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1. Introduction
The use of correlation matrix techniques [1, 2] to study the nucleon excited state spectrum has
seen a significant amount of recent activity, with lattice studies being performed in both the positive
parity [3, 4, 5, 6, 7] and negative parity [8, 9, 10] sectors. The underlying principle is to begin with
a sufficiently large basis of N operators (so as to span the space of the states of interest within the
spectrum) and construct an N × N matrix of cross correlation functions,
(1.1)

~x

We then solve a generalised eigenproblem to find the linear combination of interpolating fields,
N

N

φ̄ α = ∑ uαi χ̄i ,

φ α = ∑ vαi χi

i=1

(1.2)

i=1

such that φ α and φ̄ α couple to a single energy eigenstate (labelled by α) and the correlation matrix
is diagonalised,
β
(1.3)
vαi Gi j (t)u j = δ αβ zα z̄β e−mα t .
The left and right vectors are then used to define the eigenstate-projected correlators (after applying
the parity projection operators at ~p = 0),
α
α
vαi G±
i j (t)u j ≡ G± (t).

(1.4)

At this point we note that if the operator basis does not appropriately span the low-lying spectrum
Gα± (t) may contain a mixture of two or more energy eigenstates. There are a number of scenarios
in which this might occur:
• At early Euclidean times the number of states strongly contributing to the correlation matrix
may be (much) larger than the number of operators in the basis.
• There may be energy eigenstates present that do not couple or only couple weakly to the
operators used. In particular, it is well known that local 3-quark interpolating fields couple
poorly to multi-hadron scattering states.
• The nature of the operators selected may be such that it is not possible to construct a linear
combination with the appropriate structure to isolate a particular state.
It is important to have a strategy to ensure that one can accurately obtain eigenstate energies from
the correlation matrix. Now, even if a mixture of states is present, asymptotically Euclidean time
evolution will tend to isolate a single state,
t→∞

Gα± (t) = zα z̄α e−mα t .

(1.5)

Hence, the method we use is to construct effective masses of different states from the eigenstateprojected correlators and then analyse them in the usual way. As we will demonstrate, a careful χ 2
analysis to fit the single-state ansatz ensures a robust extraction of the eigenstate energies.
2
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Gi j (t,~p) = ∑ e−i~p.~x hΩ|T {χi (x)χ̄ j (0)}|Ωi.
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As described above, the choice of an appropriate operator basis is critical to obtaining the
complete spectrum of low-lying excited states. Recall that we can expand any radial function using
2
a basis of Gaussians of different widths f (|~r|) = ∑i ci e−εi r . This leads to the use of Gaussiansmeared fermion sources with a variety of widths [11], providing an operator basis that is highly
suited to accessing radial excitations. Indeed, the CSSM lattice collaboration has used this well
established technique [6, 9] in the calculation of the positive and negative parity nucleon excited
state spectra. It is the combination of Gaussian sources of different widths that allows for the
formation of the nodal structures needed to isolate the different radial excitations [12].
However, it has been shown that a basis consisting solely of three-quark operators has difficulty in detecting multi-particle scattering energy levels [10]. The coupling of three-quark baryon
operators to multi-particle states is strongly suppressed, leading us to consider the inclusion of interpolating fields that we expect to have substantial overlap with multi-particle meson-baryon type
states [8]. One possible solution is to explicitly include hadron-hadron type interpolators, as has
been done with mesons [13] by combining single-hadron operators with the relevant momentum.
This creates an operator that necessarily has a high overlap with the scattering state of interest,
enabling its extraction.
In this work we take a different approach, and instead aim to construct meson-baryon type interpolators without explicitly projecting momenta to investigate the role that the resulting operator
plays in the calculation of the nucleon spectrum. Using these operators we perform spectroscopic
calculations using a variety of bases containing both three- and five-quark operators. Examining the
resulting spectra provides us with an excellent opportunity to test the robustness of the variational
techniques employed.

2. Simulation Details
For this work we use the PACS-CS 2 + 1 flavour dynamical-fermion configurations [14] made
available through the ILDG [15]. These configurations use the non-perturbatively O(a)-improved
Wilson fermion action and the Iwasaki gauge action. The lattice size is 323 × 64 with a lattice
spacing of 0.0907 fm providing a physical volume of ≈ (2.90 fm)3 . β = 1.90, the light quark
mass is set by the hopping parameter κud = 0.13770 which gives a pion mass of mπ = 293 MeV,
while the strange quark mass is set by κs = 0.13640. Gauge-invariant Gaussian smearing [16] is
3
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Figure 1: The Feynmann diagrams present following the introduction of five-quark interpolating fields.
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employed at the source and sink which alters the overlap of the operator with the various states
in the spectrum. The source is inserted at ts = 16, while the variational analysis is done at t0 =
17 and dt = 3 which provides a good balance between systematic and statistical uncertainties.
Uncertainties are obtained via single elimination jackknife while a full covariance matrix analysis
provides χ 2 /do f which is utilized to select fits.
We make use of the following conventional three-quark nucleon operators,
χ1 = ε abc [uaT (Cγ5 ) d b ] uc ,

Utilising the Clebsch-Gordon coefficients to project to I = 1/2, I3 = +1/2, we can write down the
general form of our meson-baryon interpolating fields [17],

i
h

1 abc
χNπ (x) = √ ε
2 uTa (x) Γ1 d b (x) Γ2 d c (x) d¯e (x) γ5 ue (x)
2 3
h
i

− uTa (x) Γ1 d b (x) Γ2 uc (x) d¯e (x) γ5 d e (x)
h
i

Ta
b
c
e
e
+ u (x) Γ1 d (x) Γ2 u (x) ū(x) γ5 u (x) ,

(2.1)

providing us with two five-quark operators, denoted χ5 and χ50 which correspond to (Γ1 , Γ2 ) =
(Cγ5 , I) and (Γ1 , Γ2 ) = (C, γ5 ) respectively. Note, these transform negatively under parity, so we
multiply our five-quark operators by γ5 before constructing the correlation matrix.
We form seven operator bases by selecting different combinations of the four nucleon interpolating fields as outlined in the following table:
Basis Number

Operators Used

1
2
3
4
5
6
7

χ1 , χ2
χ1 , χ2 , χ5
χ1 , χ2 , χ50
χ1 , χ2 , χ5 , χ50
χ1 , χ5 , χ50
χ2 , χ5 , χ50
χ5 , χ50

The presence of creation quark fields in our annihilation interpolating field and vice-versa
leads to the requirement of calculating the loop propagators, present in the right-hand diagram of
Figure 1. There are a number of ways of dealing with such diagrams including distillation [18],
and the Laplacian Heaviside (LapH) smearing method [19]. Here we will stochastically estimate
inverse matrix elements fully diluting in spin, colour and time.
Throughout this work we employ two different levels of fermion source and sink smearing
to increase the basis size and provide access to radial excitations. We use ns = 35 and ns = 200
sweeps of smearing providing bases of sizes 4, 6 and 8.
4
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χ2 = ε abc [uaT (C) d b ] γ5 uc .
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3. Results

ns = 35 + 200
5

1
2
3
4
5
6
7

S-wave N + π + π
P-wave N + π

M(GeV)

4

→
→
→
→
→
→
→

χ1 + χ2
χ1 + χ2 + χ5
χ1 + χ2 + χ05
χ1 + χ2 + χ5 + χ05
χ1 + χ5 + χ05
χ2 + χ5 + χ05
χ5 + χ05
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Figure 2: Positive parity nucleon spectrum with various operator bases with 35 and 200 sweeps of smearing.
Horizontal solid lines are present to guide the eye and are drawn from the central value of the states in basis
4, since this basis is the largest.

The ground-state nucleon is observed in every basis regardless of the absence or presence of a
particular operator. In contrast, we see that χ1 is critical to the extraction of the first excited state,
a radial excitation of the ground state [12]. We see this state in bases 1 through 5, whereas bases 6
and 7 which lack χ1 do not observe this state.
Despite the use of 5-quark operators, states consistent with the P-wave Nπ or S-wave Nππ
scattering thresholds are absent. This is understood by noting that none of our operators have a
source of the back-to-back relative momentum necessary to observe the scattering states in this
channel.
The negative parity nucleon spectrum is presented in Figure 3. Again solid horizontal lines
have been added to guide the eye, having their values set by the states in basis number 4. Once
again, while changing bases effects whether or not we observe a given state, the extracted states
display an impressive level of consistency. In accord with previous studies [9, 20], we find that the
5

PoS(LATTICE2014)098

We now present the nucleon spectrum in the positive parity sector in Figure 2. The solid
horizontal lines therein have been added to guide the eye, having their values set by the states in
basis number 4, since this basis contains all the operators studied and hence possess the largest
span.
Of particular interest is the robustness of the variational techniques employed. While changing
bases may effect whether or not a particular state is seen, the energy of the extracted states is
consistent across the different bases, even though they contain qualitatively different operators.
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χ1 interpolating field is crucial for extracting the lowest negative parity resonance, associated with
the S11 (1535), as we do not observe this state when χ1 is absent as in bases 6 and 7.

ns = 35 + 200
6
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7
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χ1 + χ5 + χ05
χ2 + χ5 + χ05
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Figure 3: The negative parity nucleon spectrum with various operator bases using 35 and 200 sweeps of
smearing. Solid horizontal lines are present to guide the eye and are drawn from the central value of the
states in basis 4, since this basis is the largest. The variational parameters used herein are (t0 , dt) = (17, 3).

In contrast to the positive parity results, we do observe states that are consistent with the
scattering thresholds in the negative parity channel, specifically the S-wave Nπ (bases 5,6,7) and
P-wave Nππ (bases 3,4,5) thresholds. It is somewhat surprising that basis 4 fails to see the S-wave
Nπ scattering threshold, despite being the largest. It seems that the coupling to this scattering state
is low relative to the large spectral strength of the resonant states. We observe that a scattering
state is seen if (and only if) the χ50 operator is included, indicating that the presence of the vector
di-quark in the interpolator may play a significant role in scattering state excitation.
It is important to note that even after the introduction of operators that permit access to lowlying scattering states in the spectrum (such as in bases 5, 6 and 7) the energies of the higher
states in the spectrum are consistent, demonstrating the robustness of the variational techniques
employed.

4. Conclusion
We studied the excited state nucleon spectrum on a variety of bases including both standard
3-quark operators and local multi-particle operators. We find that fitting a single-state ansatz to the
effective masses of the eigenstate projected correlators results in a robust extraction of the spectrum
in both the positive and negative parity channels. While the selection of states that were observed
6
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varied between bases, when a given state was seen the extracted energy agreed across qualitatively
different bases.
An important feature of our negative parity results is that the energies of the resonance states
extracted are consistent across all bases in which the state is observed, regardless of the presence
(or not) of a lower-lying scattering threshold state in the correlation matrix analysis. This study
demonstrates that (by using the techniques described) one does not need to have access to the
scattering states to reliably extract resonant state energies.
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