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model). We propose a practical way of calculating meson screening masses in the NJL-type
effective models. The method based on the Pauli-Villars regularization solves the well-known
difficulty that the evaluation of screening masses is not easy in the NJL-type effective models.
The method is applied to analyze temperature dependence of pion screening masses calculated
with state-of-the-art lattice simulations with success in reproducing the lattice QCD results. We
predict the temperature dependence of pole mass by using EPNJL model.
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1. Introduction
Meson masses are not only fundamental quantities of hadrons but also a key to know properties
of quantum chromodynamics (QCD) vacuum. At finite temperature (T ), we can define two kinds
of meson masses, pole and screening mass. Meson pole masses are one of the possible observables
in the heavy ion collisions. Screening masses of light mesons are essential for the range of the
nuclear force. Accordingly, it is necessary to construct the effective model for calculating pole and
screening mass simultaneously.

Constructing the effective model is an approach complementary to the first-principle LQCD
simulation. In contrast to LQCD simulations, meson pole masses are extensively investigated at
finite T by the Nambu–Jona-Lasinio (NJL) model [2, 3], the Polyakov-loop extended Nambu–JonaLasinio (PNJL) model [4]. However, only a few trials were made so far for the evaluation of meson
screening masses Mξ ,scr [2, 3]; here ξ means a species of mesons. The model calculations have
essentially two problems. One problem is that the NJL-type models are nonrenormalizable and
hence the regularization is needed in the model calculations. The regularization commonly used is
the three-dimensional momentum cutoff. The momentum cutoff breaks Lorentz and translational
invariance, thereby the spatial correlation function ηξ ξ (r) has an unphysical oscillation [3]. This
makes the determination of Mξ ,scr quite difficult, since Mξ ,scr is defined from the exponential decay
of ηξ ξ (r) at large distance (r):
d ln ηξ ξ (r)
.
r→∞
dr

Mξ ,scr = − lim

(1.1)

Another problem is the feasibility of numerical calculations. In the model approach, ηξ ξ (r) is
first obtained in the momentum (⃗q) representation χξ ξ (0,⃗q2 ). In the Fourier transformation to the
coordinate representation (r = |⃗x|),

ηξ ξ (r) =

∫

d3q
1
χξ ξ (0,⃗q2 )ei⃗q·⃗x = 2
3
(2π )
4π ir

∫ ∞
−∞

d q̃ q̃χξ ξ (0, q̃2 )eiq̃r .

(1.2)

The integrand is slowly damping and highly oscillating particularly at large r where Mξ ,scr is defined. This requires heavy numerical calculations. It was then proposed that the contour integral
was made in the complex-q̃ plane [3]. However, the contour integral is still hard to do because of
the presence of the temperature cuts in the vicinity of the real axis [3]; see the left panel of Fig. 1,
where note that ε is an infinitesimal quantity.
In this talk, we propose a new formalism for calculating screening mass and discuss the possibility of the prediction for pole mass from screening mass by using effective model. This talk is
based on the paper [5].
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In lattice QCD(LQCD), meson pole (screening) masses are calculated from the exponential
decay of temporal (spatial) mesonic correlation functions. LQCD simulations are more difficult for
pole masses than for screening masses, since the lattice size is smaller in the time direction than in
the spatial direction. This situation becomes more serious as T increases. For this reason, meson
screening masses were calculated in most of the LQCD simulations. Recently, a state-of-the-art
calculation was done for meson screening masses in a wide range of T < 800 MeV [1]
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2. Formalism
The Lagrangian density of the two-flavor EPNJL model [6] is defined as
L = q̄(iγν Dν − m0 )q + Gs (Φ )[(q̄q)2 + (q̄iγ5⃗τ q)2 ] − U (Φ [A], Φ̄ [A], T )

(2.1)

with the quark field q, the current quark mass m0 and the isospin matrix ⃗τ . The coupling constant
Gs (Φ ) of the four-quark interaction depends on the Polyakov loop Φ as
(
)]
[
Gs (Φ ) = Gs 1 − α1 Φ Φ̄ − α2 Φ 3 + Φ̄ 3 ,
(2.2)
where Dν = ∂ ν + iAν with Aν = δ0ν g(A0 )a λa /2 = −δ0ν ig(A4 )a λa /2 for the gauge field Aνa , the
Gell-Mann matrix λa and the gauge coupling g. When α1 = α2 = 0, the EPNJL model is reduced
to the PNJL model [4].
In the EPNJL model, only the time component of Aµ is treated as a homogeneous and static
background field, which is governed by the Polyakov-loop potential U . The Polyakov loop Φ and
its conjugate Φ̄ are then obtained in the Polyakov gauge by

Φ̄ = 31 trc (L∗ )

Φ = 31 trc (L),

(2.3)

22 33
ii
with L = exp[iA4 /T ] = exp[idiag(A11
4 , A4 , A4 )/T ] for the classical variables A4 satisfying that
11
22
33
A4 + A4 + A4 = 0. For zero chemical potential, Φ equals to Φ̄ . Hence it is possible to set A33
4 =0
3Φ −1
22
11
−1
and determine the others as A4 = −A4 = cos ( 2 )T . We use the logarithm-type Polyakovloop potential U of Ref. [7], but refit the parameter T0 to reproduce the chiral phase transition
temperature Tc because the original value of T0 is set to 270 MeV which is the deconfinement
transition temperature in the pure gauge limit.
Making the mean field approximation to (2.1) and the path integral over the quark field, one
can get the thermodynamic potential (per unit volume) as
∫
d3 p [
1
Ω = UM + U − 2Nf
3E p + ln [1 + 3(Φ + Φ̄ e−β E p )e−β E p + e−3β E p ]
3
(2π )
β
]
1
+ ln [1 + 3(Φ̄ + Φ e−β E p )e−β E p + e−3β E p ]
β
(2.4)

3
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Fig. 1: Singularities of χξ ξ (0, q̃2 ) in the complex-q̃ plane based on the previous formulation [3] (left) and
the present formulation (right). Cuts are denoted by the wavy lines and poles by the points.
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√
with β = 1/T , M = m0 − 2Gs (Φ )σ , E p = ⃗p2 + M 2 , and UM = Gs (Φ )σ 2 . Here, σ means chiral
condensate ⟨q̄q⟩. Nf is the number of flavors. We determine the mean field variables (X = σ , Φ , Φ̄ )
from the stationary conditions for Ω ,
∂Ω
=0.
(2.5)
∂X
Since the momentum integral of (2.4) diverges, we use the Pauli–Villars (PV) regularization [3,
8]. In the scheme, the integral I(M, q) is regularized as
2

∑ Cα I(Mα , q),

(2.6)

α =0

where M0 = M and Mα (α ≥ 1) are masses of auxiliary particles. The parameters Mα and Cα should
satisfy the condition ∑2α =0 Cα = ∑α2 =0 Cα Mα2 = 0. We then assume (C0 ,C1 ,C2 ) = (1, 1, −2) and
(M12 , M22 ) = (M 2 + 2Λ 2 , M 2 + Λ 2 ). We keep the parameter Λ finite even after the subtraction (2.6),
since the present model is nonrenormalizable. The parameters taken are m0 = 6.3 MeV, Gs = 5.0
GeV−2 and Λ = 0.768 GeV. This parameter set reproduces the pion decay constant fπ = 93.3 MeV
and the pion mass Mπ = 138 MeV at vacuum.
We derive the equations for pion and sigma-meson masses, following Ref [4]. We consider
currents with the same quantum number as pion (P) and sigma-meson (S),
(2.7)
JP a (x) = q̄(x)iγ5 τ a q(x) , JS (x) = q̄(x)q(x) − ⟨q̄(x)q(x)⟩.
(
)
The Fourier transform of the mesonic correlation function ηξ ξ (x) ≡ ⟨0|T Jξ (x)Jξ† (0) |0⟩ is

χξ ξ (q ) = i
2

∫

(
)
d 4 x eiq·x ⟨0|T Jξ (x)Jξ† (0) |0⟩,

(2.8)

where ξ = Pa for pion and S for sigma meson and T stands for the time-ordered product. Using the
random-phase (ring) approximation, one can obtain χξ ξ as follows,

χξ ξ =

Πξ ξ
,
1 − 2Gs (Φ )Πξ ξ

(2.9)

where the one-loop polarization function Πξ ξ is explicitly obtained by

ΠSS = 2iNf [I1 + I2 − (q2 − 4M 2 )I3 ] , ΠPP = 2iNf [I1 + I2 − q2 I3 ],

(2.10)

with
∫

∫
]
]
1
1
d4 p [
d4 p [
tr
,
I
=
tr
,
c
c
2
(2π )4
p′2 − M 2
(2π )4
(p′ + q)2 − M 2
∫
]
d4 p [
1
I3 =
,
tr
c
(2π )4
{(p′ + q)2 − M 2 }(p′2 − M 2 )

I1 =

(2.11)
(2.12)

Here, q2 = q20 −⃗q2 and p′ = (p0 + iA4 ,⃗p). trc means the trace of color matrix. For finite T , the
corresponding equations are obtained by the replacement
p0 → iωl = i(2l + 1)π T ,

∫

4

∞
d4 p
→
iT
∑
(2π )4
l=−∞

∫

d3 p
.
(2π )3

(2.13)
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I reg (M, q) =
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The meson pole mass Mξ ,pole is a pole of χξ ξ (q20 ,⃗q2 ). Taking the rest frame q = (q0 ,⃗0) for
convenience, one can get the equation for Mξ ,pole as
]
[
1 − 2Gs (Φ )Πξ ξ (q20 , 0) q =M
(2.14)
= 0.
0

ξ ,pole

reg
I3,vac (0, q̃2 )

[
(
)]
2Mα
−iNc 2
2
Cα ln Mα + fvac
,
=
16π 2 α∑
q̃
=0

(2.15)

∫ ∞
[
]
iNc 2
=
d|⃗p| ftem (|⃗p|, q̃) F + (E p ) + F − (E p ) ,
(2.16)
Cα
∑
2
16π α =0
0
(√
)
(
)
√
2 +1
1
+
x
1 |⃗p|
(q̃ − 2|⃗p|)2 + ε 2
2
fvac (x) = 1 + x ln √
, ftem (|⃗p|, q̃) =
ln
, (2.17)
E p q̃
(q̃ + 2|⃗p|)2 + ε 2
1 + x2 − 1

reg
I3,tem (0, q̃2 )

where F± are the Fermi distribution functions. F± are defined as
F ± (E p ) =

1
1 Nc
.
∑
Nc i=1 e(E p ±iAii4 )/T + 1

(2.18)

In (2.17), the ε 2 term is added to make the |⃗p| integral well defined at q̃ = ±2|⃗p|, but this requires
the limit of ε → 0.
As shown in the left panel of Fig. 1, fvac (2Mα /q̃) and ftem (|⃗p|, q̃) have the vacuum and temperature cuts in the complex q̃ plane, respectively. In (1.2), the cuts contribute to the q̃ integral in
addition to the pole at q̃ = iMξ ,scr defined by
[
]
1 − 2Gs (Φ )Πξ ξ (0, q̃2 ) q̃=iM = 0.
(2.19)
ξ ,scr

It is not easy to evaluate the temperature-cut contribution, since in (1.2) the integrand is slowly
damping and highly oscillating with q̃ near the real axis in the complex q̃ plane. Furthermore we
have to take the limit of ε → 0 finally. In order to avoid this problem, we integrate about p in (2.13)
reg
before taking Matsubara summation ∑l . Consequently, we can rewrite I3 as an infinite series of
analytic function,


q̃
Nc ∞
2
iT
reg
I3 (0, q̃2 ) =
(2.20)
∑ ∑ ∑ Cα sin−1  √ q̃2 2 2 ,
4π q̃ i=1
l=−∞ α =0
+M
4

√

where
Mi,l,α (T ) =

Mα2 + {(2l + 1)π T + Aii4 }2 .

i,l,α

(2.21)

We have numerically checked that the convergence of l summation is quite fast in (2.20). Each
reg
term of I3 (0, q̃2 ) has only two cuts starting from ±2iMi,l,α on the imaginary axis in the complex q̃
5
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The method of calculating meson pole masses is well established in the PNJL model [4].
The meson screening mass Mξ ,scr defined with (1.1) is obtained by making the Fourier transform of χξ ξ (0, q̃2 ) as shown in (1.2). In the previous formalism [3], however, the procedure rereg
reg
quires heavy numerical calculations in the I3 part, as shown below, where I3 means a function
after the PV regularization. Taking the l summation before the p integral in (2.13), one can describe
reg
reg
reg
I3 (0, q̃2 ) as the sum of the vacuum and temperature parts, I3,vac and I3,tem , defined by
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3. Numerical Results
The pion screening mass Mπ ,scr obtained by state-of-the-art 2+1 flavor LQCD simulations [1]
is now analyzed by the present two-flavor EPNJL model simply, since pion is composed of u and
d quarks. This is a quantitative analysis, because the finite lattice-spacing effect is not negligible
in the simulations. The chiral transition temperature is evaluated as Tc = 196 MeV in the simulations [1], although it becomes Tc = 154 ± 9 MeV in finer 2+1-flavor LQCD simulations [9]
close to the continuum limit. Therefore, we rescale the LQCD results of Ref. [1] with multiplying
them by the factor 154/196 to reproduce Tc = 154 ± 9 MeV. The model parameters, m0 and T0 ,
are refitted to reproduce the rescaled 2+1 flavor LQCD data, i.e., Mπ = 175 MeV at vacuum and
Tc = 154 ± 9 MeV; the resulting values are m0 = 10.3 MeV and T0 = 156 MeV. The variation of
m0 from the original value 6.3 to 10.3 MeV little changes σ and Φ .
As shown in Fig. 2, the Mπ ,scr calculated with the EPNJL model (solid line) well reproduces
the LQCD result (open circles), when α1 = α2 = 0.31. In the PNJL model with α1 = α2 = 0, the
model result (dotted line) largely underestimates the LQCD result, indicating that the entanglement
is important. The dashed line denotes the sigma-meson screening mass Mσ ,scr obtained by the
EPNJL model with α1 = α2 = 0.31. The solid and dashed lines are lower than the threshold mass
2Mi=1,l=0,α =0 (dot-dashed line). This guarantees that the Mπ ,scr and Mσ ,scr determined from the
location of the single pole in the complex-q̃ plane agree with those from the exponential decay of
ηξ ξ (r) at large r. The chiral restoration takes place at T = Tc = 154 MeV, since Mπ ,scr = Mσ ,scr
there. After the restoration, the screening masses rapidly approach the threshold mass and finally
2π T . The threshold mass is thus an important concept to understand T dependence of screening
masses.
Finally, we predict the T dependence of pole mass Mξ ,pole for pion and sigma-meson with
EPNJL model (Fig. 3). At low temperature (T < Tc ), the T dependence of Mξ ,pole and Mξ ,scr are
almost same in the pion and sigma-meson because Lorentz symmetry is preserved approximately.
Around Tc , pion and sigma-meson masses agree with each other and chiral symmetry restoration
takes place at the same temperature Tc for pole and screening mass. These indicate that at low temperature (T ≲ Tc ) we can predict the T dependence of Mξ ,pole from that of Mξ ,scr simply. Above Tc ,
however, the difference between Mξ ,pole and Mξ ,scr gets larger as temperature increases. Therefore,
above Tc , it is necessary that we should use the effective model to predict the pole mass from the
lattice QCD results of screening mass.
6
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plane. The cuts are shown in the right panel of Fig. 1. The lowest branch point is q̃ = 2iMi=1,l=0,α =0 .
Hence 2Mi=1,l=0,α =0 is regarded as “threshold mass” in the sense that the meson screening-mass
spectrum becomes continuous above the point.
If Mξ ,scr < 2Mi=1,l=0,α =0 , the pole at q̃ = iMξ ,scr is well isolated from the cut. Hence one
can take the contour (A→B→C→D→A) shown in the right panel of Fig. 1. The q̃ integral of
q̃χξ ξ (0, q̃2 )eiq̃r on the real axis in (1.2) is then obtained from the residue at the pole and the line
integral from point C to point D. The former behaves as exp[−Mξ ,scr r]/r at large r and the latter as
exp[−2Mi=1,l=0,α =0 r]/r. The behavior of ηξ ξ (r) at large r is thus determined by the pole. One can
then determine the screening mass from the location of the pole in the complex-q̃ plane without
making the q̃ integral. In the high-T limit, the condition tends to Mξ ,scr < 2π T .
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4. Summary
We have proposed a practical way of calculating meson screening masses Mξ ,scr in the NJLtype models. This method based on the PV regularization solves the well-known difficulty that the
evaluation of Mξ ,scr is not easy in the NJL-type effective models. In the previous formalism [3],
the vacuum and temperature cuts appear in the complex-q̃ plane. The contributions to the mesonic
correlation function are partially canceled in the present formalism. The branch point of the resultant cut can be regarded as the threshold mass. The pion and sigma-meson screening masses
rapidly approach the threshold mass 2Mi=1,l=0,α =0 (T ) after the chiral restoration. We propose the
prediction for pole mass from screening mass by using EPNJL model.
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Fig. 2: T dependence of pion and sigma-meson Fig. 3: T dependence of screening and pole mass in
screening masses, Mπ ,scr and Mσ ,scr .
pion and sigma-meson.

