0, P(d) should be included, when the theory is compared with experiments. The calculation
was made in [3] using S[T ].

The probability of the events that the neutrino is detected at T is given as,

P = N3

∫ d3 pν

(2π)3
1

Eν
[g̃(T,ων)+G0] , (2.3)

where N3 = 8T g2σν , and L = cT is the length of the decay region. G0 gives ΓT , and g̃(T,ων) gives
P(d) which is proportional to the size σν of objects that the neutrino interacts with. g̃(T,ων) is
given in [1] and behaves at large ωνT as 2

ων T ,ων = 2Eν
m2

ν
. In the region L ≤ 200M, P(d) is larger than

the asymptotic values obtained from ΓT , which is modified by neutrino flavour oscillations [7].
Neverthless the value at medium L from the oscillation is much smaller than the value of LSND
[8], as is given in Fig. Moreover, the pattern is determined by the neutrino mass and the pion’s life
time, hence the absolute neutrino mass can be determined.

2.2 Axial vector meson decays 1+ → γγ

Two photon decay rate of axial vector meson vanishes. An effective local interaction of the 1+

meson ϕ µ
1 with two photons is expressed with the action,

Sint = g
∫

d4x∂µ(ϕ µ
1 (x)F̃αβ (x)F

αβ (x)), (2.4)

∂µϕ µ
1 (x) = 0, F̃αβ (x) = εαβγνFγν(x),

where Aµ(x) and Fαβ are photon and electromagnetic field strength, and g is the coupling strength.
Γ = 0 [9] but P(d) ̸= 0 [6].

1+ states are formed in e+e− or QQ̄ bound states of L = 1, P-wave. Because P-waves are
excited states, it is difficult to study experimentaly for e+e−. But those of CC̄ have been analyzed.
A rate to two gluon decay of color 1 is equivalent to two photon decay, and is estimated from the
rate to light hadrons. World averages are

Γ0 = 1.8MeV,Γ1 = 0.086MeV (0.139MeV (BESS2)),Γ2 = 0.278MeV. (2.5)
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Color 8 contributions and higher QCD corrections leads the rate for 1+

Γ(8) = 0.056MeV, (2.6)

which is 0.4 or 0.6 of the experiments by BESS2 or world average [7]. The rest is expected to arize
from P(d).

3. Radiative transitions

Radiative decays,

O → O′+ γ (3.1)

O = e+e−, Q̄Q,N,µ,ν

are expressed by E1(M1) or higher multipole transitions, which are expressed by the bulk and
surface terms of the effective interactions. Γ are determined by the bulk terms and are known
well. Giving no-contribution to Γ, the surface terms have been ignored. Now that gives P(d),
and is important. Because P(d) is from the kinetic-enery non-conserving states, the events from
P(d) might be hard to identify. Neverthless, they have origins in Schrödinger equation, and play
important roles in these processes.

Compton scattering and other radiative transitions

l + γ → l + γ, l + l̄ → γγ ,ν + γ → ν + γ,ν + ν̄ → γ + γ (3.2)

and others related with QED have been well established [10]. Perfect agreements between the the-
ory and experiments there have been obtained as far as ΓT are concerned. However, the spectrum
from P(d) is quite different from those derived from Fermi’s golden rule, ΓT , and an analysis on
total probability at finite T is made recently [6].

In the measurements of the final states that conserve the kinetic-energy, the events exclude
those of P(d) and count only those of ΓT . These number must be compared with ΓT . If the number
of events are measured without the requirement of kinetic-energty conservation, they are compared
with P = ΓT +P(d). It is noted, however, that the physical processes in nature are determined by
Schrödinger equation and the probability P = ΓT +P(d), without excluding P(d). Thus the total
probability ΓT +P(d) must be used to understand the phycisal phenomena in nature. Enhancement
of the events due to P(d) found in various processes will be realized in other processes as well and
would give new insights and applications. Experimental identifications of P(d) are highly desired.

4. Summary and implications.

P(d) is negligible in atomic transitions [1], but is non-negligible in several cases and has the
following unique features.

(1) P(d) has sizable magnitude, inside the region determined by L0 =
h̄E
mc3 . If L0 ≥ a, where a is

the spacing of atoms in matter, the process caused by P(d) is enhanced in matter. The kinetic-energy
for the event caused by P(d) is not conserved, hence the spectrum includes hν ̸= E f −Ei.
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Figure 1: Left:Relative fractions of the electron mode are computed [3] and compared with experiments
[8]. The parameters mν = 0.2eV/c2, Eν = 250MeV , and Pπ = 2GeV/c (TWN), and mν = 0.2eV/c2, Eν =

60MeV , and Pπ = 300MeV/c (LSND). Flavor oscillation from (T2K) parameters sin2 θ13 = 0.11, δm2
23 =

2.4×10−3eV 2/c4, and Eν = 60MeV becomes extremely small in L ≤ 1000M and is insufficient.
Right: e−T g̃(ων T ). The number of parent from P(d) decreases with T as e−T g̃(ων T )

(2) P(d) was derived from Schrödinger equation, and its pattern or distribution is determind by
the fundamental parameteres in Lagrangian.

(3) P(d) is extended in large spatial region and gives macroscopic quantum effects. Hence, it
afffects physical phenomena of wide area, especially of non-stationary origins. P(d) is inevitable
for understanding these phenomena even in macroscopic region.
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