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We show the numerical simulation result for the mass anomalous dimension of the SU(3) gauge
theory coupled to N f = 12 fundamental fermions. We use two independent methods, namely the
step scaling method and the hyperscaling method of the Dirac mode number, to determine the
anomalous dimension in the vicinity of the infrared ﬁxed point of the theory. We show the continuum extrapolations keeping the renormalized coupling constant as a reference in both analyses.
Furthermore, some recent works seems to suggest the lower boundary of the conformal window
of the SU(3) gauge theory exists between N f = 8 and 10. We also brieﬂy report our new project,
in which the numerical simulation of the SU(3) gauge theory coupled to N f = 9 fundamental
fermions has been performed.
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1. Introduction

2. Mass step scaling function for SU(3) N f = 12 theory
The step scaling is one of established methods to obtain the renormalization factors, e.g. Zg and
Zm , using lattice simulations [4, 5]. We observe the growth ratio of the renormalized quantity when
the lattice extent becomes s times larger with ﬁxed value of bare coupling constant (β ). Here the
scale "s" is the step scaling parameter. According to the PCAC relation, the mass renormalization
factor is inversely related with the renormalization factor of the pseudo scalar operator (ZP ), so that
we can obtain it even for the massless fermions by the measurement of the renormalization factor
of the pseudo scalar operator.
We use the renormalization scheme of the pseudo scalar operator proposed by Ref. [3] . The
renormalization factor is deﬁned by the ratio of the pseudo scalar correlators between the nonperturbative and tree level ones at the ﬁxed propagation length,
s
ZP =

CPtree (t)
at ﬁxed t,
CP (t)

(2.1)

where CH (t) = ∑⃗x 〈P(t,⃗x)P(0,⃗0)〉 and P(t,⃗x) denotes the pseudo scalar operator.
On the lattice, this scheme has two independent scales, the propagation time (t) and lattice
temporal size (T ). Here, we always ﬁx the ratio of T and L, and L is identiﬁed with the renormalization scale (µ = 1/L). To obtain the factor ZP , we ﬁx the ratio r = t/T , where r takes a value
0 < r ≤ 1/2 because of the periodic boundary condition on the lattice. Practically, the larger r
reduces the discretization error. We take r = 1/2 in this analysis.
To obtain the scale dependence of the renormalization factor of the operator, we measure the
mass step scaling function given by
ΣP (β , a/L; s) =

2

ZP (β , a/sL)
,
ZP (β , a/L)

(2.2)
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Critical exponent at the conformal ﬁxed point is one of the most important objects in quantum
ﬁeld theories. Recent studies (see references in Refs. [1]) reveal the existence of the infrared ﬁxed
point (IRFP) of several many ﬂavor non-abelian gauge theories. We focus on the SU(3) gauge
theory coupled to N f = 12 massless fermions. In our previous works, we found the IRFP using the
step scaling method in the Twisted Polyakov Loop (TPL) scheme [2] and obtained the preliminary
result of the mass anomalous dimension around the IRFP [3]. In this proceedings, we show the
updated data including a new large lattice volume data. We obtain the value of the mass anomalous
dimension around the IRFP based on two independent methods, namely the step scaling [4, 5] and
the hyperscaling method of the mode number [6, 7, 8].
Furthermore, some recent works seems to suggest the lower boundary of the conformal window of the SU(3) gauge theory exists between N f = 8 and 10. We also report that our new project
for the SU(3) gauge theory coupled to N f = 9 fundamental fermions to determine the range of the
conformal window.
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using the lattice simulation. The mass step scaling function on the lattice includes the discretization
error. To remove it, we take the continuum limit (a → 0) keeping the renormalized coupling (u =
g2R (1/L)) constant;
¯
¯
σP (u, s) = lim ΣP (β , a/L; s)¯¯
.
(2.3)
a→0

u=const

γm∗ (u∗ ) = −

log |σP (u∗ , s)|
.
log |s|

(2.4)

Here u∗ denotes the ﬁxed point coupling constant.
Our numerical simulation has been carried out using the following lattice setup. The gauge
conﬁgurations are generated by the Hybrid Monte Carlo algorithm, and we use the Wilson gauge
and the naive staggered fermion actions. We introduce the twisted boundary conditions for x, y
directions and impose the usual periodic boundary condition for z,t directions, which is the same
setup with our previous work [2]. Because of the twisted boundary conditions the fermion determinant is regularized even in the massless case, so that we carry out an exact massless simulation to generate these conﬁgurations. The simulations are carried out with several lattice sizes
(L/a = 8, 10, 12, 16, 20 and 24) at the ﬁxed point of the renormalized gauge coupling in the TPL
scheme [2].
In the paper [2], the IRFP is found at
+0
g∗2
TPL = 2.69 ± 0.14(stat.)−0.16 (syst.),

(2.5)

in the TPL scheme. We use the tuned value of β where the TPL coupling is the ﬁxed point value
for each (L/a)4 lattices as shown in Table 1. We generate the conﬁgurations using these parameters
on (L/a)3 × 2L/a lattices and neglect the possibility of induced scale violation coming from the
change of lattice volume (L/a)4 → 2(L/a)4 since we carefully take the continuum limit. We measure the pseudo scalar correlator for 30, 000–80, 000 trajectories for each (β , L/a) combination.

L/a
8
10
12

T/a
16
20
24

g2TPL = 2.475

g2TPL = 2.686

g2TPL = 2.823

β
5.796
5.998
6.121

β
5.414
5.653
5.786

β
5.181
5.450
5.588

Table 1: The values of β for each L/a which give the TPL coupling constant at the IRFP.

Figure 1 shows the continuum extrapolation of the mass step scaling function (ΣP (β , a/L; s =
2)). We take the three-point linear extrapolation in (a/L)2 , which is drawn in black dashed. We
take the result for u = 2.686 as a ﬁxed point coupling as a central result. The mass anomalous
3
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In the continuum limit, this mass step scaling function is related to the mass anomalous dimension. This relation becomes simple when the theory is conformal, and we can estimate the
anomalous dimension at the ﬁxed point with the following equation:
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Figure 1: Continuum extrapolation for the mass step scaling function at g∗2
TPL = 2.686.

dimension of the central result is given γm∗ = 0.081 ± 0.018(stat.). The error denotes the statistical
one, which is estimated by the bootstrap method.
We also estimate the systematic uncertainties by considering the uncertainty of g∗2
TPL . Finally,
we obtain the mass anomalous dimension
γm∗ = 0.081 ±0.018(stat.)

+0.025
(syst.).
−0

(preliminary)

(2.6)

The detailed analysis will appear in the forthcoming paper.

3. Hyperscaling for the mode number of N f = 12 theory
The other promising method to observe the mass anomalous dimension at the IRFP is based
on the hyperscaling of the spectral density (ρ(ω)) as a function of the eigenvalue of the (massless)
Dirac operator (ω) given in Refs. [6, 7, 8]. The mode number is the better quantity to observe the
hyperscaling, since it is a renormalization group invariant. The mode number in the unit volume,
whose absolute value of the Dirac eigenvalues is lower than a cutoff (λ ), is given by
ν(λ ) = 2

Z λ
0

ρ(ω)dω.

(3.1)

At the IRFP in the inﬁnite volume and continuum limits, there is the hyperscaling of the Dirac
mode number,
4

ν(λ ) = C0 λ 1+γm∗ ,

(3.2)

for whole region of λ . Here the exponent γm∗ is the mass anomalous dimension at the IRFP. On
the ﬁnite lattice, both low and high eigenmodes suffer from the ﬁnite volume effects and the lattice
cutoff (a) respectively. We expect that there is a scaling region of λ showing the hyperscaling in a
middle range of λ .
Furthermore, there is a scale invariance in the scaling region at IRFP. Our lattices shown in
∗2
Table 1 consist the ﬁxed point coupling constant, namely g∗2
TPL (L) = gTPL (sL), in the continuum
4
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g* TPL=2.686
linear extrapolation fn.
1 (γ=0)
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limit. Let us consider the scale transformation a → a′ = a/s. If the theory is conformal, then we
expect that the shape of ν(λ ) in the scaling region would indicate the invariance under the scale
transformation,
aλ → aλ ′ = s−(1+γm (λ )) aλ ,

(3.3)

when the lattice setup approaches to the continuum limit.
Therefore, we expect two things:

2. in the scaling region the value of the mass anomalous dimension is consistent with the result
of the step scaling method, namely γm∗ in Eq. (2.6)
To study these scaling properties, we measure the mode number whose eigenvalue is lower
than λ for the lattice sets shown in Table 2. We use the stochastic method called the projector
β
5.414
5.653
5.786

L/a
8
10
12

T /a
16
20
24

∆(aλ )
0.02
0.02
0.02

sL/a
16
20
24

sT/a
32
40
48

∆(aλ )
0.01
0.01
0.01

Table 2: The values of β for each L/a which give the TPL coupling constant at the IRFP.

method [9]. The number of conﬁgurations for each lattice setup is 30 with 100–200 separated
Monte Carlo trajectories. The computed mode number is in the range 100 < ν(λ ) < 2, 000 with
the tiny interval ∆(aλ ) = 0.01 or 0.02.
The preliminary results are shown in Fig. 2. The results for two lattice extents with the same
β are plotted in each panel. Here for the smaller lattices ((L/a)3 × (T /a)), the horizontal axis
is rescaled as Eq. (3.3). Each errorbar denotes only statistical error, which is estimated by the
bootstrap method. From the left to right panels, the continuum limit of the γm are taken keeping
the renormalized coupling constant. We ﬁnd that the tendency two lattice data close to each other
from left to right. Furthermore, the ﬁnest lattice sets (123 × 24 and 243 × 48) overlap around
0.05 ≤ γm ≤ 0.08. It is a signal of the scale invariance and the value of the mass anomalous
dimension is consistent with the 1-σ bound of the step scaling result (Eq. (2.6)). That is very
promising.
The middle lattice sets (103 × 20 and 203 × 40) also gives a signal of the scale invariance
around γm = 0.02, although the corseted lattice sets (83 × 16 and 163 × 32) do not. One of the
reasons, that the coaster lattices do not show the scale invariance, is the smallness of the volume
and the coarse lattice spacing. The results of Ref. [8] show a clear the plateau of the anomalous
dimension around the IRFP. They use the improved staggered fermion action and the improvement
would change the UV property. Therefore the scaling region might be broader than our results.
5
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1. there is a scaling region where the shape of ν(λ ) is invariant under the scale transformation
Eq. (3.3)
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Figure 2: Mass anomalous dimension from the hyperscaling analysis. The region between two straight lines
at γm = 0.050 and 0.112 denotes 1-σ bound of the result for the step scaling method.

4. Status for the SU(3) N f = 9 theory
According to several recent studies, the boundary of the conformal window of the SU(3) gauge
theory coupled to the fundamental fermions would be expected around 8 ≤ N f ≤ 10. We started
the numerical simulation to study the IR behavior for N f = 9 case to determine the range of N f in
the conformal window.
Our numerical simulation have been performed using the following setup. The gauge conﬁgurations are generated by the Rational Hybrid Monte Carlo (RHMC) algorithm with the Iwasaki
gauge and the naive Wilson fermion actions. We use the 22nd polynomial approximation with
the interval 10−3 ≤ x ≤ 1 where x is the determinant of the Wilson fermion kernel for the RHMC
algorithm.
The simulations have been carried out with lattice sizes L/a = 8, 10, 12, 14 and 16 with twice
larger temporal lattice extent. To obtain the line of the same renormalized mass in β –κ plane, we
generate 1, 000 – 5, 000 trajectories for each parameter and measure the PCAC mass at several β
and κ.

5. Summary
The mass anomalous dimension around the IRFP of the SU(3) N f = 12 theory is obtained
using the step scaling method,
γm∗ = 0.081 ±0.018(stat.)

+0.025
(syst.).
−0

(preliminary)

(5.1)

We found that the result of the hyperscaling method of the Dirac mode number also show the scale
invariance and the value of the mass anomalous dimension in the scaling region is consistent with
above value. The detailed analysis will appear in the forthcoming paper. On the other hand, the
recent other results using the improved staggered action suggest the larger value of the mass anomalous dimensions γm∗ ≈ 0.24 [10, 11]. Although the difference is not so serious since it is roughly
2-σ consistent each other, it might be caused by the absence of the zero mode in our lattice setup
6
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0.15

L=10
L=20
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because of the twisted boundary condition. It might be worth investigating the nonperturbative
effect of the zero mode to the universal quantity.
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