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1. Introduction

In SU(Nc) gauge theory, there is a transition between the chirally-broken and the infrared-
conformal systems at a particular number of fermion flavors, N f = N(c)

f . Theories with N f slightly

below N(c)
f may develop nearly-conformal behavior. They can be used to construct models for

dynamical electroweak symmetry breaking. For SU(2) gauge theories, the case of N f = 6 has been
shown to be chirally-broken [1]. A natural choice to approach N(c)

f , therefore, is N f = 8. There
have been some studies of SU(2) gauge theory with N f = 8 [2, 3], but no concrete conclusion was
made for the existence of an infrared fixed point.

Phase structure study serves as the first step for understanding a theory. It provides vital
information for performing lattice calculations. Furthermore, discoveries of new bulk phase struc-
ture [4] can appear in such process. Also, as conjectured in Ref. [5], properties of a gauge theory
with many flavors in the strong bare-coupling regime may reveal its possible conformal behavior
in the continuum limit.

In this article we present preliminary results of the work on the bulk phase structure for the case
of N f = 8. We use unimproved staggered fermions and the plaquette gauge action. Currently, we
employ isotropic lattices and impose periodic boundary conditions in four directions for both gauge
bosons and fermions. The smallest/largest bare fermion mass (m f ) and lattice volume analyzed so
far are 0.005/0.015 and 64/244 (preliminary), respectively. Gauge configurations are saved every
ten HMC-trajectories.

2. The phase structure study and results

First, we measure plaquettes to identify the bulk phase transition. Then, smeared Polyakov
loops are used to study the transition regarding confinement. In the final subsection, we present the
eigenvalue density of the Dirac operator and investigate the chiral phase structure.

2.1 The plaquette

We define P by averaging over all the plaquettes on µν-planes (µ < ν), normalized with the
number of colors, Nc. As shown in Fig. 1, the discontinuity of 〈P〉 around β ∼ 1.4 (β = 4/g2,
where g is the bare-coupling) indicates a phase transition. The detail near the transition is given in
Fig. 2, where we observe no clearly-visible volume dependence when N is larger than 12 for N4-
lattice. This suggests that the phase transition is non-thermal. We perform cold-start and hot-start
simulations, as well as the hysteresis study, to determine the order of this transition. As shown in
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Fig. 1: The β -dependence of 〈P〉 for m f = 0.005 in the volume 84.
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Fig. 2: The detail of 〈P〉 versus β in the five volumes for m f = 0.010 (left) and m f = 0.015 (right).
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Fig. 3: The HMC-histories of P near the phase boundary for hot-start simulation at β =1.387 (left) and the hysteresis
study at β =1.389 (right). Here m f = 0.005 and the volume is 84.

the left panel of Fig. 3, the HMC-histories for hot-start simulation give indications of tunnelings
near the phase boundary. In the hysteresis study, we increase/decrease β by 0.001 every 100 trajec-
tories. Between 1.375≤ β ≤ 1.4 thirteen points are chosen, for which we continue the simulation
after the adiabatic procedure. As shown in the right panel of Fig. 3, the first 500 to 600 trajectories
of the histories present evidence for coexistence of two states. This indicates that the bulk transition
can be weakly first order, where further verifications are needed.

2.2 Smeared Polyakov loops

We measure Polyakov loops, Li (i = x,y,z, t), with APE smearing. To avoid finite-volume
effects, we choose the smearing step (N−2) for N4-lattice. Since there is no preferred direction
for the isotropic lattices, the results of Li shown in this work are the exemplary cases which best
present the phase transition concerning confinement. Figure 4 shows 〈Li〉 as a function of β near
the phase transition point. The discontinuity of 〈Li〉 separates the confining phase, where 〈Li〉 ' 0,
and the deconfining regime, in which 〈Li〉 < 0. Figure 5 presents the HMC-histories of Li. The
fluctuation of Ly is small in the symmetric phase while there are indications of tunnelings around
the phase transition point. After the center symmetry is broken, Ly and Lx tunnel between the two
vacua at β = 1.6 and 1.8, respectively. As shown in Fig. 6, the distribution of Ly is symmetric in the
confining phase. The skewed distribution in the deconfining regime at β = 1.6 tends to smooth out
the phase boundary. This can lead to difficulties for identifying the order of the transition. Pursuing
a better way to determine it, we turn to a method inspired by the constraint effective potential.
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Fig. 4: The detail of the β -dependence of 〈Lx〉 for m f = 0.010 (left) and 〈Lz〉 for m f = 0.015 (right) in the four volumes.
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Fig. 5: The HMC-histories of Ly at β = 1.45 (top left), β = 1.48 (top right), β = 1.6 (down left) and Lx at β = 1.8
(down right) for m f = 0.010 and the volume 164. Evidence of tunnelings is observed for the case of β = 1.48.

 0

 200

 400

 600

-1.2 -0.8 -0.4  0  0.4  0.8  1.2

#
 o

f 
d
a
ta

Ly

β1.45

 0

 100

 200

 300

-1.2 -0.8 -0.4  0  0.4  0.8  1.2

#
 o

f 
d
a
ta

Ly

β1.6

Fig. 6: The distributions of Ly at β = 1.45 (left) and β = 1.6 (right) for m f = 0.010 and the volume 164. We have
performed the bootstrap method to estimate the error of the distributions.

2.3 The constraint effective potential

Let us first consider a single scalar field theory. The constraint effective potential (CEP),
Vc(φc), is defined through [6]

e−ΩVc(φc) = const.
∫

Dφ e−S[φ ][δ (φ0−φc)], (2.1)
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where φ0 is the zero four-momentum mode of the field, and Ω ≡
∫

d4x. It can be shown that [6],
in the infinite volume limit (Ω→ ∞) the CEP is identical to the effective potential. In numerical
simulations, one can obtain the CEP by investigating the histogram for the zero modes of the scalar
fields.

Inspired by the CEP discussed above, we study the vacuum structure around the phase transi-
tion point by making the histogram for Li (We have fixed the bin size, ∆L = 0.02, for all datasets):

V ′c(Li) =− ln(N)+C, (2.2)

with V ′c(Li) the CEP-inspired potential, N the number of data points between Li and Li +∆L, and C
depending on both the total number of configurations in a particular dataset and ∆L. Near the phase
boundary a double-well potential indicates that the transition is first order. On the other hand, a
gradually-broadened one, in principle, corresponds to a second order phase transition. Figure 7
presents V ′c(Ly) at various choices of β . The value of Ly which corresponds to the minimum of the
potential moves away from zero as β increases. At β = 1.48, the shape of the potential is different
from the others: It is neither perfectly symmetric nor skewed-and-asymmetric. We infer that, at
this point the simulation is very close to the phase boundary. Combining this observation with the
study of the HMC-histories, where tunnelings happened, we conclude that the transition may be
weakly first order.
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Fig. 7: The CEP-inspired potential for Ly at m f = 0.010 and volume 164 for β = (1.45, 1.48, 1.6, 1.8). The bin size ∆L
is 0.02 in the histogram procedure. We have shifted V ′c (Ly) along the V ′c -axis to make the minimum of the potentials to
be the same.

2.4 The Dirac operator eigenvalue spectrum

We study the Dirac operator eigenvalue spectrum as the first step to computing the chiral
condensate [7, 8, 9]

〈ψ̄ψ〉= lim
m→0

lim
V→∞

[−πρ(λ = 0)], (2.3)

where ρ(λ ) is the eigenvalue density in finite volumes. What follow are the preliminary results
for both β -dependence and volume-dependence of ρ(λ ). Figure 8 shows examples for non-zero
ρ(0) (gap) at the smaller β , which corresponds to non-vanishing condensate in the finite volume.
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As illustrated in Figs. 9 and 10, the volume dependence of the gap increases as β becomes larger,
while it decreases when enlarging the volume for a fixed β .

There are two possible explanations for the onset of zero/non-zero gap in Fig. 10. The volume
dependence we observed can be consistent with a bulk phase transition. However, presently we are
unable to exclude the possibility that the chiral-symmetry restoration is due to finite volume effects.
Now, if the former is the case, there are two transitions regarding confinement and chiral symmetry
breaking, and their phase boundaries are nearly-overlapped. In order to clarify the nature of the
chiral phase transition, we need further investigations.

 0

 0.02

 0.04

 0.06

 0.08

 0  0.02  0.04  0.06  0.08

ρ(
λ)

eigenvalue λ

m
f
 = 0.010

β1.425
β1.450
β1.475
β1.480
β1.500
β1.550

 0

 0.02

 0.04

 0.06

 0  0.02  0.04  0.06  0.08

ρ(
λ)

eigenvalue λ

m
f
 = 0.015

β1.475
β1.500
β1.530
β1.550
β1.600

Fig. 8: The β -dependence of ρ(λ ) in volume 164 for m f = 0.010 (left) and 0.015 (right).
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Fig. 9: The volume dependence of ρ(λ ) at m f = 0.010 for β = 1.4 (left) and 1.425 (right).
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Fig. 10: The volume dependence of ρ(λ ) at m f = 0.015 for β = 1.475 (left) and 1.5 (right).

3. Conclusion and outlook

We have probed the phase structure of the SU(2) lattice gauge theory with N f = 8, which
is a potential candidate for walking technicolor [10, 11, 12]. One bulk transition, which can be
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weakly first order, is identified through measuring the plaquette. The weakly first order confining-
deconfining phase transition is discerned by using smeared Polyakov loops. We also observed a
chiral phase transition in our preliminary investigation for the Dirac operator eigenvalue spectrum.
However, we need more detailed analysis to determined the nature of this transition.

One can analyze the susceptibility for the plaquette and its volume dependence to confirm the
order of the bulk transition. To extract 〈ψ̄ψ〉, one needs to compute the chiral condensate in finite
volumes at non-vanishing fermion masses and compare the results with the predictions from chiral
Random Matrix Theory. These will be carefully studied and reported in our future publications.
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