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Introduction

This work is devoted to the generalization of Path Integral Monte Carlo approach [1] in the
case of the relativistic systems. There are many physical problems connected with simulations
of relativistic quantum mechanical systems. Relativistic corrections play very essential role in
physics of the atomic systems with heavy elements due to the strong interaction potentials. One
may find the problems with simulations of relativistic quantum systems in the nuclear physics,
physics of hadron structure, quark-gluon plasma and in relativistic astrophysics. Recently an an-
other interesting application of the relativistic quantum mechanics has arisen. There are so called
(Pseudo)Relativistic Condensed Matter systems and one of the must interesting example of such
systems is Graphene ([2]).

The correct formulation of the many-body relativistic quantum-mechanical problem has some
well-known difficulties. The kinetic and potential part of the Hamiltonian must be invariant un-
der Lorentz transformations. The kinetic part of the Hamiltonian can be formulated in Lorentz-
invariant form relatively easy but relativistic formulation of interaction requires the quantum field
theory approach in general case. In this work we have considered the problem with the instanta-
neous interaction in the Hamiltonian. This approximation works very well in Relativistic Quantum
Chemistry and in Physics of the (Pseudo)Relativistic Condensed Matter systems like Graphene.

In our work we have discussed the basic concepts of the relativistic generalization of the Path
Integral approach. The main observation is that in relativistic case the statistical weight of the
“Path” is not an exponent of some classical action as it is in the case of the non-relativistic systems
due to the well-known Feynman-Kac formula. In spite of this fact, the relativistic statistical weight
of the “Path” is well defined positive function and can be easily used in numerical calculations. In
this work we test our approach on the simple academic problem - Relativistic Oscillator problem.
This system gives us good opportunity for testing of the Relativistic Path Integral Monte-Carlo
approach because one can study this system by using of standard Schrodinger equation approach
in the momentum space. We will compare the results of these two approaches.

1. Non-relativistic and ultra-relativistic limits for relativistic quantum particles

Let us consider the quantum system with following Hamiltonian

H = T (p)+V (q) =
√

p2 +m2 +V (q),

where q and p is the coordinate and the momentum of the particle. T (p) is the kinetic energy with
rest mass and V (q) is the potential energy.

In non-relativistic limit m2 ≫ p2 one gets

T (p) =
√

p2 +m2 = m(1+
p2

2m2 +O
(( p

m

)4)
)≈ m+

p2

2m
,

Typical values of momentum p are dependent on the potential V (q). If the interaction is strong,
the values of momentum p can be very large. In this case we are not able to use the non-relativistic
Hamiltonian and relativistic corrections are very essential.
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As an example, in our work we have considered the Harmonic oscillator potential

V (q) =
1
2

mω2q2. (1.1)

In non-relativistic case the virial theorem gives us the following relation between kinetic and
potential energy ⟨ p2

2m

⟩
= ⟨1

2
mω2q2⟩ or ⟨T (p)−m⟩= ⟨V (q)⟩.

Using this expression we can formulate non-relativistic condition for this system in terms of m and
ω:

⟨p2⟩ ∼ mω ⇒ m ≫ ω.

It means that in non-relativistic case we consider heavy particles and soft potentials.
Similarly let us consider ultra-relativistic limit (⟨p2⟩ ≫ m2). The kinetic energy in this case is

follows:

T (p) =
√

p2 +m2 = |p|
(

1+
m2

2p2 +O
((m

p

)4))
≈ |p|.

Let us consider the Hamiltonian in zero order approximation:

H = |p|+ 1
2

mω2q2. (1.2)

In this case one can solve Schrodinger equation for this Hamiltonian in momentum representation
and find energy of ground state and corresponding wave function. The virial theorem for this
Hamiltonian gives us the relation between kinetic and potential energy

⟨T (p)⟩= 2⟨V (q)⟩= 2λ0

3
(mω2)1/3,

where λ0 = 0.808617 . . .. One obtains that ⟨|p|⟩ ∼ (mω2)1/3 and we have opposite expression for
mass and frequency for ultra-relativistic case:

ω ≫ m.

So, ultra-relativistic limit in this problem is reached in the case of small mass and strong potentials.

2. Path integral approach for the relativistic quantum particles

Relativistic generalization of the Path Integral approach for quantum mechanical systems has a
long history [3], [4]. Today this approach becoming more and more popular and find its application
in high-energy physics [5], [6].

Now let us consider relativistic generalization of the Path Integral approach. Matrix element
of density matrix in the position representation is

ρ(q,q′;β ) = ⟨q|e−βH |q′⟩=
∫

. . .

∫
dq1dq2 . . .dqN−1ρ(q,q1;τ)ρ(q1,q2;τ) . . .ρ(qN−1,q′;τ).
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Operator of kinetic energy is diagonal in the momentum representation and operator of potential
energy is diagonal in the position representation. We can separate kinetic and potential energy if τ
is small:

ρ(q0,q2;τ)≈
∫

dq1⟨q0|e−τT |q1⟩⟨q1|e−τV |q2⟩.

Potential energy is diagonal in this representation and for kinetic energy part one obtains

⟨q0|e−τT |q1⟩=
∫

d pd p′δ (p− p′)⟨q0|p⟩⟨p′|q1⟩e−T (p)τ =
∫ d p

2π
e−T (p)τ−ip(q0−q1).

So to build the Path Integral we must take this integral over momentum. One can calculate integral
over momentum with T (p) =

√
p2 +m2

⟨q0|e−τT |q1⟩=
mτ

π
√

τ2 +(q1 −q0)2
K1(m

√
τ2 +(q1 −q0)2),

where K1(∗) is modified Bessel function of first order. The general expression for matrix element
is the following

ρ(q′′,q′;τ) = ⟨q′′|e−τ(T (p)+V (q))|q′⟩= m

π
√

1+
(

q′′−q′
τ

)2
K1

[
mτ

√
1+

(q′′−q′

τ

)2]
e−τV (q′). (2.1)

One can find the multi-dimensional generalization of the expression (2.1)

ρ(q′′,q′;τ) =
( mτ

π
√

τ2 +(q′′−q′)2

)(d+1)/2 K(d+1)/2(m
√

τ2 +(q′′−q′)2)

(2τ)(d−1)/2 exp
(
−τV (q′)

)
, (2.2)

where d is the space dimensions.
Unfortunately in this relativistic case we have no interpretation of expressions (2.1) and (2.2)

in terms of some classical action as we have in non-relativistic case in Feynman-Kac formula.
Nevertheless, this statistical weighs of the “Path” are the positively definite values. It means that
we can use these expressions for the construction of the Path Integral Monte-Carlo Algorithms.

3. Path Integral Monte-Carlo Metropolis Algorithm

For Path Integral Monte-Carlo Metropolis algorithm we should know part of the density matrix
which corresponds to fixed point qi. Discussion about this method and all proofs one can find in
[7]. Using (2.1) we can write

π(qi) =
m2K1

[
mτ

√
1+

(
qi−qi−1

τ

)2]
K1

[
mτ

√
1+

(
qi+1−qi

τ

)2]
π2

√
1+

(
qi−qi−1

τ

)2
√

1+
(

qi+1−qi
τ

)2
e−τV (qi).

So to calculate Path Integral we construct Markov chain which has equilibrium state for fixed qi

proportional to π(qi). In Metropolis algorithm we can split transition probability

P(qi → q′i) = T (qi → q′i)A(qi → q′i),
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Figure 1: PIMC simulations for kinetic (blue line) and potential (red line) energy of the Relativistic Oscil-
lator ground state. ω = 1.

where T (qi → q′i) is sampling distribution and A(qi → q′i) is acceptance probability

A(qi → q′i) = min
[
1,

T (q′i → qi)π(q′i)
T (qi → q′i)π(qi)

]
If we know density matrix in the position representation, we can calculate expressions for average
of any observables. The expression for kinetic energy in the relativistic case is the following (see
[8]):

⟨T (p)⟩=
⟨ mτ√

τ2 +(∆q)2

K0(m
√

τ2 +(∆q)2)

K1(m
√

τ2 +(∆q)2)
+

τ2 − (∆q)2

τ(τ2 +(∆q)2)

⟩
. (3.1)

And total energy can be calculated as follows:

⟨E(p,q)⟩= ⟨T (p)+V (q)⟩.

4. One dimensional test: Relativistic Oscillator

For the testing of the Relativistic PIMC approach let us consider the simple academic problem
- Relativistic Oscillator in one space dimension. This problem can be studied by using of the
standard Schrodinger equation approach in the momentum space and we will compare the results
of this two approaches.

On Fig. 1 one can see the results of the PIMC simulations for kinetic and potential energy
of the Relativistic Oscillator ground state. For these simulations we have used 1500 statistically
independent configurations. In this calculation we have fixed the value of ω = 1 and have changed
the value of mass m. In this case the ultra-relativistic limit is reached at m≪ 1 while non-relativistic
limit is reached at m ≫ 1 correspondingly.

The virial theorem predicts the following expressions for kinetic and potential energy

⟨T −m⟩non-rel = ⟨V ⟩non-rel = 0.25
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Figure 2: PIMC simulations for total energy of the Relativistic Oscillator ground state. ω = 1. The green
line is the results of Schrodinger equation approach.

0 50 100 150 200 250 300 350
0

10

20

30

40

E/
m

m

Figure 3: Total energy of the Relativistic Oscillator ground state for different ω and m. The green line is the
result of Schrodinger equation approach. Red points are the results of PIMC approach.

at the non-relativistic limit and

⟨T ⟩ultra-rel = ⟨V ⟩ultra-rel/2

at the ultra-relativistic limit. Our PIMC results are in very good agreement with both these expres-
sions.

On Fig. 2 one can find the results of PIMC simulations of the total energy of the ground state
at ω = 1. In non-relativistic limit the energy of the ground state equals to ω/2 = 0.5. The green
line is the result of Schrodinger equation approach. One can see that PIMC results are in the good
agreement the results of the Schrodinger equation approach.

On Fig. 3 one can see the test of the PIMC method for strong potentials. In this calculation
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one can fix the value of the mass (for example, m = 1) and change the value of ω . The green line
is again the results of Schrodinger equation approach and red points are the PIMC results. In this
analyzing we have found out that PIMC method can be applied for very strong potentials.

Discussion of the results and conclusion

The main goal of our work is to construct relativistic generalization of the PIMC method. This
method we plan to use for investigation of the properties of the relativistic quantum systems with
instantaneous interactions between the particles. Last fact gives us possibility to avoid the problem
with correctness of the many-body quantum-mechanical interaction. For example, this approach
could be used for studies the thermodynamical and transport properties of graphene which are very
essential for future technological application. Of course, there are many interesting applications
one can find in Relativistic Quantum Chemistry too.

For testing of our approach, we study simple one-dimensional system with quadratic external
potential - relativistic oscillator. This system gives us the good possibility for testing our approach
because just relativistic oscillator can be studied by using Schrodinger equation in momentum
space. The comparison the results of these two approaches have shown that our relativistic gen-
eralization of PIMC method can be used for investigation of quantum systems which contain the
relativistic particles.
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