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Introduction

Lattice Set-Up
We impose orbifold boundary conditions on the extra dimension following [3, 8]. One first
considers a gauge theory constructed on a five-dimensional periodic Euclidean lattice T ×L3 ×2N5 ,
where T refers to the temporal extent of the lattice, L to the spatial extent and N5 to the extent of the
extra dimension. We denote the lattice spacing as a and label the coordinates of the lattice points via
a set of integers n ≡ {nM }. In what follows, µ is used to index the standard four dimensions. The
gauge field is defined as the set of gauge links {U(n, M) ∈ SU(2)} that connect neighbouring lattice
points. The orbifolding of the extra dimension is then achieved by a combination of a reflection R
and group conjugation Tg , hence leading us to the orbifolding condition
(1 − RT g )U(n, M) = 0 ,

(1)

which is essentially a Z2 projection of the gauge links. The reflection operation acts on both the
lattice points
n̄ ≡ Rn = (nµ , −n5 ) ,
(2)
and the gauge links
RU(n, µ) = U(n̄, µ) , RU(n, 5) = U † (n̄ − 5̂, 5) .
2

(3)
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The recent discovery of a scalar particle around 125 GeV at the LHC has all but confirmed
the existence of the Higgs mechanism, rendering the Standard Model of particle physics complete
[1, 2]. However, the origin of this mechanism is, as of yet, unknown and the arbitrary nature of
the required fine tuning of parameters suggests that a more fundamental process is at work. One
exciting explanation is that of Gauge-Higgs Unification (GHU), in which space-time is extended to
include compactified extra-dimensions and the Higgs field is identified with the extra-dimensional
components of the gauge field. When the extra-dimensional space is not simply connected, spontaneous symmetry breaking (SSB) of the vacuum is induced dynamically solving the aforementioned
fine tuning problem.
The GHU model discussed here is that of a five-dimensional SU(2) gauge theory where the
extra dimension is compactified on an S1 /Z2 orbifold. At the fixed points of the orbifold, the
gauge group is broken down to U(1) and the theory exhibits SSB [3] in accordance with Elitzur’s
theorem [4], via the spontaneous breaking of the so-called stick symmetry [5, 6]. A significant
feature of this theory is that is exhibits SSB without the presence of fermionic degrees of freedom,
which are required perturbatively by the Hosotani mechanism [7]. We label our five-potential AM ,
where M = 0, 1, 2, 3, 5, corresponding to the usual four dimensions and an extra fifth dimension.
3
The A1,2
5 components of the gauge field are identified with a Higgs-like complex scalar and the A5
component is identified with a Z-like vector boson.
Clearly, since we are working in five dimensions, the theory is non-renormalisable. However,
since we can scan the phase diagram in a non-perturbative fashion, it is possible to probe the system
in the vicinity of a bulk phase transition where a scaling regime with suppressed cut-off effects may
exist.
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Figure 1: Sketch of the orbifold lattice and the gauge links: boundary U(1) links are red, hybrid five-dimensional
SU(2) links sticking to the boundaries are magenta and bulk SU(2) links are blue.

The group conjugation acts solely on the gauge links
TgU(n, M) = gU(n, M)g−1 ,

(4)

where g is a constant SU(2) matrix such that g2 ∈ Z(SU(2)). We choose g = −iσ 3 , and in accordance with gauge invariance, the gauge group is broken down to U(1) at the fixed points of the
orbifold (n5 = 0, N5 ). The theory is now defined in the domain I = {nµ , 0 ≤ n5 ≤ N5 } corresponding
to Figure 1. We perform our study using a five-dimensional anisotropic Wilson action
"
#


β
1
orb
SW = ∑
(5)
∑ w tr 1 −Uµν (nµ ) + γ ∑ tr 1 −Uµ5 (nµ ) ,
2 nµ γ µ<ν
µ
where w = 1/2 for plaquettes, Uµν , living at the fixed points of the orbifold and w = 1 otherwise.
The anisotropy parameter γ = a4 /a5 in the classical continuum limit, where a4 denotes the lattice
spacing in the usual four dimensions and a5 denotes the lattice spacing along the extra dimension.
As depicted in Figure 1, there are three types of gauge links: four-dimensional U(1) links residing
at the fixed points of the orbifold, bulk SU(2) links and extra dimensional links which have one
end at a fixed point and the other in the bulk; these so-called hybrid links gauge transform as
U → ΩU(1)UΩ†SU(2) at the left boundary (n5 = 0) and U → ΩSU(2)UΩ†U(1) at the right boundary
(n5 = N5 ).

Mass Extraction
We obtain spectral information from two-point correlation functions
Ci j (t) = hOi (t)O †j (0)i − hOi (t)ihO †j (0)i ,
3

(6)
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n5= 0
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where O †j (0) and Oi (t) are interpolating operators that create and annihilate a state respectively.
After inserting a complete set of eigenstates of the Hamiltonian, the two-point function becomes
Ci j (t) ∼ ∑ e−Ent ,

(7)

n

Ci j (t)vnj = λ n (t,t0 )Ci j (t0 )vnj ,

(8)

where Ci j (t) is given by equation (6), and n = 1, 2, . . . , N, where N is the number of interpolating
operators used in (6). The solution procedure yields a set of eigenvalues {λ n (t,t0 )}, ordered such
that λ 1 (t,t0 ) > λ 2 (t,t0 ) > · · · > λ N (t,t0 ), and a corresponding set of eigenvectors {vnj } for each
t and reference time-slice t0 . At large enough values of t, the eigenvalues are proportional to
e−En (t−t0 ) . Hence, the energy, En , of state n can be extracted via
men f f

λ n (t,t0 )
≡ at En = ln
λ n (t + 1,t0 )



,

(9)

at large enough values of t, where men f f is known as the effective mass of state n.
Of course, the quality of spectroscopic extraction will depend on the type and number of
interpolating operators used in a given channel. In the scalar (Higgs) channel we use two different
types of operator: tr{P} and a fundamentally Higgs-like operator tr{Φ(nµ )Φ† (nµ )}, where the
Higgs field Φ ig given by



1
†
Φ(nµ ) =
(P(nµ ) − P (nµ )) , g ,
4N5

(10)

and P is the orbifold projected Polyakov loop around the extra dimension. In the vector (Z boson)
channel we also construct two types of interpolating operator. The first of these is given by
tr{Zk } =

1
∑ tr{gUk (nµ , k)α(nµ + ak̂)U † (nµ , k)α(nµ )} ,
L3 n1 ,n
2 ,n3

(11)

p
where we are using the SU(2) projected Higgs field α(nµ ) = Φ(nµ )/ det(Φ(nµ )) as the basic
building block. We construct the second vector operator in a similar fashion, except that this time
we take the orbifold projected Polyakov line, l(nµ ), as our basic building block,
tr{Z̃k } =

1
∑ tr{gl † (nµ )U(nµ , k)|n5 =0 l(nµ + ak̂)U † (nµ , k)|n5 =N5 } .
L3 n1 ,n
2 ,n3

(12)

We further increase our basis of operators in each channel through the use of two smearing
techniques. Firstly, we smear the gauge links i times using hypercubic smearing (HYP) [11]. We
4
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where En is the energy of the nth state and the sum is over a discrete set of states due to the finite
volume.
In order to maximise the spectroscopic information we can extract from the two-point functions, we employ a variational technique [9, 10] which amounts to solving a generalised eigenvalue
problem
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Figure 2: Phase diagram of the orbifold (N5 = 4) in the (β4 , β5 ) lattice gauge coupling plane. Data from the Monte
Carlo phase transition (black circles) are superimposed onto the coloured phases determined from the mean-field background. The broken line represents values where the bare anisotropy γ = 1. The colour coding of the phases is explained
in the text.

then construct Polyakov loops from the HYP smeared links, Pi (nµ ), and apply j levels of an APElike smearing to them,
Pi j (nµ ) = (1 − c)Pi( j−1) (nµ ) +

c
6

∑

U(nµ , n0µ )Pi( j−1) (n0µ )U † (nµ , n0µ ) ,

(13)

n0 =n00
|~n−~n0 |=a

creating Polyakov loops of various smearing levels, Pi j (an SU(2) projection step is preformed
after each iteration j). We use the resulting Polyakov loops for various values of i and j in the
construction of the operators described above, increasing our operator basis significantly.

Phase Diagram
This theory has three parameters; the gauge coupling β , the anisotropy, γ, which is a measure
of the ratio of the lattice spacing in the four dimensions to that in the fifth dimension, and the
extent of the extra dimension, N5 . In what follows we will fix the parameter N5 = 4. In Figure
2 we show the phase diagram calculated from the mean-field background following [12]. The
phase coloured red is the confined phase where the mean field background is zero everywhere. The
deconfined (Higgs) phase is coloured white and it corresponds to a non-zero mean field background
everywhere. The blue phase is known as the layered phase having a non-zero background within
a 4-d hyperplane and a zero background along the extra dimension. The grey band represents a
5
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Figure 3: The left (right) panel shows the mass of the Higgs-like (Z-like) boson along the isotropic line for
N5 = 4 in units of the radius of the extra dimension. The colour coding represents the extent of the spatial
dimensions of the lattice.

so-called hybrid phase, where the 4-d background is non-zero at the fixed points of the orbifold
and zero elsewhere. The green points represent that the phase was not determined at the given
(β4 , β5 ) values. Superimposed onto the mean-field phase diagram are black points which represent
the locations of the bulk phase transition as determined via Monte Carlo simulations of the system.
From these simulations it was found that the bulk phase transition is of first order [3].

Spectrum
In the left (right) panel of Figure 3 we show the calculated mass of the Higgs-like (Z-like)
scalar (vector), in units of the radius of the extra dimension, along the isotropic γ = 1 line depicted
in Figure 2. The colour coding of the points represents the extent, L, of the spatial dimensions of
the lattice. Finite volume effects appear to be under control, at least for the L = 32, 48 lattices.
The value of the Higgs mass is significantly larger than the 1-loop calculation (broken orange line)
suggesting that non-perturbative effects in this system are large. For all of the values of β shown,
the Z boson mass is larger than that of the Higgs. However, mean-field calculations find that the
correct hierarchy of masses is achieved in the γ < 1 region of the phase diagram [12], suggesting
that the method of dimensional reduction is that of localisation (compactification is expected to
occur for γ > 1).
Motivated by the mean-field result, we fix β4 = 2.1 and calculate the spectrum lowering the
anisotropy γ, of which Figure 4 shows the result. As before, the colour coding represents the extent
of the spatial dimensions of the lattice and finite volume effects appear to be under control. The
broken black line indicates the value at which we find the bulk phase transition. Approaching this
transition we see an increase in the ratio ρ = MH /MZ and at γ ∼ 0.71 it is 1.30(9), consistent with
the experimental value of ρexpt = 1.38.
Further calculations in the γ < 1 regime are currently under way, along with a first exploration
at γ > 1 where it is expected that the method of dimensional reduction is compactification and that
the spectrum resembles that of a Kaluza-Klein theory.
6

PoS(LATTICE2014)248

β

Graham Moir

1.4

_ _ _ _ _ _ _ _ _ _ _ _ _

Gauge and Higgs Boson Masses from an Extra Dimension

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ Physical
_ _ _ _ _

MH /MZ

1.2

1.0

0.8

0.4
0.60

0.65

0.70

0.75

γ

L=32
L=48
0.80

0.85

0.90

Figure 4: The ratio of the mass of the Higgs-like particle to that of the Z-like particle when approaching the
bulk phase transition keeping β4 = 2.1 and lowering the value of β5 for N5 = 4. The colour coding indicates
the extent of the spatial dimensions of the lattice and the broken black line indicates the value of the bulk
phase transition.
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