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Since the discovery of the Higgs particle at the LHC it is possible to investigate the equation of
state for the electro weak transition in the SU(2)-Higgs-model at physical parameters. We will
present a line of constant (LCP) physics and preliminary results on the equation of state for small
Nt values. The data was obtained by simulation with a combined heatbath and overrelaxation
algorithm.
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1. Introduction

To describe the expansion of the early universe in the theory of the big bang it is important
to understand the relation between the temperature and for example energy density and pressure.
If these are known one can understand the temporal development of the universe from general
relativity. For this reason we want to learn about the equation of state. In this work a first study of
the equation of state for the electroweak transition in the SU(2)-Higgs-model is presented. In this
model only the SU(2) gauge fields and a scalar doublet are simulated. By using this model in 1996
the electro weak transition was determined to be a cross over [1]. In 1998 the critical endpoint was
experimentally found to be at a Higgs mass of (66.5± 1.4) GeV [2, 3]. Since in 2012 the Higgs
boson was found to be (125.9± 0.4) GeV[4] by the LHC it is possible to do simulations at the
physical Higgs mass.

2. Algorithms and observables

In the Standard Model the electroweak interaction is described by the SU(2)×U(1) gauge
symmetry. For simulations of the electroweak sector on the lattice the U(1) degrees of freedom
often are integrated out, while fermions and the strong interaction are not take into account in the
construction of the action. This gives the continuum action

SK =
∫

d4x
1
4

trFµνFµν +DµφDµ
φ +mKφµφ

µ +λK
(
φµφ

µ
)2
. (2.1)

Where F is the field strength tensor of the SU(2) gauge fields, D is the covariant derivative and φ

is a complex scalar doublet.
The gauge part of the action can be discretized by the standard SU(2) wilson gauge action.

The straight forward discretization of the scalar part of the action leads to

SS = ∑
x∈Λ

4

∑
µ=1

(
Uxµφx+µ̂ −φx

)† (Uxµφx+µ̂ −φx
)
+m2

Kφ
†
x φx +λK

(
φ

†
x φx
)2
. (2.2)

One now can reparametrize the action by introducing

λK =
λ

κ
(2.3)

m2
K =

1−2λ

κ
−2 (2.4)

φx =
√

κΦx (2.5)

and than write the scalar field as a matrix

Φ =

(
Φ1

Φ2

)
−→

(
Φ∗2 Φ1

−Φ∗1 Φ2

)
= ϕ. (2.6)

This yields a suitable action for simulating the SU(2)-Higgs-model

S[U,ϕ] = β ∑
pl

(
1− 1

2
trUpl

)

+∑
x

(
1
2

tr(ϕ†
x ϕx)+λ

(
1
2

tr(ϕ†
x ϕx)−1

)2

−κ

4

∑
µ=1

tr(ϕ†
x Uxµϕx+µ)

)
. (2.7)
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The Simulation was carried out by using an heatbath algorithm described in [5] and an over-
relaxation algorithm based on the description in [6]. While the heatbath algorithm guarantees the
ergodicity of the update the overrelaxation algorithm is used to decrease the autocorrelation time.
For comparison also an hybrid-monte-carlo algorithm was implemented.

Now the observables needed for the following analysis shall be introduced. The easiest ob-
servables are these which can be measured on every configuration. These are

Rx = detϕx =
1
2

tr
(
ϕ

†
x ϕx
)

(2.8)

Lϕ,xµ =
1
2

tr
(
ϕ

†
x Uxµϕx+µ̂

)
(2.9)

PPl = 1− 1
2

trUpl (2.10)

Qx =
(
ρ

2
x −1

)2
(2.11)

Sx = 6βPPl +Rx +λQx−8κLϕ,xµ . (2.12)

For the determination of the masses several correlation functions were evaluated. For the
determination of the higgs boson mass the correlators form the observables Rx and Lϕ,xµ were
used. The W boson mass was determined by the correlation functions described in [7] from the
observables

W (n)
xrk =

1
2

tr
(

σrϕ
†
x UxkUx+k̂,kUx+2k̂,k . . .Ux+(n−1)k̂,kϕx+nk̂

)
(2.13)

for 1≤ n≤ 6. The values for the masses were than extracted from an effective mass plot.
Finally for the determination of the LCP the renormalized coupling g2

R is needed. This can be
be calculated form the static potential which is given in terms of the Wilson-Loops W as

V (R) =− lim
T→∞

1
T

lnW (R,T ). (2.14)

It can be fitted with the Ansatz

V (R) =C− A
R

e−MR +DG(M,R), (2.15)

where A, C, D and M are fit parameters. G(M,R) are lattice correlations as given in [8]. The
fit parameter M can be related to the screening mass as described in [8]. One than can get the
renormalized gauge coupling as

g2
R =

16
3

πA. (2.16)

3. Line of constant physics

For determining a LCP tow parameters have to be fixed. Here the renormalized gauge coupling
g2

R and the ratio between the higgs and the W mass RHW = mH
mW

have been chosen. A problem when
doing simulations in the SU(2)-Higgs-model is to decide to which values one wants to tune. As
shown in [9] the influence of the U(1) degrees of freedom is small. Unfortunately this is not true
for influence of the top quark. Since it is not possible to simulate an SU(2)+fermion theory at the
moment the influence of the quarks have to be included perturbatively.
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For the LCP shown here a preliminary matching procedure was applied: The effective potential
derived in [10] was expanded for hight temperatures both in the standard and in the SU(2)-Higgs-
model. Afterwards the coefficients were matched, assuming that RHW is at the standard model
value. This yields a renormalized coupling of gR ≈ 0.428. Other ways of determining the parame-
ters and a procedure to estimate the error caused by the matching are still under investigation.

The results for the LCP shown in 1 where simulated on a 324 lattice. The parameters were
tuned until the values for RHW and g2

R are within a 10% interval of the required value. This 10%
interval is indicated by the light red area. The grey area shows the error on the experimental values
for the higgs and W mass. β is kept constant while λ depends linear on κ .

From the mass plot (figure 1) the scale can be determined. The result is shown in figure 2. For
comparison one can look at the electroweak scale that is 0.0008 fm or 246 GeV[4].

4. Equation of state

After the determination of the LCP the equation of state can be calculated. Here the interaction
measure I, the pressure p, the energy density ε and the entropy s will be calculated. The derivation
of these quantities can be found in [11].

First the interaction measure has to be calculated. It can be expressed in terms of simple
observables

I =−N3
t

N3
s

mH

(
∂ lnZ
∂β

∂β

∂κ

dκ

dmH
+

∂ lnZ
∂λ

∂λ

∂κ

dκ

dmH
+

∂ lnZ
∂κ

dκ

dmH

)
(4.1)

=−N4
t mH

(
−6〈PPl〉

∂β

∂κ

∂κ

∂mH
−〈Q〉∂λ

∂κ

∂κ

∂mH
+8〈Lϕ〉

∂κ

∂mH

)
. (4.2)

The interaction measure can be expressed in simple derivatives of the partition sum Z. Since β is
constant the first term vanishes. Next the pressure has to be calculated. It is given as

p
T 4 = N4

t

∫ (κ,β ,λ )

(κ0,β0,λ0)
d(κ,β ,λ )

 1
NtN3

s


∂ lnZ
∂κ

∂ lnZ
∂β

∂ lnZ
∂λ


 (4.3)

= N4
t ∑−6∆β 〈PPl〉−∆λ 〈Q〉+8∆κ〈Lϕ〉. (4.4)

For renormalization the values of the zero temperature simulation are subtracted from the finite
temperature results. Since the simulation is done at a high energy it is not reasonable to assume
that the pressure vanishes for the smallest simulated energy to fix the integration constant. Instead
it was assumed that for the largest simulated energy the value of the pressure equals the Stefan-
Boltzmann-limit.

From the interaction measure and the pressure the energy and the entropy density can be
calculated as

ε

T 4 = I +
3p
T 4 (4.5)

s
T 3 =

ε

T 4 +
p

T 4 . (4.6)

The results for all four quantities are shon in figure 3 for three different lattice sizes.
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Figure 1: The LCP on a 324 lattice. The light red are indicates the 10% interval in which the values
are tuned. The grey are indicates the experimental error.
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Figure 2: The scale at which the LCP was simulated. The electroweak scale is 0.0008 fm.
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Figure 3: The results for the interaction measure I, the pressure p, the energy density ε and the
entropy s.
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5. Summary

In this work a preliminary result for an LCP trying to match the standard model at physical
higgs mass and the resulting equation of state for the interaction measure, the pressure, the energy
and entropy density were presented. The calculation were carried out in the SU(2)-Higgs-model.
The LCP was determined on a 324 lattice. The equation of state was calculated on the three lattice
sizes 163 × 2, 243 × 3 and 323 × 4. Larger lattices would be interesting. Therefore parameter
tuning to finer lattices are needed to be able to investigate the interesting region of the electroweak
transition. Also other ways to determine the values for tuning the LCP and an estimate for the error
resulting from using the SU(2)-Higgs-model are still under investigation.
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