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In this talk we review the basic concepts related with the study of the dynamics of the heavy
quarks in the quark-gluon plasma created in ultra-relativistic heavy-ion collisions. We discuss
the relevant physical scale as well the difficulties of the present theoretical approach to have a
self-consistent description of the experimental data at both RHIC and LHC. In the second part
we challenge the assumption of brownian motion for charm quarks and compare the dynamical
evolution of charm and bottom quarks in a Fokker-Planck approach and in a Transport Boltzmann
one. We show that while for bottom the motion appears quite close to a Brownian one, this
does note seems to be the case for charms quarks. In particular the solution of the full two-
body collision integral shows that the anisotropic flows are larger respect to those predicted by a
Langevin dynamics.
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Heavy Quarks in the QGP Vincenzo Greco

1. Introduction: specific features of Heavy Quarks in the QGP

One of the primary aims of the ongoing nuclear collisions at Relativistic Heavy Ion Collider
(RHIC) and Large Hadron Collider (LHC) energies is to create a new state of matter where the bulk
properties of the matter are governed by the light quarks and gluons [1, 2]. In this context, the heavy
quarks (HQ) mainly charm and bottom quarks play a crucial role since they do not constitute the
bulk part of the matter due to their larger mass respect to the temperature created in ultra-relativistic
heavy-ion collisions (uRHIC’s) [3]. This allows to have a kind of external probe respect to the
bulk of the QGP medium that being affected by its density, temperature and collective expansion
carry the information of the created plasma. HQ are therefore considered heavy for a two-fold
reason: the first, typical of particles physics, is that the mass MQ � ΛQCD which makes possible
the evaluation of cross section and pT spectra within next-to-next-to-lead order (NLLO) [4, 5] in a
perturbative QCD (pQCD) scheme; the second more inherent to plasma physics is that MQ� T and
therefore the thermal production in the QGP is expected to be negligible because it is suppressed
approximately by a ∼ e−M/T term. Hence for HQ one has a early exact flavor conservation during
the evolution of the plasma in both the partonic and hadronic stages. This remains true going from
SPS to LHC energies spanning a T range of ∼ 200− 600 MeV, as we can see in Fig.1 where
the ratio M/Tmax, with Tmax the estimated maximum initial temperatures at different collider for
SPS (diamonds), RHIC (circles) up to LHC (squares). We notice that even if the collision energy
from SPS to RHIC goes up by about a factor 102 the maximum temperature increase by at most
a factor of three leaving the ratio M/T for charm, bottom and quarks always quite large than one.
In Fig.1 we have also indicated by a shaded area where the value of M/T ∼ 1/2 is such that
one can approximately expect that most of quarks are produce thermally and from this point of
view can be considered light respect to the available energy. We notice that the strange quark s
already at SPS energy is such to be mostly thermally created, which is naively the reason why
there is a strange enhancement respect to pp collisions already at energies below the maximum
SPS
√

sNN = 17.8GeV [6].
Furthermore HQ are quite good probes of the QGP because they are produced in the very early

stage of the collision, as their production is associated with Q2 large momentum transfer, hence the
production time τ

Q
0 << τQGP is much smaller that the QGP lifetime therefore HQ pass through

the entire space-time evolution of the system and their thermal production and annihilation can be
ignored being "heavy" respect to thermal excitations as discussed above.

A key issue also to understand the amount of information the study of HQ observables can
provide is the thermalization time. In a pQCD framework, that was believed to be valid for c and
b quarks, is estimated to be of the order of 10-15 fm/c for charm and about 25-30 fm/c for bottom
[3, 9, 10, 11] for the temperature range relevant in for the QGP formed at RHIC and LHC. This
means that one should not expect a full thermalization of HQ in uRHIC’s, in fact the lifetime time
of the QGP, τQGP, about 4-5 fm/c at RHIC and about 10-12 fm/c at LHC. This would mean τ

Q
th ≥

τQGP >> τ
q
eq and therefore the HQ would be more sensitive to the history of the QGP evolution at

variance with the light quarks that thermalize in less than 1 f m/c and hence are less dependent on
the details of their interaction. Indeed this could be the underlying reason of a fast success in the
description of the momentum spectra distribution and collective flows for light hadrons, while as
we will discuss a self-consistent description of the data in the heavy sector is still pending at both
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RHIC and LHC energies.
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Figure 1: Ratio of the quark mass to the maximum temperature reached in heavy-ion collisions at SPS,
RHIC and LHC.

The theoretical challenge is to understand the corresponding thermalization times of heavy
quarks from the underlying microscopic scattering processes with the constituents of the QGP, in
particular how the heavy quarks, despite their large masses,mQ >> Tc, become part of the collective
flow of the fireball.

The mQ >> T has two important implications of more theoretical nature still fundamental to
make possible the comparison between the experimental data and the information coming from
QCD solved on lattice. In fact, the large mass implies also that the momentum exchange by colli-
sions |q2|<<m2

Q (parametrically dominated by elastic scatterings) and the dynamics can be treated
as a Brownian motion by mean of a Fokker-Planck equation which constitutes a significant sim-
plification of the study of the transport properties. Finally the three-momentum transfer dominates
over energy transfer |~q|>> q0 ∼ ~q2

mQ
which parametrically makes possible the concept of a poten-

tial and therefore to link the HQ physics to the studies to of the heavy-quark free energy in lQCD
[16], as we will discuss in the next Section.

We will discuss briefly early ideas about HQ quarks as a probe of the QGP emphasizing the
difficulties in describing simultaneously the modification of they spectra respect to pp collisions
and the large elliptic flow v2, a measure of the anisotropic flow, observed experimentally. In the
second part we will focus on the theoretical approaches to describe the dynamical evolution of
the HQ comparing the most commonly used Fokker-Planck approach to the Boltzmann transport
equation. We discuss that while for the bottom quark the two approaches give very similar results
for the charm quark both the nuclear suppression factor RAA and the elliptic flow v2 are larger going
more closer to experimental observations.

2. Early Ideas on Heavy quarks in the QGP

There are presently two main observable related with heavy quarks that have been measured

3
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at both RHIC and LHC energy. The first is the so-called nuclear suppression factor RAA that is
the ratio between the pT momentum spectra in AA collisions and the pT spectrum observed in pp
collisions (rescaled by the number of collisions Ncoll:

RAA(pT ) =
d2NAA/d p2

T

Ncoll d2Npp/d p2
T

Therefore RAA = 1 means that what is happening in a AA collisions is just superposition of pp
collisions. For light quark it was clearly observed an RAA ∼ 0.25 indicating a strong quenching of
the spectra in the QGP medium due to elastic collisions and mainly to in-medium gluon radiation.
For HQ about a decade ago the expectations were for a perturbative interaction of HQ with the
medium, hence due to the large mass respect to the light quarks and also to the energy scale set by
the QGP temperature the predictions were a RAA ≈ 0.6 for charm quarks and RAA ≈ 0.8− 0.9 for
bottom quarks for central collisions [12, 13] at intermediate pT . A sketch of such a prediction is
depicted in Fig. 2.

Figure 2: RAA prediction for c and b quarks in Au+Au central collisions at
√

sNN = 200AGeV according to
a jet quenching mechanism of gluon radiation. The prediction for light quarks and gluons are also reported
and compared to experimental data on π0 by PHENIX. Fugre adapted from [12].

The other key observable if the the elliptic flow v2 = 〈cos(2φp)〉, a measure of the anisotropy
in the angular distribution that corresponds to the anisotropic emission of particles respect to the
azimuthal angle according to the simple formula N(ϕ = 00)/N(ϕ = 900) = (1− 2v2)/(1+ 2v2),
valid under the assumption that v2 is the only anisotropy present. An important features of rel-
ativistic heavy-ion collisions has been the observation of large values of the elliptic flow that is
some kinematical region reaches value of about ∼ 0.2−0.25, corresponding to about a factor 2-3
more particle at ϕ = 00 respect to ϕ = 900. For HQ about a decade ago the prediction was that
they can acquire only a quite small v2 ∼ 0.02 respect to the light hadron ones [13]. Therefore the
first experimental results hence came as a surprise showing a quite small RAA(pT ) similar to the
pion one and a quite large v2(pT ) of single e± coming from D and B mesons decay. The last were
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in approximate agreement with a scenario of heavy quarks almost flowing with the bulk medium
[14, 15]. This has of course even increased the interest for the understanding of the heavy flavor
dynamics in the QGP.

There have been mainly two approaches to fill the gap between the prediction of a standard per-
turbative approach and the experimental data. One argues essentially that the screening in the HQ
sector is quite smaller respect to the standard modeling mD ∼ g(T )T , where g is the strong running
coupling. A reduced screening leads essentially to much larger cross section that leads to predict
smaller RAA respect to the first jet quenching one. A different approach take the point of view that in
such approaches from pQCD, based on gluon-bremsstrahlung energy loss and/or including elastic
HQ scattering, one has to artificially tune the coupling strength beyond the applicability range of
perturbation theory. Indeed It has also been shown that the convergence of the perturbative series
for the HQ diffusion coefficient is quite poor. Thus, non-perturba- tive approaches have to be used
to explain the strong HQ couplings necessary. One suggested mechanism is the for- mation of D
- and B - meson resonance excitations in the deconfined phase of QCD matter [10, 17] which has
lead to a quite satisfactory description of the e± coming from semileptonic decay of B and D meson
at RHIC.

The idea of the existence of resonant scattering is supported by lQCD on both the quark corre-
lators for both heavy and ligth quarks [19] showing the existence of a peak in the spectral function
even at temperatures substantially higher than Tc suggesting the presence of physical mechanism
beyond a simple free scattering.

The heavy quark mass as mentioned in the introduction allows the use of an interaction poten-
tial between quarks, this has the advantages to employ the T-matrix scattering theory which does
not rely on a perturbative expansion. An extra benefit that arises is that one can in principle ex-
tract the quark potential from finite-temperature lattice QCD (lQCD), or at least be constrained by
lQCD “data“ which gives a parameter-free input. On the other hand currently the main source of
uncertainties is just the extraction of the potential from the lattice calculation on the free energy.
We assume that the effective in-medium potential can be extracted from finite-temperature lQCD
calculations of the color-singlet free energy F1(r,T ) [20, 21] for a static Q̄Q pair as the internal
potential energy by the usual thermodynamic relation [23, 24],

U1(r,T ) = F1(r,T )−T
∂F1(r,T )

∂T
. (2.1)

For the details on the assumption behind such a choice one can refer to Ref.s [17]. However the suc-
cessful application to compute quarkonium correlators and HQ susceptibilities lends a-posteriori
support (albeit not validation) of the U choice. One generally also consider the complete set of
color channels for the Qq̄ (singlet and octet) and Qq (anti-triplet and sextet) systems, using Casimir
scaling as in leading-order pQCD, V8 =−V1/8, V3̄ =V1/2., V6 =−V1/4, which is also justified
by recent lQCD calculations of the finite-T HQ free energy [25].

We restrict ourselves to S (l = 0) and P (l = 1) waves. The main result is that in the dominating
attractive color-singlet Qq̄ and color-antitriplet Qq channels, close to the critical temperature, Tc,
the T−matrix approach suggests the presence of resonance states. Such resonance states increase
the strength of the interaction and naturally merge into a quark coalescence mechanism, as T → Tc

,dominated by the color-singlet state, while the scattering become quasi-free at T & 2Tc. Therefore
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while the free-scattering predicts a Drag of the HQ that goes down with the density of the bulk sys-
tem ρbulk ∝ T−3, the resonant scattering tends to compensate the decrease by the density scatterers
because takes into account that the attractive quark-potential becomes stronger close to the phase
transition.

Figure 3: Nuclear Suppression factor RAA (upper panel) for Au+Au at
√

sNN = 200 AGeV and elliptic flow
v2 (lower panel). Data are compared to T-matrix model with hadronization by coalescence+ fragmentation
(solid line) and only fragmentation (dashed line).

To compare with the experimental a Fokker-Planck approach has been used to described
the motion of HQ in the expanding medium described by hydrodynamics, and finally a quark-
coalescence model described in [26, 27] allows to take into account the hadronization that allow the
comparison with the single-electron pT data from RHIC of the HQ spectra to D- and B-mesons and
their subsequent semileptonic decay to e±. As shown in Fig. 3 the Langevin simulation of the HQ
diffusion, followed by the combined quark-coalescence fragmentation description of hadronization
to D and B mesons and their subsequent semileptonic decay, successfully accounts simultaneously
for both the RAA and v2 of single electrons in 200 AGeV Au-Au collisions [28, 29] at RHIC. Com-
paring the solid and dashed lines one can see the effects from the “momentum kick” of the light
quarks in quark coalescence, an enhancement of both, RAA and v2, is important for the quite good
agreement of both observables with the data.

A closer inspection of the time evolution of the pt spectra shows that the suppression of high-
pT heavy quarks occurs mostly in the beginning of the time evolution, while the v2 is built up
later at temperatures close to Tc which is to be expected since the v2 of the bulk medium is fully
developed at later stages only [30]. This effect is more pronounced due to resonance formation
because the transport coefficients become larger close to Tc or anyway decrease much slower than
the pQCD case.

6
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Therefore a resonance model supplemented by a coalescence mechanism seems to be able
to describe the data at RHIC. However, all approaches show some difficulties to predict correctly
both RAA(pT ) and v2(pT ) and such a trait is present not only at RHIC energy (where there is the
uncertainty about the mixture of single elections coming from both B and D [22, 28, 29]), but
within still larger uncertainties, even more for the the first data coming from collisions at LHC
[31]. A successful prediction at RHIC for both RAA(pT ) and v2(pT ) was achieved by including
non-perturbative contributions [17] from the quasi-hadronic bound state describe above. However
the uncertainty in establishing the strength of the non-perturbative effect and the fraction of B and D
feed-down into single electron and the properties of the bulk dynamics employed [32] has not made
possible to draw definitive conclusions. Furthermore also in a pQCD framework supplemented by
Hard Thermal Loop (HTL) scheme several progress has been made evaluating realistic Debye mass
and running coupling constants [18, 38], different models for the expansion of the QGP [32, 33]
and three-body scattering effects [34, 37] have been implemented to improve the description of the
data. In the upcoming future new data new data will be available at both RHIC and LHC. Such
new data will have a better statistic and will extend to lower pT and it will probably be possible
to measure also the angular correlation between c(b) and c̄(b̄) that will allow to have a better
understanding of the HQ interaction at high temperature.

3. Boltzmann vs Fokker-Planck dynamics

The propagation of HQ in QGP has been quite often treated within the framework of Fokker-
Planck equation [3, 7, 8, 9]. The main reason is that it was believed that their motion can be
assimilated to a Brownian motion due to their perturbative interaction and large mass that should
generically lead to collisions sufficiently forward peaked and/or with small momentum transfer.
Under such constraints it is known that also the Boltzmann transport equation reduces to a Fokker-
Planck dynamics [7], which constitutes a significant simplification of in medium dynamics. Such a
scheme has been very widely employed including some of the authors [8, 9, 10, 17, 36, 32, 38, 11,
44, 45, 47, 46] in order to calculate the experimentally observed nuclear suppression factor (RAA)
[28, 29, 22, 31] and their large elliptic flow (v2) [22] for the non-photonic single electron spectra.

Along with the Fokker-Planck approach in some work a description of HQ within a relativistic
Boltzmann transport approach has been developed including both collisional and radiative energy
loss [18, 57, 58]. The last appears within the data error bars to be more close to the possibility to
predict simultaneously both RAA and v2 for Pb+Pb at

√
s = 2.76ATeV. Also other authors have

in the past and more recently undertaken the study of charm quarks within a Boltzmann approach
[40, 41, 42, 43].

To clarify the possible differences that may come from a Fokker-Planck description respect
to a solution of the Boltzmann collision integral, we discussed in this talk in quite some detail the
similarities and differences between the two approaches. This is a first study trying to understand if
there can be some ambiguity in the data interpretation coming from differences in the two transport
approaches currently employed to investigate the phenomenology of open heavy flavor in ultra-
relativistic HIC. Indeed the motivation of employing a Fokker-Planck approach were initially more
related to the prejudice that the momentum transfer suffered by HQ is small for both charm and
bottom quarks. On the other hand, a suppression factor RAA and v2 similar for light and heavy

7
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flavors, observed experimentally, rise the suspect that the momentum transfer may not be really
sufficiently small. Therefore we study the impact of the approximations involved by Fokker-Planck
equation by mean of a direct comparison with the full collisional integral within the framework
of Boltzmann transport equation. The study has been firstly conducted comparing Boltzmann
and Fokker-Planck dynamics in a box bulk medium at fixed temperature, which allows a better
assessment of the underlying dynamics providing a solid basis for understanding the more complex
HIC dynamics. Before we briefly review the main ingredients of the two transport equations.

The Boltzmann equation for the HQ distribution function can be written in a compact form as:

pµ
∂µ fQ(x, p) = C [ fQ](x, p) (3.1)

where C [ fQ](x, p) is the relativistic Boltzmann-like collision integral where the phase-space dis-
tribution function of the bulk medium appears as an integrated quantity in C [ fQ], see for example
Ref.s [54, 55], while we are interested to the evolution of the heavy quarks distribution function
fQ(x, p). The distribution function of the bulk medium has in general to be determined by another
set of equations that could be the Boltzmann-Vlasov equation for quark and gluons or the hydro-
dynamics equations. In our study the bulk medium will be just a thermal bath at some temperature
T, which allows to better test and compare the dynamics of HQ in a Boltzmann transport dynamics
respect to a Fokker-Planck one. This an intermediate step before studying the more complex case
of the expanding medium in uRHIC that we will discuss at the end of the talk.

For the purpose of focusing on the momentum transferred in the collisions the relativistic
collision integral can be written in a simplified form [3, 7] in the following way:

C [ fQ](x, p) =
∫

d3k [ω(p+ k,k) fQ(x, p+ k)−ω(p,k) fQ(x, p)] (3.2)

where ω(p,k) express the collision rate of heavy quark per unit of momentum phase space
which changes the heavy quark momentum from p to p− k, with the first term in the integrand
being the gain of probability through collisions and the second term the loss out of that momentum
space volume. HQ interact with the medium by mean of two-body collisions regulated by the
scattering matrix of the process g+Q→ g+Q (σg+Q→g+Q), therefore defining the relative velocity
between the two colliding particles as vrel the transition rate can be written as:

ω(p,k) =
∫ d3q

(2π)3 fg(x, p)vrel
dσg+Q→g+Q

dΩ
(3.3)

where σg+Q→g+Q is related to the scattering matrix |MgQ|2:

vrel
dσg+Q→g+Q

dΩ
=

1
dc

1
4EpEq

|MgQ|2

16π2Ep−kEq+k
δ

0(Ep +Eq−Ep−k−Eq+k) (3.4)

We recall that the scattering matrix is the real kernel of the dynamical evolution for both the Boltz-
mann approach and the Fokker-Planck one. Of course all the calculations discussed in the following
will originate from the same scattering matrix for both cases.

The Boltzmann equation is solved numerically dividing the space into a three-dimensional lat-
tice and using the test particle method to sample the distributions functions. The collision integral
is solved by mean of a stochastic implementation of the collision probability P = vrelσg+Q→g+Q ·

8
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∆t/∆x [51, 52, 54, 56]. The code has been widely tested as regard the collision rate and the evolu-
tion of non-equilibrium initial distributions toward the Bolztmann-Juttner equilibrium distribution
both as a function of cross section, temperature and mass of the particles, including non-elastic
collisions [53] .

3.1 Heavy quark momentum evolution in Langevin dynamics

The non-linear integer-differential Boltzmann equation can be significantly simplified employ-
ing the Landau approximation whose physical relevance can be associated to the dominance of soft
scatterings with small momentum transfer |k| respect to the particle momentum p. Namely one
expands ω(p+ k,k) f (x, p+ k) around k,

ω(p+ k,k) fQ(x, p+ k)≈ ω(p,k) f (x, p)+ k
∂

∂ p
(ω f )+

1
2

kik j
∂ 2

∂ pi∂ p j
(ω f ) (3.5)

Inserting Eq.(3.5) into the Boltzmann collision integral, Eq.(3.2), one obtains the Fokker Planck
Equation:

∂ f
∂ t

=
∂

∂ pi

[
Ai(p) f +

∂

∂ p j
[Bi j(p)]

]
(3.6)

by simply defining Ai =
∫

d3k w(p,k)ki = A(p)pi and Bi j =
∫

d3k w(p,k)kik j that are directly re-
lated to the so called drag and diffusion coefficient. The Fokker-Planck equation can be solved by
a stochastic differential equation i.e the Langevin equation, can be written as [3, 9, 11]:

dxi =
pi

E
dt,

d pi = −Apidt +(
√

2B0P⊥i j +
√

2B1P‖i j)ρ j
√

dt (3.7)

where dxi and d pi are the coordinate and momentum changes in each time step dt. A is the drag
force and B the longitudinal and transverse diffusions, ρ is a stochastic variable Gaussian dis-
tributed. in terms of independent Gaussian-normal distributed random variables ρ j, and

P⊥i j = δi j−
pi p j

p2 ,P‖i j =
pi p j

p2 . (3.8)

are the transverse and longitudinal tensor projectors. We will employ the common assumption,
B0 = B1 = D [9, 10, 11, 17, 18, 37, 44]. To achieve the equilibrium distribution feq = e−E/T with
E =

√
p2 +m2 as the final distribution one need to adjust the drag coefficient A in accordance with

the Einstein relation [48] (see also [50])

A(p) =
D(p)
ET
− D′(p)

p
. (3.9)

We have checked that if the drag A and diffusion D coefficients are related by the fluctuation-
dissipation theorem (FDT) the distribution function f (p) converges to the Boltzmann-Juttner func-
tion e−E/T . However when the A and D are directly calculated from the scattering matrix Mgc it
is not guaranteed that they fulfill the FDT because the Fokker-Planck equation is just a projection
of the effect of scattering into first (drag) and second (diffusion) moments and it cannot be guaran-
teed that the dynamics implied by the scattering processes can be fully encased into a momentum
shift plus a Gaussian fluctuations around the average momentum. However we have checked that
generally for all the cases considered the violation of the FDT is marginal at least for momenta
p & 1.5GeV that is the region of interest for our following discussion.

9
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4. Scattering Matrix, cross section and Drag-Diffusion coefficients

The elastic collisions of heavy quarks with the gluon in the bulk has been considered within the
framework of pQCD. The expression of the scattering matrix MgQ is the well known Combridge
matrix that includes s, t,u channel and their interferences terms, augmented with a screening mass
mD = g(T )T inspired by the HTL scheme as detailed in the Appendix. We have taken a charm
quark mass mc = 1.3GeV and a bottom quark mass mb = 4.2GeV. Our purpose is to perform
the comparison between the Langevin and Boltzmann transport equations for different momentum
transfer scenario that can be directly related to the angular distribution of scattering matrix or cross
section. This can be achieved by using three different values of the Debye screening masses (mD)
needed to shield the divergence associated with the t-channel of the scattering matrix. As well
known a small screening mass corresponds to forward peaked differential cross section, as we
show in Fig.4 (left) by solid lines for charm quarks and dashed lines for bottom quarks. We have
chosen three values for mD, one is 0.83 GeV that corresponds to mD =

√
4παs T with αs = 0.35

at T = 400MeV that is the main temperature we will consider for our study. The other two values
correspond to a reduction factor of two (mD = 0.4GeV) and an increase of a factor of two (mD =

1.6GeV). We can see in Fig.4 that mD = 0.4 GeV corresponds to a situation where the scattering
is quite forward peaked and mD = 1.6 GeV instead corresponds to a situation where the scatterings
are nearly isotropic, see Fig. 4 and Ref.[49]. We mention that the last is an artificial way to get
close to physical situation in which one predict the existence of resonant states that corresponds
isotropic scatterings [10, 17, 47].

-1 -0.5 0 0.5 1

cos(θ)

10
1

10
2

10
3

10
4

10
5

d
σ

/d
ω

c (m
D

=0.4 GeV)

c (m
D

=0.83 GeV)

c (m
D

=1.6 GeV)

b (m
D

=0.4 GeV)

b (m
D

=0.85 GeV)

b (m
D

=1.6 GeV)

0 1 2 3 4 5 6 7 8 9 10

p (GeV)

0.5

1

1.5

2

2.5

3

|k
|

c (m
D

=0.4 GeV) 

c (m
D

=0.83 GeV)

c (m
D

=1.6 GeV)

b (m
D

=0.4 GeV)

b (m
D

=0.83 GeV)

b (m
D

=1.6 GeV)

Figure 4: Right: Angular dependence of the cross section for different values of mD for charm quarks (solid
lines) and for bottom quarks (dashed lines); Left: variation of momentum transfer with p for different values
of mD for charm quarks (solid lines) and for bottom quarks (dashed lines).

In Fig.4 (right) we show the momentum transfer corresponding to the different angular dis-
tribution or different values of mD for both charm (solid lines) and bottom (dashed lines) quarks
as a function of the HQ momentum P when the bulk medium is at a temperature T = 400GeV.
For an HQ momentum |p|= 5GeV we see that one goes from a momentum transfer |k|= 0.5GeV
for the forward peaked scattering matrix corresponding to mD = 0.4GeV to a |k| = 1.5GeV for
the nearly isotropic cross section corresponding to mD = 1.6GeV. For bottom quarks, due to their
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larger mass corresponding to Mbottom/T ∼ 10 the change is less pronounced and indeed also for
nearly isotropic cross sections is at most about 0.8 GeV which means about a factor 4 smaller than
the bottom mass.
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Figure 5: Left: Drag coefficients vs p at T = 400 MeV for different values of mD; Right: diffusion coeffi-
cients vs p at T = 400 MeV for different values of mD.

Starting from the same scattering matrix MgQ we have evaluated the Drag A(p) and Diffusion
constant B(p) that enter in Langevin equation, see Eq. 3.6. The result are shown in Fig.s 5 for both
charm (solid lines) and bottom (dashed lines) quarks.

In order to have a similar RAA within the typical time scale of uRHIC τ ≈ 4− 8fm/c we
have multiplied by k factor the MgQ that has been chosen to be k = 2.1 for md = 0.4GeV, k = 4
for mD = 0.83GeV and k = 7.2 for mD = 1.6GeV [57]. However the effect discussed does not
depend on such k factor that has been included to set similar time scales and evolution of the
spectra (RAA(pT )) reaching spectra evolution similar to that observed in HIC at RHIC and LHC
which means RAA(p) ∼ 0.3 at momenta of about 4− 6GeV. However there is no necessity to set
them exactly equal because we are interested only in comparing the Fokker-Planck and Boltzmann
evolution starting from the same kernel given by the scattering matrix.

5. Numerical results: comparing the Boltzmann and Langevin evolution

We now discuss the evolution of momentum distributions of charm and bottom quarks inter-
acting with a bulk medium at T = 0.4GeV with scattering processes determined by the scatter-
ing matrices discussed in the previous section. The initial distribution of heavy quarks are taken
from Ref. [59] and given by f (p, t = 0) = (a+b p)−n with a = 0.70(57.74), b = 0.09(1.00) and
n = 15.44(5.04) for charm and bottom quarks respectively. The above function give a reasonable
description of D and B meson spectra in the p-p collision at highest RHIC energy. Our purpose is
to compare the time evolution starting from the same initial momentum distribution and evaluating
in each case considered both the differential cross section dσ/dΩ, main ingredient of the Boltz-
mann equation, and the drag and diffusion coefficient, key ingredient of the Langevin equation both
originating by the same scattering matrix.
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We have plotted the results as a ratio between Langevin to Boltzmann at different times to
quantify how much the ratio deviates from 1. We started the simulation at t = 0 fm/c which of
course corresponds to a ratio of 1 as we start the simulation with the same initial momentum
distribution for both Langevin and Boltzmann equations. So any deviation from 1 would reflect
how much the Langevin differ from the Boltzmann evolution.
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Figure 6: Left: Ratio between the Langevin (LV) and Boltzmann (BM) pT−spectra for charm quark as a
function of momentum for mD = 0.83 GeV at different time; Right: ratio between the Langevin (LV) and
Boltzmann (BM) spectra for charm quark as a function of momentum for mD = 0.4 GeV at different time.

In Fig 6 the ratio of Langevin to Boltzmann spectra for the charm quark for mD = 0.4 GeV
(left) mD = 0.83 GeV (right) has been displayed as a function of momentum at different time. We
remind that time scales of 4−6 fm/c can be roughly taken as those corresponding to typical lifetime
of a QGP in uRHIC’s. This is why we are displaying and discussing the results around such time.
We see that for the smaller screening mass corresponding to more forward peaked cross section
the differences between Langevin and Boltzmann are quite limited and small than a 15%. Instead
for mD = 0.83 GeV it is observed that for t = 4 fm/c a deviation of Langevin from Boltzmann is
around 40% and for t = 6 fm the deviation is around a 50% at p = 5 GeV, which suggests Langevin
approach overestimates the average energy loss considerably due to approximation it involves.

When we consider a larger screening mass, mD = 1.6 GeV to simulate a nearly isotropic
scattering, the transferred momentum is about a factor of three larger and we see that the ratio of
Langevin to Boltzmann spectra in Fig 7 at different time can lead to differences as large as a factor
75% at t=4 fm/c. It is however also to consider that for this last case the results depends on the
procedure chosen to determine the Drag A(p) and Diffusion coefficients D(p). However just for
this case if one calculates the diffusion coefficient from the scattering matrix and the drag one from
the constraint of the fluctuation dissipation theorem (FDT) the result are significantly modified. In
particular the LV/BM ratio will evolve quite slowly and the ratio reaches value about∼ 0.6−0.7 at
t=4 fm/c. Such ambiguity in determining the drag and diffusion coefficient is much less relevant for
the case of smaller mD, however it essentially means that for nearly isotropic scatterings associated
to large momentum transfer the dynamics of the scattering cannot be really encased into a simply
shift of the average momenta with a Gaussian diffusion round such a mean and this manifest into a
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stronger breaking of the FDT when both drag and diffusion are evaluated from MgQ.
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Figure 7: Ratio between the Langevin (LV) and Boltzmann (BM) spectra for bottom quark as a function of
momentum for mD = 0.83 GeV at different time;

We now move to the calculation for bottom quarks. In Fig. 8 the results for bottom quark
are displayed for mD = 0.83 GeV, results for the other two values of mD are quite similar. It is
observed that the ratio stays practically almost unity for bottom quark at all the time considered in
the manuscript. Therefore, for bottom quark the Langevin approach is really a good approximation
of Boltzmann equation independently of the angular dependence of the scatterings, at most a 10%
difference is observed for mD = 1.6 GeV. On the other hand as already observed due to the large
bottom mass an approximation of the dynamics to a Brownian motion appears always appropriate.
We notice that this is determined by the ratio of the mass and the temperature that determines the
average momentum of the particles colliding with heavy quarks (〈p〉 ' 3T ). For the charm quark
Mc/T ' 3 while for bottom quark Mb/T ' 10 for the temperature we are considering.

5.1 Momentum spread of heavy quarks

A more thorough investigation of the different heavy quark evolution implied by a Langevin
and a Boltzmann approach, we study the heavy quark momentum evolution considering the initial
charm and bottom quark distribution as a delta distribution at p = 10 GeV for the the case with
mD = 0.83 GeV. The momentum evolution of the charm quarks are displayed in Fig. 9 within the
Langevin dynamics. It is observed that both the charm and bottom quarks are Gaussian distribution
as expected by construction. This present calculation reveals that the equilibrium distribution can
be achieved at the end of the evolution by implementing the FDT but their dynamical evolution
is quite different for charm quarks. As known the Langevin dynamics consists of a shift of the
average momenta with a fluctuation around such a value that includes also the possibility to gain
energy for the HQ as we see from the tail of the momentum distribution that overshoots the initial
momentum p = 10GeV at t = 2fm/c, black solid line in Fig.9.

In Fig. 10 we present the momentum distribution for charm quark within the Boltzmann equa-
tion, is evident a very different evolution of the particles momentum which does not have a Gaus-
sian shape and already at t = 2fm/c has a very different spread in momentum with a larger contribu-
tion from processes where the charm can gain energy and a long tail at low momenta corresponding
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Figure 8: Evolution of charm quark momentum distribution within Langevin dynamics (left) and Boltzmann
equation (right) considering the initial momentum distribution of the charm quarks as a delta distribution at
p=10 GeV.
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Figure 9: Evolution of bottom quark momentum distribution within Langevin dynamical (left panel) and
the Boltzmann (right panel) considering the initial momentum distribution of the bottom quark as a delta
distribution at p=10 GeV.

to some probability to loose a quite large amount of energy and in general a global shape that is
not a at all of Gaussian form. This essentially indicates that for a particle with M ∼ 〈p〉 ∼ 3T as it
is for the charm at a temperature T = 0.4GeV the evolution is not of Brownian type. For the bot-
tom quarks, shown in Fig. 9 , the momentum evolution gives a much better agreement between the
Boltzmann and the Langevin evolution because Mbottom/T ' 10. We notice that in figure 9 we have
plotted the momentum distribution at larger time steps ti respect to the figures at 400 MeV. This
Because the drag coefficient A is about a factor three smaller. Therefore we have chosen to plot the
distribution at time steps such that tiA is almost the same as in the previous figures 8,9. However
even in the bottom case at T = 0.4GeV (Mbottom/T ' 10) while the evolution of the global spec-
tra are practically identical between the Langevin and Boltzmann dynamics, see Fig.8, the detail
of the energy loss of a single bottom quark remains still significantly different. The momentum
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distribution is reminiscent of a Gaussian distribution showing clearly a peak around the average
momentum but still it has an asymmetric distribution with a longer tail towards lower momenta.

It would be interesting to study to find observables that are sensitive to such details of the
HQ dynamics. A first candidate could be the DD̄ and/or BB̄ correlation [60] that should be quite
different in a Langevin dynamics respect to the Boltzmann one since the momentum evolution
of a single quark is so different, in particular for charms quarks. For the charm quark the very
different change in momenta could determine also a quite different dynamics for the suppression
of charmonium in medium.

5.2 Time Evolution of the Nuclear Modification factor RAA

One of the key observable, investigated at RHIC and LHC energies, is the depletion of high
pT particles (D and B mesons or single e±) produced in heavy-ion collisions with respect to those
produced in pp collisions. Therefore we conclude our analysis showing the evolution of the spectra
in terms of the RAA(pT ) for charm quarks evolving according to the LV and BM transport equations.
We calculate the nuclear suppression factor, RAA, using our initial t = 0 and final t = t f charm quark
distribution as RAA(p) = f (p,t f )

f (p,t0)
.
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Figure 10: Left: the nuclear suppression factor, RAA as a function of momentum from the Langevin (LV)
equation and Boltzmann (BM) equation for charm quark in a box at T=0.4 GeV and mD = 0.83 GeV;
Right: the nuclear suppression factor, RAA as a function of momentum from the Langevin (LV) equation and
Boltzmann (BM) equation for charm quark in a box at T=0.4 GeV and mD = 1.6 GeV. The orange line is the
LV with a Drag and Diffusion coefficients reduced by 50%.

The nuclear suppression factor, RAA, has been displayed in Fig 10 as a function of momentum
from both Langevin and Boltzmann side at different time for mD = 0.83 GeV. From Fig 10 we
see that the time evolution of the nuclear suppression factor differ substantially from Langevin
to Boltzmann comparing them at the same time. Similar trends are seen also at mD = 0.4 GeV
but with a much smaller deviation of the order of 15% while at mD = 1.6 GeV the deviation in
the time evolution are even larger. Since the diffusion coefficient is the important quantity for the
phenomenological study, it is more meaningful from a phenomenological point of view to evaluate
how much we need to change the diffusion coefficient/interaction from Langevin side to reproduce
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the same nuclear suppression factor of Boltzmann equation. We find for the case mD = 1.6GeV
in Fig. 10 (right) that we need to reduce the diffusion coefficients of Langevin equation by 50% to
get similar nuclear suppression factor as of Boltzmann equation at the same time t = 4 fm/c which
is the typical life time of the system produced at RHIC and anyway the time at which we have an
RAA(pT ) quite similar to the one observed at RHIC and LHC in semi central collisions. For the case
of mD = 1.6GeV it is enough to have a 30% reduction. We do not display also the experimental
data because we are simply study the evolution of RAA in a box at fixed T .

Our main aim here was simply to show that even if the underlying dynamics of the charm quark
can be quite different between the LV and the BM transport approaches at the level of the RAA(pT ).
One can anyway mimic the same result mocking the differences in the dynamical evolution by
modifying the interaction by an amount that can go from about a 10% up to about a 50% depending
on the angular dependence of the scatterings that entail the strength of the transferred momentum.
We have not shown results for the bottom case because in the first part of this section we do
not observe significant difference in the time evolution of the spectra between the LV and BM
descriptions.
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Figure 11: The nuclear suppression factor, RAA as a function of momentum pT from the Langevin (LV)
equation and Boltzmann (BM) equation for charm quark in a box at T=0.4 GeV and mD = 1.6 GeV

Finally we show a first preliminary result for the case of a realistic simulation of Au+Au
collisions at

√
sNN = 200GeV. In Fig.11 (left) we compare the result of a Langevin and a Boltz-

mann approach for the case mD = 1.6 GeV with the experimental data (full circles) from PHENIX
Collaboration for the single electron coming from the semileptonic decay of B and D mesons. We
see that the Langevin approach in this case predicts a much smaller RAA(pT ) respect to the Boltz-
mann one. However similarly to what has been seen in the box simulation described above such
a difference can be composted by reducing by a 60% the Drag coefficient in the Langevin case.
This in itself would mean that the use of Langevin can underestimated the Drag coefficient up to
about a 50%, but even mre important is that even is one obtains the same RAA(pT ) the elliptic flow
v2(pT ), shown in Fig.11 (left), is anyway quite larger in the Boltzmann case going toward the large
v2 observed experimentally.
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6. Conclusions and Outlook

We have briefly review the interest for the Heavy Quark dynamics in the QGP. After recalling
that charm and bottom quarks can be considered heavy because both mQ/ΛQCD and mQ/T are
much larger than unity. However a more closer look into the physics involved tells that there is
another scale to be considered mQ/ < pbulk >= mQ/3T . For this last scale the charm cannot be
considered really heavy at T & 300 MeV. In fact comparing the momentum evolution of a charm
quark solving the full Boltzmann integral shows a dynamical evolution that appear to be quite
far from a Brownian motion. This can lead to underestimate the charm quark drag coefficient
and furthermore to under estimate the build-up of elliptic flow v2(pT ). The strength of the effect
depends however on the details of the angular distribution of the scattering process and become
relevant only if the the differential cross section is not very forward peaked.
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