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1. Introduction

The bottom quark mass mb is one of the fundamental parameters of the Standard Model (SM).
It cannot be predicted from first principles with the current understanding of fundamental physics.
In order to determine its value we are currently only able to match calculable observables to their
experimental measured counterparts. Here the mass is taken as free parameter and chosen in such
a way, that the theory prediction agrees with the experimental result. This means we are extracting
the bottom quark mass from experimental data.

It is important to have highest possible precision of the extracted mass value, because it enters
any prediction where the bottom quark mass appears. Thus gaining a more accurate result for mb

results in an improvement of all theory predictions incorporating the bottom quark mass at once.
The motivation to improve the accuracy of mb is originating from many different fields of today’s
particle physics like flavor physics, top physics, collider physics, theories beyond SM like Grand
Unified Theories with or without Supersymmetry.

2. Overview

In this section we give a very short overview of extraction methods used to obtain the bot-
tom quark mass from experimental e+e− → bb data. For all the methods displayed below one
requires the measured values of the R-Ratio in dependence of the center of mass energy

√
s of the

incomming e+e−-pair, which is defined as ratio of two production cross sections:

Rexp(s) =
1

Q2
b

σ(e+e− → bb̄)
σ(e+e− → µ+µ−)

, (2.1)

The extraction methods are sensitive to different
√

s-regions:
• spectroscopy based on perturbation theory: Requires the peak position of the narrow bound
state resonances ϒ1S below threshold (

√
s < 2mb). With the measured value of the resonance mass

Mϒ(1S) one can extract mb once the binding energy E1 has been calculated in dependence of mb on
theory side:

Mϒ(1S) = 2mb +E1 (2.2)

Apart from the simple extraction equation, one misses sizable non perturbative (n.p.) contributions
to E1, which grow rapidly with increasing n value. This restricts the application of this method
to the first resonance. Otherwise the unknown systematic shift made up by n.p. contributions
becomes too large. However, on perturbation theory (p.t.) side one has to face a minimal amount
of calculations compared to the other p.t. methods.
• spectroscopy based on lattice simulations: To be able to account for the n.p. contributions to the
binding energies, one can use lattice simulations to determine the binding energy. For example one
can use Non-Relativistic QCD (NRQCD) as effective field theory in order to encode high energetic
degrees of freedom (∼ mb) into Wilson (or matching) coefficients, which appear in the NRQCD
Lagrangian. Once all required coefficients have been calculated within perturbative lattice QCD
(pLQCD) up to sufficient high order, a full lattice simulation is needed to determine the binding
energy of the bb-system. For more details concerning this method, the reader may be referred to
Ref. [2].
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• Relativistic ϒ Sum Rules: In order to reduce the impact of n.p. effects in the extraction of mb one
may construct a more “inclusive” observable from R(s). In case of Relativistic ϒ Sum Rules the
observable is given by the n-th moment:

Mn = (4m2
b)

n
∫ ∞

0

R(s)ds
sn+1 =

12π2

n!
(4m2

b)
n dn

dsn Π(s)
∣∣∣∣
s=0

. (2.3)

Here the weighted integral over R(s) can be rewritten using the optical theorem R(s)= 12πImΠ(s+
iε) and the analytic properties of the vacuum polarization function Π(s)(

qµqν −gµνq2)Π(q2) = i
∫

ddxeiqx 〈0|T jµ(x) jν(0)|0〉 . (2.4)

defined through the two-point vacuum correlator of the heavy-quark electromagnetic current jµ =

b̄γµb. So the n-th moment is defined (up to some prefactor) by the n-th derivative of vacuum polar-
ization function at s= 0, which is far away from any physical state affected by n.p. contribution and
thus calculable reliably within p.t.. That means we can expand the vacuum polarization function
in powers of the strong coupling constant αs when we are interested in the region where z = s

4m2
b

is
close to zero:

Π(s) = ∑
i

∑
n≥0

( αs

4π

)i
Ci,nzn . (2.5)

For the n-th moment one needs the coefficients Ci,n with all i less or equal to the loop order we are
interested in. To extract the bottom quark mass, one now requires that n-th experimental moment
is in agreement with the n-th theory moment:

M exp
n = M th

n , (2.6)

The knowledge of the C4,n
1 enabled the authors of Ref. [3] to extract the bottom quark mass with

– to that date – highest precision, although there is one minor drawback when using this extraction
method: Because one can only use low moment numbers n = 1, . . . ,4 (like explained below), the
integral contribution in Eq. (2.3) around the threshold region is not sufficient suppressed so it can-
not be dropped when calculating the moment on the experimental side. That means one has to deal
with the far less accurate data (compared to the precisely measured resonances) for Rexp(s ≈ 4m2

b)

above threshold (see also [6]).
• Non-Relativistic ϒ Sum Rules: In order to avoid the experimental data above threshold one
suppresses the corresponding

√
s region. Therefore one just has to choose higher moments n =

10, . . . ,20 for the extraction. However, in this setup one cannot rely on the fixed order p.t. predic-
tion given by Ci,n [7], because the moment receives dominant contributions from the region where
the bb pair has a non-relativistic relative velocity v and the characteristic scaling αs ∼ v ∼ 1√

n

makes a resummation of all k-Coulomb-gluon exchanges ∼ (αs
v )

k ∼ 1 between the bb pair manda-
tory. Radiative corrections on top of this Coulomb-resummation can be implemented within the
framework of the effective field theory Potential Non-Relativistic QCD (pNRQCD). For a recent
comprehensive review of this theory and the required matching coefficients the reader may be re-
ferred to Ref. [8] and references therein. In order to calculate the n-moment for higher values of

1is known up to including n = 3 analytically [4] and up to including n = 10 numerically [5]
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n, one has to calculate the vacuum polarization function Π(s) within pNRQCD up to the required
order (N3LO). R(s) can then be obtained via the optical theorem.

Once R(s) has been calculated within pNRQCD one can choose higher moment values n to ex-
tract the bottom quark mass and one can just use the precisely measured leptonic widths Γϒ(mS)→l+l−

and resonance masses Mϒ(mS) of the bounds states only. The experimental moment is then given
by:

M exp
n = (4m2

b)
n 9π

Q2
bα2(2mb)

(
∑
m

Γϒ(mS)→l+l−

M2n+1
ϒ(mS)

)
, (2.7)

Here Q2
b is the charge of the bottom quark and α(2mb) is the running fine structure constant at the

scale µ = 2mb.

3. Bottom quark mass extraction using Non-Relativistic ϒ Sum Rules

The vacuum polarization Π(s) within pNRQCD can be cast in the following form (E =
√

s−
2mb):

Π(s) =
Nc

2m2
b

(
cv −

E
mb

dv

6
+ . . .

)2(
1+

E
2mb

)−2

Gs(0,0;E) , (3.1)

Here cv and dv are the NRQCD matching coefficients of the heavy quark vector current and
Gs(0,0;E) is the Green’s function governing the time evolution of the non-relativistic bb-pair in-
cluding radiative corrections. Nc = 3 is the number of colors. Because the spectral property of
the Green’s function allows to decomposes the latter into bound state contributions (build up by
the wave functions |ψn(0)|2 taken at the origin and the corresponding energy eigenvalue En) below
threshold

Gs(0,0;E) =
∞

∑
n=1

|ψn(0)|2

En −E − iε
+Gs

cont(0,0;E) , (3.2)

and continuum contributions above threshold, the n−th moment splits into two separate pieces:

Mn = (4m2
b)

n

(
48π2Nc ∑

m

C2
v,m|ψm(0)|2

(2mb +Em)2n+3 +
∫ ∞

4m2
b

R(s)ds
sn+1

)
, Cv,m = cv −

Em

mb

dv

6
. (3.3)

A discrete sum of resonance contributions below threshold and an integral forming the continuum
contribution above threshold. In order to calculate Mn at N3LO one needs the following building
blocks up to this order: (i) En [9, 10, 11, 12], (ii) |ψn(0)|2 [11, 12, 13, 14, 15], (iii) dv [16], (iv)
cv available up to small fermionic singlet contribution [17, 18, 19], (v) Gs

cont(0,0;E) not fully
available.
Because the continuum contribution of the Green’s function is not fully available at N3LO and
its contribution is suppressed for larger moments n, we use the following approximation above
threshold:

RN3LO(s)≈ ρ
RN3LO(s)
RNNLO(s)

∣∣∣√
s=2mb+E1

RNNLO(s) . (3.4)

Where the induced variation 1
2 ≤ ρ ≤ 2 in the extracted bottom quark mass is covered by the error

estimate ∆ρ .
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αs(MZ) mb(mb)|mc=0 mb(mb) ∆αs ∆ρ ∆r(4) ∆n ∆p.t. ∆n.p. ∆mc ∆exp

0.1200 4,190 4,165 1.8 3.2 2.4 2.1 2.3
0.8 5.0 2.30.1184 4,194 4,169 1.9 4.2 2.2 3.4 2.1

0.1160 4,200 4,175 1.9 6.1 1.8 5.5 1.7
0.1130 4,208 4,183 1.9 9.1 1.5 8.1 1.3

Table 1: mb(mb) at N3LO∗ in dependence of central value αs(MZ) and different contributions to the uncer-
tainty of it. All units are given by MeV.

4. OS → MS transition and error estimate

After the extraction of the on-shell mass mb in dependence of the renormalization scale µ and
moment number n, we cancel the renormalons by switching to the short distance MS-mass mb(mb):

mNmLO
b (µ) = mb(mb)rNm+1LO(µ, mb(mb)) . (4.1)

This requires the four loop OS↔MS conversion formula for the mass, where currently the constant
term is unknown. By default we use for the latter the renormalon improved approximation given in
Ref. [20] or the large-β0 approximation.
• The resulting difference in the bottom quark mass between both approximations is used as an
error estimate for the unknown constant term ∆r(4) .
• In order to estimate the error ∆n.p. arising from n.p. contribution we use the gluon condensate
approximation [21].
• The error estimate of neglected higher order terms in the p.t. ∆p.t. is defined by half of the
observed shift in the mass when going from NNLO to N3LO∗. Here N3LO∗ stands for N3LO
within the given estimates for Gs

cont(0,0;E) and rN4LO(µ, mb(mb)).
• We also assign a ∆n error which is given by 1

2 |mb(mb,n= 20)−mb(mb,n= 10)|, where we extract
the central value at n = 15 and µ = mb(mb).
• The experimental error ∆exp is estimated by the coherent variation of the experimental resonance
data within the given uncertainties.
• The absolute uncertainty ∆αs(MZ) in the value of αs(MZ) = αs(MZ)± ∆αs(MZ) = 0.1184 ±
0.0007 is kept fixed and induces a variation in mb(mb), which is covered by the error ∆αs .

5. Charm mass effects

Up to this point the charm quark has been treated as massless in all formulae and building
blocks above. However, due to the fact that it has a non-vanishing mass (we use mc(mc)≈ 1.3GeV)
a shift of about −25± 5MeV in mb(mb) is induced when applying the result of Ref. [22] to our
values. The additional induced uncertainty in mb(mb) is called ∆mc .

6. Results

In Table 1 we list the extracted values for mb(mb) at N3LO∗ for vanishing and non-vanishing
charm quark mass and the associated uncertainties in dependence of the chosen central value
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αs(MZ). Choosing the results of the second row, leads to the published result of Ref. [1] after
adding up the theory errors stated in column five to ten in quadrature:

mb(mb) = 4.169±0.008th ±0.002αs ±0.002exp . (6.1)

This value is in good agreement with the result obtained using relativistic sum rules [3]. For lower
central values of αs(MZ) we observe a stronger dependence of the result on the moment number
n. But because our continuum approximation becomes less accurate there too, we are not in the
position to conclude that the data disfavors lower values of αs at N3LO. This, however, is true at
NNLO and may be interesting concerning the recent discussion about the αs(MZ) value [23].

Further we observe that the N3LO∗ result is far more stable than the NNLO result in the given
parameter space which allows for a significant reduction of the theoretical uncertainty.
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