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The renormalization factors of the dimension-six effective operators for proton decay are evaluated at two-loop level in the supersymmetric grand unified theories. For this purpose, we use
the previous results in which the quantum corrections to the effective Kähler potential are evaluated at two-loop level. Numerical values for the factors are presented in the case of the minimal
supersymmetric SU(5) grand unified model.
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1. Introduction

2. Renormalization Factors
In this section, we present the formula for the renormalization factors at the two loop level.
They are derived from the effective Kähler potential given in Ref. [3]. In the calculation, the
dimensional reduction scheme (DR) [4] is employed for the regularization.The radiative corrections
to the Kähler potential at two-loop level are described by
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with fABC the structure constants of the gauge group α . The mass functions and the geometric
factors appear in Eq. (2.1) are displayed in Ref.[5]. By using them, we readily obtain the two-loop
corrections to the vertex functions.
The RGE at two-loop level is given as
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Here, the subscripts (0–2) indicate the quantities are evaluated at tree, one-loop, and two-loop level,
(1)
respectively. One-loop anomalous dimensions γi are given as
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while the two-loop ones are given as [6]
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It is important to make a precise prediction for the decay rate. To that end, we need to determine the effects of the dimension-six operators, which are generated at the GUT scale, on the
low-energy physics by using the renormalization group equations (RGEs). Indeed, there have been
several literature in which the renormalization factors for the effective operators are evaluated. In
Ref. [1], the long-distance QCD corrections are computed at two-loop level. For the short-distance
factors, on the other hand, only the one-loop calculation is carried out in Ref. [2] in the SUSY SM.
In this Letter, therefore, we evaluate the renormalization factors of the dimension-six operators
at two-loop level in the presence of the supersymmetry. In the calculation, we use the results for the
two-loop corrections to the effective Kähler potential given in Ref. [3] Since in the SUSY GUTs,
the most of the intermediate energy scales are supersymmetric, the short-distance renormalization
factors are well approximated by those evaluated in purely SUSY theory. Thus, combined with the
long-distance effects given in Ref. [1], our results offer a tool for making a prediction of the proton
decay rate with accuracy of two-loop level.
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Here, bα are the one-loop beta function coefficients for gauge coupling constants, given as bα =
∑i Iα (i) − 3Cα (G) with Cα (G) and Iα (i) the quadratic Casimir invariant for the adjoint representation of the group α and the Dynkin index of the chiral multiplet Φi , respectively.
From the RGE in Eq. (2.2), we now obtain the two-loop anomalous dimensions for the effective operators. Again, we parametrize them as follows:
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3. Results
In this section, we give the numerical results of the renormalization factors in the minimal
(I)
SUSY SU(5) GUT. The short-distance renormalization factors AS are defined as the ratios of the
coefficients C(I) for the effective operators at the SUSY scale MSUSY to those at the GUT scale
MGUT :
C(I) (MSUSY )
(I)
AS ≡ (I)
,
(I = 1, 2) ,
(3.1)
C (MGUT )
where we assume MSUSY = 1 TeV and MGUT = 1.5 × 1016 GeV. The numerical results at one-loop
level are given as
(1)

AS (1-loop) = 1.959 ,
(2)

(3.2)

AS (1-loop) = 2.058 ,
while at two-loop level, we have found
(1)

AS (2-loop) = 1.961 ,
(2)

(3.3)

AS (2-loop) = 2.052 .
Here, we calculate the one-loop (two-loop) short-distance factors with the one-loop (two-loop)
renormalization equations for the gauge coupling constants in the SUSY SM[6]. The numerical values of the unified gauge coupling constant at the one- and two-loop level are given as α5 (1-loop) =
0.03906 and α5 (2-loop) = 0.03968, respectively, where α5 is defined as α5 ≡ g23 (MGUT )/4π . The
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(2.5)
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results are hardly affected by the uncertainty of the input parameters, e.g., the SU(3) gauge coupling
constant, αs (mZ ) = 0.1184(7)[7]. There is a cancellation among the two-loop corrections since the
[ (2) ]
[ (2) ]
signs of γO (1) 33 and γO (2) 33 are opposite to those of the other two-loop anomalous dimensions.
Therefore, the numerical values at two-loop level hardly differ from the one-loop ones. Without
cancellations, the significance of the two-loop contributions to the short-distance factors reaches a
few percent of the one-loop ones.

4. Conclusion and discussion
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We have evaluated the short-distance renormalization factors for the dimension-six proton
decay operators at two-loop level with the effective Kähler potential. The procedure described
in this Letter is generic and applicable to any higher-dimensional operators. We get the results
(1)
(2)
AS (2-loop) = 1.961 and AS (2-loop) = 2.052 in the minimal SUSY SU(5) GUT. We have found
that the two-loop contributions hardly change the renormalization factors evaluated at one-loop
level.
Finally, we briefly comment on the extensions of the minimal SUSY GUT. The gauge coupling
constants at the GUT scale increase if there exist extra particles in the intermediate scale. The twoloop effects may be more significant in such cases. In addition, let us note that our results are
only for the SU(3)C × SU(2)L ×U(1)Y gauge interactions. If some new gauge interactions exist
below the GUT scale, we also need to evaluate the contributions of the gauge interactions. Even
for such theories, however, it is possible to execute the prescription describe above to estimate the
renormalization factors by means of the effective Kähler potential.
In this Letter, we neglect the possible effects of the threshold corrections from particles whose
masses are around the GUT scale. Although the effects are model-dependent, to complete the
two-loop level calculation, we also need to evaluate such corrections.

