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N = 4 supersymmetric Yang–Mills (SYM) is a fascinating quantum field theory which plays
an important role in many areas of theoretical physics including holographic approaches to quan-
tum gravity, understanding the structure of scattering amplitudes in N = 8 supergravity, and the
conformal bootstrap program. It is the only known example of a four-dimensional theory admitting
a supersymmetric lattice discretization, and the only non-trivial example of a lattice gauge theory
with a β function that vanishes at least at one loop. (The β function of the continuum theory van-
ishes to all orders.) Many people have contributed to the lattice formulation that we employ in our
studies; see the review [1] and references therein for more information. Alternate approaches to
numerically studying N = 4 SYM include Refs. [2, 3, 4, 5, 6, 7, 8].

In this proceedings we report recent results and developments from our ongoing lattice stud-
ies of N = 4 SYM. Some of these results are new and preliminary; others have appeared in
Refs. [9, 10, 11, 12, 13]. In Sections 1–3 we summarize the main elements of the lattice for-
mulation. In particular, in Section 2 we show that so long as the moduli space is not lifted by
nonperturbative effects only a single marginal operator must be tuned to recover the N = 4 su-
persymmetric continuum limit. Sections 3 and 4 discuss observables that we measure to monitor
supersymmetry restoration in the continuum limit, including initial results from new Monte Carlo
renormalization group (MCRG) studies. We briefly update our measurements of the Pfaffian phase
in Section 5, exploring more lattice volumes for larger gauge groups. The Pfaffian remains nearly
real and positive in all cases, further evidence that the lattice theory does not suffer from a sign
problem. We focus on the static potential in Section 6, presenting initial results for N = 3 colors.
We conclude with some discussion of the next steps planned for our wide-ranging investigations.

To encourage independent work on lattice N = 4 SYM, we have developed a publicly avail-
able parallel software package suitable for use on clusters and supercomputers.1 This software
evolved from the MILC code for lattice QCD, generalized to handle fermions in the adjoint rep-
resentation for an arbitrary number of colors. Its central feature is rational hybrid Monte Carlo
importance sampling. Many additional measurements are provided, including parallel computa-
tion of the complex Pfaffian of the fermion operator. A detailed presentation recently appeared in
Ref. [14].

1. Discretizing the twisted continuum action

The lattice theory we employ results from discretizing a topologically twisted form of con-
tinuum N = 4 SYM with gauge group SU(N ). There are three independent topological twists of
N = 4 SYM, of which we employ the Marcus or Geometric-Langlands twist [15, 16]. This twisted
theory is most conveniently written as a dimensional reduction of a five-dimensional action

S =
N

2λ
Q

∫
d5x

(
χabFab + η

[
Da,Da

]
+

1
2
ηd

)
− N

8λ

∫
d5x εabcde χabDcχde. (1.1)

λ = g2N is the ’t Hooft coupling. The gauge fields Aa (and their associated covariant derivatives
Da andDa) have real parts which are just the usual Yang–Mills gauge fields, while their imaginary
parts arise from the five scalars that appear after reducing N = 1 SYM in ten dimensions down

1http://github.com/daschaich/susy
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to five dimensions. The appearance of the scalar fields as vectors is odd at first sight, but is at the
heart of the twisting process.

Twisting decomposes the fields under the diagonal subgroup of the Euclidean Lorentz symme-
try and the R symmetry of the theory. Since the scalars transform as vectors under the R symmetry
they remain vectors under the twisted symmetry, and naturally combine with the R-singlet gauge
fields. Similar arguments show that twisting transforms the original four Majorana fermions into a
set of antisymmetric fields with integer spins under the twisted symmetry, appearing as (η, ψa, χab)
in the above action. Likewise the N = 4 fermionic supercharges Qαi, Q

†
α̇i become integer-spin

(Q,Qa,Qab). In flat space twisting does not change the physical content of the theory. It is merely
an exotic change of variables, to a spinor-free form better suited to discretization.

The first part of the action in Eq. 1.1 is the Q variation of a function. This scalar supercharge
Q is the supersymmetry that can be preserved under discretization. It acts on the fields as follows:

Q Aa = ψa Q ψa = 0

Q χab = −Fab Q Aa = 0 (1.2)

Q η = d Q d = 0.

Its nilpotent character guarantees that the first piece of the action is trivially Q invariant. The
second term can be shown to be invariant using the Bianchi identity, so that QS = 0.

We recover the standard Marcus twist of four-dimensional N = 4 SYM from naive dimen-
sional reduction, by simply setting to zero the momentum in the fifth dimension, ∂4 = 0, and
identifying the corresponding component of the gauge field as the sixth scalar field, A4 → φ. A
more symmetric choice is to project the theory onto the four-dimensional hyperplane with nor-
mal vector n̂ = 1√

5
(1, 1, 1, 1, 1). This corresponds to setting

∑4
a=0 ∂a = 0 and

∑4
a=0Aa → φ,

preserving an S5 permutation symmetry.

Using this formalism, the transition to the lattice is quite straightforward. The lattice structure
follows from a similar dimensional reduction. Starting with the five-dimensional hypercubic lattice
in momentum space, the constraint

∑4
a=0 ∂a = 0 →

∑4
a=0 na = 0 produces the A4 lattice.

Transforming back to real space leaves us with the dual A∗
4 lattice, which retains an S5 point group

symmetry manifest as five (linearly dependent) basis vectors symmetrically spanning four space-
time dimensions. This S5 symmetry provides a set of irreducible representations that match those of
the continuum twisted SO(4) symmetry [17]. It can be useful to think ofA∗

4 as the four-dimensional
analog of the triangular lattice A∗

2 in two dimensions, or as the weight lattice of SU(5).

The complex gauge fieldsAa(x) become complexified Ua(n) living on the five links of theA∗
4

lattice. The form of the nilpotent scalar supersymmetry Q remains the same as in the continuum
(Eq. 1.2), and requires that these Ua(n) be elements of the algebra gl(N,C), with consequences
we will discuss in Section 3. Supersymmetry also forces us to assign the ψa fermions to the same
links, while the η fermion and bosonic auxiliary field d are placed on sites. The χab fermions are
associated with the field strengths

Fab(n) = Ua(n+ µ̂b)Ub(n)− Ub(n+ µ̂a)Ua(n),

and connect lattice sites n+ µ̂a + µ̂b and n so that their contractions with

D(+)
a ψb = Ua(n)ψb(n+ µ̂a)− ψb(n)Ua(n+ µ̂b)

3
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will produce gauge invariant loops. After integrating out the auxiliary field d, on the lattice the two
terms in Eq. 1.1 become

Sexact =
N

2λlat

∑
n

a4 Tr
[
−FabFab(n) +

1
2

(
D(−)
a Ua(n)

)2
− χabD

(+)
[a ψb](n)− ηD(−)

a ψa(n)
]

Sclosed = − N

8λlat

∑
n

a4 Tr
[
εabcde χde(n+ µ̂a + µ̂b + µ̂c)D

(−)
c χab(n)

]
, (1.3)

where the specific form of the forward and backward difference operators can be found in Ref. [12].

This exactly supersymmetric lattice action was studied analytically in Refs. [9, 11, 13]. These
studies have found that the single exact supersymmetry suffices to establish the following results:

• The moduli space survives to all orders of lattice perturbation theory, which prohibits any
scalar potential being induced through radiative corrections.

• The β function vanishes at least at one loop in lattice perturbation theory.

• Certain quantities, such as the partition function, may be computed exactly in the semi-
classical limit.

• Lattice symmetries imply that only a single tuning of a marginal operator is necessary to
restore R symmetry and all supersymmetries in the continuum limit.

We derive the last result in the next section.

2. Renormalization and the long-distance effective theory

Since N = 4 SYM possesses a line of conformal fixed points, we reach the continuum limit
of the lattice theory by taking 1/L → 0 for any fixed ’t Hooft coupling λ, where L is the linear
length of the lattice volume. We must ensure that the long-distance effective action Seff of the
lattice theory appropriately recovers N = 4 SYM in the continuum limit. Simply defining Seff
requires the existence of a real-space renormalization group (RG) blocking transformation that
preserves both the symmetries of the system and the geometric interpretation of the fields. In this
section we will present an explicit example of such a blocking scheme, derive the long-distance
effective action, and show that only a single tuning is required if the moduli space is not lifted by
nonperturbative effects. These results were recently derived in Ref. [13].

Writing the original A∗
4 lattice as Λ =

{
a

∑3
i=0 niµ̂i | n ∈ Z4

}
, with µ̂i the first four of the

five (degenerate) basis vectors, the blocked lattice Λ′ =
{

2a
∑3

i=0 niµ̂i | n ∈ Z4
}

is merely dou-

bled in every direction. The blocked fields must begin and end on sites of Λ′. We will denote the
blocked fields by primes, and work in lattice units with a = 1. The following blocking transforma-

4
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tion preserves both the Q algebra and the geometric interpretation of the fields:

U ′a(n) =ξUa(n)Ua(n+ µ̂a) U ′a(n) = ξUa(n+ µ̂a)Ua(n)

d′(n) =d(n) η′(n) = η(n)

ψ′a(n) =ξ [ψa(n)Ua(n+ µ̂a) + Ua(n)ψa(n+ µ̂a)] (2.1)

χ′ab(n) =
ξ2

2
[
Ua(n+ µ̂a + 2µ̂b)Ub(n+ µ̂a + µ̂b) + Ub(n+ 2µ̂a + µ̂b)Ua(n+ µ̂a + µ̂b)

]
χab(n)

+ ξ2
[
Ua(n+ µ̂a + 2µ̂b)χab(n+ µ̂b)Ub(n) + Ub(n+ 2µ̂a + µ̂b)χab(n+ µ̂a)Ua(n)

]
+
ξ2

2
χab(n+ µ̂a + µ̂b)

[
Ua(n+ µ̂b)Ub(n) + Ub(n+ µ̂a)Ua(n)

]
.

Because the link variables are non-compact elements of gl(N,C), we allow for the possibility that
they are rescaled by a factor ξ under the transformation. For the site variables η and d we simply
use decimation. From Eq. 2.1 it is easy to see that U ′a and ψ′a connect lattice sites n and n + 2µ̂a,
while χ′ab connects n+2µ̂a+2µ̂b and n, as desired. As a consequence, the properties of the system
under the S5 point group symmetry are preserved. Any S5 invariant of the original fields, such as∑

a UaUa, remains invariant when expressed in terms of the blocked fields.

It is obvious that QU ′a = 0, Qη′ = d′ and Qd′ = 0, just as in Eq. 1.2. QU ′a = ψ′a also follows
from the original algebra, whileQψ′a = 0 due to the negative sign from anticommutingQ past ψa:

Qψ′a(n) = ξ [−ψa(n)ψa(n+ µ̂a) + ψa(n)ψa(n+ µ̂a)] = 0.

Finally, defining the blocked field strength as expected,

F ′
ab(n) = U ′a(n+ µ̂b)U

′
b(n)− U ′b(n+ µ̂a)U

′
a(n),

just a few lines of algebra are required to check Qχ′ab = F ′
ab. So we see that the blocking scheme

in Eq. 2.1 preserves the supersymmetry Q2 = 0 along with the other symmetries of the system.

We can now consider what lattice operators could possibly be generated under RG flow based
on this blocking scheme. Those that give relevant or marginal operators in the continuum limit
must be included in the most general long-distance effective action Seff . If two lattice operators
produce the same relevant or marginal continuum operator, and only differ by irrelevant operators
in the continuum limit, then we only need to include one of them in Seff . We must ensure that
every operator in the effective action acquires its canonical coefficient, either by fine-tuning the
corresponding coefficients in the UV theory, Eq. 1.3, or by adding new counterterms to the lattice
action. As we will describe below, some operators can be given their canonical coefficients simply
by rescaling the fields.

In both the continuum and lattice theories, there is only one renormalizableQ-closed operator:
the second line of Eq. 1.3 gives the second term in Eq. 1.1. The only renormalizableQ-exact terms
must take the formQTr

[
Ψf(U ,U , d)

]
orQ

{
Tr [η] Tr

[
f(U ,U , d)

]}
where Ψ stands for one of the

fermion fields. Q must act on a fermionic quantity so that Seff is bosonic, while cubic or higher
powers of fermions would be nonrenormalizable. Only η can be used in double-trace operators,
since traces must be evaluated at sites to be gauge invariant. Finally, the effective action must be
invariant under two further global symmetries of the system: the shift symmetry

η → η + cIN , (2.2)

5
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with c a constant Grassmann parameter, and a U(1) “ghost number” symmetry [1] corresponding
to the untwisted part of the SO(6) R symmetry.

For Ψ = η these requirements leave only three possible terms,

QTr
[
ηD(−)

a Ua
]

QTr [ηd] QTr
[
ηUaUa

]
− 1
N
Q

{
Tr [η] Tr

[
UaUa

]}
, (2.3)

the first two of which are already present in Eq. 1.3. The only nontrivial operator with Ψ = ψa is
forbidden by the U(1) ghost number symmetry [13]. Finally, for Ψ = χab the antisymmetry of χab
requires that QTr [χabUaUb] and QTr [χabUbUa] be combined with a negative sign, leaving

QTr [χabFab] (2.4)

which is also already in Eq. 1.3. These arguments only hold because the blocking scheme in Eq. 2.1
preserves the geometric interpretation of the blocked fields on Λ′, so that the same terms appear in
both the original action and the long-distance effective theory. It is also important that the blocking
preserves the S5 symmetry, without which many other operators would have been generated.

Thus the most general long-distance effective action is

Seff = QTr
[
α1χabFab + α2ηD

(−)
a Ua −

α3

2
ηd

]
− α4

4
εabcdeTr

[
χdeD

(−)
c χab

]
+ βQ

{
Tr

[
ηUaUa

]
− 1
N

Tr [η] Tr
[
UaUa

]}
,

(2.5)

suppressing the overall N
2λlat

∑
n a

4 for brevity. Acting with Q, followed by the rescaling

η → ληη ψa → λψψa χab → λχχab d→ λdd, (2.6)

Seff = Tr
[
−α1FabFab − α1λχλψχabD

(+)
[a ψb] + α2λddD

(−)
a Ua − α2ληλψηD

(−)
a ψa −

α3

2
λ2
dd

2
]

− α4

4
λ2
χεabcdeTr

[
χdeD

(−)
c χab

]
(2.7)

+ β

{
λdTr

[
dUaUa

]
− ληλψTr

[
ηψaUa

]
− λd
N

Tr [d] Tr
[
UaUa

]
+
ληλψ
N

Tr [η] Tr
[
ψaUa

]}
.

We are now free to set many of the coefficients to α1 by imposing four constraints,

α1λχλψ = α1 α2λd = α1 α2ληλψ = α1 α4λ
2
χ = α1. (2.8)

Solving this system of equations produces the rescaling

λη =

√
α3

1

α4α2
2

λχ =
1
λψ

=
√
α1

α4
λd =

α1

α2
. (2.9)

We can then absorb an overall factor of α1 into the renormalized gauge coupling, which does not
need to be tuned since the continuum theory is conformal for any λ. This leaves

Seff = Tr
[
−FabFab − χabD

(+)
[a ψb] + dD(−)

a Ua − ηD(−)
a ψa −

1
2
α1α3

α2
2

d2

]
− 1

4
εabcdeTr

[
χdeD

(−)
c χab

]
(2.10)

+
β

α2

{
Tr

[
dUaUa

]
− Tr

[
ηψaUa

]
− 1
N

Tr [d] Tr
[
UaUa

]
+

1
N

Tr [η] Tr
[
ψaUa

]}
.

6
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At most two fine-tunings are required to obtain continuum N = 4 SYM: α3 → α2
2/α1 and

β → 0. In particular, it is remarkable that the relation λd = ληλψ keeps the β term from bifur-
cating into multiple operators with different coefficients. We can already appreciate the benefits
of maintaining an exact supersymmetry at nonzero lattice spacing by comparing these two tunings
against the eight that would be necessary with naive Wilson fermions [13]. In addition, as men-
tioned at the end of Section 1, this exact supersymmetry ensures that the moduli space survives to
all orders of lattice perturbation theory [9]. Ref. [13] demonstrates that the β term in Eq. 2.10 lifts
the moduli space. Therefore if nonperturbative effects such as instantons also preserve the moduli
space, then the β term is forbidden and β = 0 is preserved by the RG flow.

In the absence of the β term, we can easily integrate out the auxiliary field d in Eq. 2.10. The
resulting long-distance effective action reproduces Eq. 1.3 up to one change:

1
2

(
D(−)
a Ua(n)

)2
−→ c2

2

(
D(−)
a Ua(n)

)2
(2.11)

in Sexact, with c2 = 2−α2
2/(α1α3). That is, a single fine-tuning of this marginal c2 should suffice

to recoverN = 4 SYM in the continuum limit defined by 1/L→ 0 with fixed λlat. We have begun
to explore this tuning in numerical calculations. Before we describe our initial results in Section 4,
we must discuss certain sources of soft Q supersymmetry breaking that are required to stabilize
numerical simulations of lattice N = 4 SYM.

3. Stabilizing numerical computations

For the lattice theory to recoverN = 4 SYM in the continuum limit, we must also require that
the lattice gauge fields have the expansion

Ua(n) =
1
a

IN +Aa(x) +O(a) (3.1)

0 1 2 3
λ

0.95

0.96

0.97

0.98

0.99

1

1.01

<
S

B
>

µ=1
µ=0.5
µ=0.25
exact

U(2)  apbc L=8

Figure 1: Relative deviations of the bosonic action from its exact supersymmetric value, 〈sB〉 /18, plotted
vs. the ’t Hooft coupling λlat for 84 lattices with several nonzero values of the Q-breaking coefficient µ in
Eq. 3.2. As µ→ 0, 〈sB〉 /18 → 1 for all λlat, indicating the restoration of supersymmetry. From Ref. [10].
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in some appropriate gauge. Without the unit matrix the lattice Fab would lack the derivative (ki-
netic) terms required to correspond to the continuum field strength. If the link variables were
elements of the gauge group this unit matrix would arise automatically from expanding the ex-
ponential of terms in the algebra. Eq. 3.1 is nontrivial since our links are themselves elements
of the algebra gl(N,C), which also implies that the lattice gauge group is U(N ) as opposed to
the target SU(N ) [18, 19, 20]. In the continuum limit the U(1) degrees of freedom decouple as
U(N) = SU(N) ⊗ U(1), and below we will discuss how to suppress lattice artifacts associated
with the U(1) sector. In addition, the integration measure for the lattice gauge fields is not the usual
Haar measure but a flat measure. This flat measure is gauge invariant, since the fields are complex
and the measure contains both DU and DU . The Jacobian resulting from a gauge transformation
on DU cancels against the corresponding quantity for DU .

The appearance of the unit matrix in Eq. 3.1 corresponds to the U(1) component of the scalar
fields taking on a vacuum expectation value. While this is indeed a classical vacuum state it is not
unique. There are infinitely many flat directions in the theory and a priori it is not clear that the
vacuum needed to generate the kinetic terms is picked out. To stabilize this vacuum we include in
the lattice action (with no sum over repeated indices)

δS1 =
N

2λ
µ2

∑
n, c

a4

(
1
N

Tr
[
Uc(n)Uc(n)

]
− 1

)2

. (3.2)

This term also lifts the SU(N ) flat directions, biasing the system towards the continuum supercon-
formal phase in which the scalars do not pick up any non-trivial expectation values.

Although δS1 breaks supersymmetry, it does so softly: the exact Q supersymmetry at µ = 0
guarantees that any Q-breaking counterterms must possess coefficients that vanish as µ→ 0. This
can be confirmed by considering the bosonic action per lattice site, 〈sB〉. This quantity is related to

Figure 2: The real part of the plaquette determinant vs. the ’t Hooft coupling λlat on 64 lattices with a
variety of κ in Eq. 3.3 and fixed µ = 1. As κ increases the confinement transition associated with the U(1)
sector moves to larger λlat, and disappears entirely for κ ≥ 0.5. Lines connect points with the same κ to
guide the eye. From Ref. [12].

8
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a Q Ward identity, which for unbroken Q supersymmetry predicts the exact λ-independent value
sB = 9N2/2 for gauge group U(N ). In Fig. 1 we plot 〈sB〉 /18 (for N = 2) vs. the ’t Hooft
coupling for several nonzero values of µ. Clearly as µ→ 0 we approach the supersymmetric value
for all ’t Hooft couplings.

We mentioned above the issue of lattice artifacts linked to the undesired U(1) sector. The
determinant of the plaquette is a gauge-invariant quantity associated with this sector. For suffi-
ciently large λlat ≈ 2.5, in Ref. [12] we observed 〈Re detP〉 falling to zero as shown by the black
bursts in Fig. 2. At the same λlat the system confined, with the Polyakov loop also vanishing while
the fermion operator developed a large number of near-zero eigenvalues. While Fig. 2 considers
N = 2, we have also observed all the same effects with gauge group U(1).

This behavior suggests that we are observing confinement in the compact lattice U(1) sector,
which has a well-known dual description in terms of monopole world lines, one-dimensional ob-
jects that form closed loops of monopole flux. Indeed, if we measure the density of monopole
world lines we find it becomes nonzero at precisely the same λlat ≈ 2.5 [12]. To suppress this
lattice artifact we penalize small plaquette determinant values by adding to the lattice action

δS2 = κ
∑
n, a<b

a4 |detPab(n)− 1|2, (3.3)

where Pab is the plaquette in the a–b plane. To leading order in the lattice spacing, δS2 just
generates a U(1) field strength term

δS2 = 2κ
∑
n, a<b

a4
[
1− cosF0

ab(n)
]
+O(a5).

In agreement with simulations of compact U(1) gauge theory [21], we observe that for κ ≥ 0.5 we
suppress monopoles and avoid the confinement transition for arbitrarily large ’t Hooft coupling, as
shown in Fig. 2.

The lattice action we use in numerical computations includes all of Eqs. 1.3, 3.2 and 3.3:

S = Sexact + Sclosed + δS1 + δS2. (3.4)

Figure 3: Relative deviations of the bosonic action from its exact supersymmetric value. Left (from
Ref. [12]): We fix λlat = 1 and plot vs. κ for 44 lattices with several nonzero µ. The lines are cubic κ → 0
extrapolations that confirm the restoration of supersymmetry in the limit (µ, κ) → (0, 0). Right: We fix
(µ, κ) = (0.2, 0.6) and plot vs. λlat for 83×24 lattices with gauge groups U(2) and U(3), finding ∼10%
deviations that decrease ∝ 1/N2. The lines connect points to guide the eye.

9
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Both δS1 and δS2 softly break the Q supersymmetry. As in Fig. 1, the left panel of Fig. 3 shows
that the bosonic action sB acquires its exact supersymmetric value in the limit (µ, κ) → (0, 0),
indicating the recovery of supersymmetry. This plot also makes it clear that nonzero κ leads to
much more severe supersymmetry breaking than does nonzero µ. However, this effect is confined
to the U(1) sector that decouples in the continuum limit. The right panel of Fig. 3 illustrates the
∼10% level of Q supersymmetry breaking on representative 83×24 lattice ensembles that we will
discuss further below. Here we compare N = 2 and 3, finding that violations of supersymmetry
decrease ∝ 1/N2. In Ref. [12] we discuss the breaking and restoration of Q in more detail.

4. Restoration of the other 15 supersymmetries Qa and Qab

Although the lattice formulation discussed above exactly preserves the Q supersymmetry for
(µ, κ) → (0, 0), the other fifteen Qa and Qab are broken, and must be recovered in the continuum
limit. In Ref. [11] we showed how restoration of the full symmetries of N = 4 SYM follows from
preservation of both Q and any one of a set of discrete R symmetries {Ra, Rab}, subgroups of the
continuum SO(6)R symmetry that fix the correct coefficients in the long-distance effective action,
Eq. 2.5. On the lattice, the Ra acts on the links as [12]

RaUa = Ua RaUa = Ua RaUb = U−1
b RaUb = U−1

b , (4.1)

for all b 6= a. This transformation commutes with lattice gauge invariance, allowing us to measure
violations of the Ra symmetry by considering its action on m×n Wilson loops in the a–b plane,

Wab = Tr

[∏
m

Ua(x)
∏
n

Ub(x+mµ̂a)
∏
m

Ua(x+ nµ̂b)
∏
n

Ub(x)

]

=⇒ RaWab = Tr

[∏
m

Ua(x)
∏
n

U−1
b (x+mµ̂a)

∏
m

Ua(x+ nµ̂b)
∏
n

U−1
b (x)

]
≡ W̃ab.

(4.2)

Since our links are non-unitary, W̃ab 6= Wab even though they follow the same path in the lattice.
By computing the relative difference (W̃ −W)/1

2(W̃+W) we can assess how badly Ra is broken
on the lattice and monitor its restoration as we approach the continuum limit.

Figure 4: Violations of Ra symmetry, with lines connecting points to guide the eye. Left: For n×n loops
on 163×32 lattices with (λlat, µ, κ) = (1, 1, 1), the violations decrease (slightly) at larger distance scales,
as expected. Right: For 4×4 loops on 83×24 lattices with various (µ, κ), we find 5–10% violations that
vanish in the λlat → 0 limit as desired.
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We present some results for these Ra symmetry violations in Fig. 4. A complication we
encountered is that inverting the non-unitary links changes their gauge-invariant magnitudes,

Tr
[
U−1
a U−1

a

]
> Tr

[
UaUa

]
. (4.3)

This causes the relative differences to be unreasonably sensitive to the number (2n) of inverted links
in the m×n modified Wilson loops W̃ . The question of how best to handle this artifact is not yet
settled. We suspect that projectingW and W̃ from U(N ) to SU(N ), by dividing out the determinant
of each loop, will prove beneficial. Such a determinant-divided analysis is not yet complete, so for
the time being we empirically note that simply normalizing the relative differences by 1

2n stabilizes
the results, leaving the expected decrease in violations as we approach the 1/L → 0 continuum
limit. This is shown in the left panel of Fig. 4, where we can see that the resulting violations based
on square n×n loops decrease only gradually on larger distance scales, falling by just ∼5% as n
increases from 2 to 8 on 163×32 lattices. This 1

2n normalization is not well motivated, and is likely
to be replaced by a more robust prescription in the future.

The right panel of Fig. 4 considers Ra symmetry breaking based on 4×4 loops for our main
83×24 U(2) lattice ensembles, as functions of the ’t Hooft coupling. These systems exhibit 5–10%
violations that vanish in the λlat → 0 limit, as desired. There is no visible sensitivity to µ, but
larger values of the U(1)-suppressing κ parameter noticeably reduceRa symmetry breaking, which
motivates the determinant projection to SU(N ) discussed above. These results are similar to those
based on the 1×1 plaquette that we presented in Ref. [12].

Given this observable sensitive to the restoration ofQa andQab, we can revisit the fine-tuning
discussed in Section 2. Our goal is to choose the parameter c2 in Eq. 2.11 in order to minimize
Ra symmetry breaking and thereby approach the continuum theory as rapidly and smoothly as
possible. Fig. 5 presents an initial study of this tuning on small 43×12 and 63×18 lattices with

Figure 5: Study of tuning c2 in Eq. 2.11. We considerRa symmetry breaking in 2×2 loops on 43×12 lattices
and 3×3 loops on 63×18 lattices, all with (λlat, µ, κ) = (1, 0.5, 0.5). We observe gradual improvement as
c2 increases above its classical value c2 = 1, while violations increase steeply for smaller c2 < 1. Lines
connect points with the same volume to guide the eye.
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fixed (λlat, µ, κ) = (1, 0.5, 0.5). As desired, violations decrease for larger 3×3 Wilson loops on the
larger volume, though again the approach to the 1/L → 0 continuum limit is gradual. In addition
we see that values of c2 larger than the classical c2 = 1 lead to ∼10% smaller violations of Ra
symmetry, though on these volumes there is no strongly preferred value; the results flatten out as
c2 increases. For c2 < 1, in contrast, Ra symmetry breaking increases steeply. Conveniently, we
also find that Q breaking behaves similarly (not shown), improving gradually for larger c2. This is
important because restoration of the full symmetries of N = 4 SYM requires both Q and Ra. For
the time being we continue to use the classical c2 = 1 in our larger-volume studies. Fig. 5 suggests
that larger c2 would only result in modest improvement of Ra symmetry breaking.

In Fig. 6 we present an initial exploration of MCRG blocking based on Eq. 2.1. We block 124

lattices down to 64 and measure observables on the blocked lattices as well as on independent 64

ensembles with fixed 0.5 ≤ λlat ≤ 1.5 and (µ, κ) = (0.5, 0.5). As in Ref. [13], we fix ξ4 ≈ 1.2 by
requiring that the blocked plaquette matches the “bare” value on the 64 ensembles. The left panel of
Fig. 6 shows that all larger blocked Wilson loops then approximately match the corresponding bare
loops, extending the results in Ref. [13]. This evidence that the couplings don’t flow noticeably
under RG blocking is consistent with our observation of a Coulombic static potential in Section 6.
However, the blocked Ra symmetry violations in the right panel of Fig. 6 end up significantly
smaller than the bare 64 results, by ∼25% for these 3×3 loops. This is the behavior we expect as
we move towards the 1/L→ 0 continuum conformal theory.

At present we have investigated the effects of the Ra transformation only for the gauge links,
through Eqs. 4.1 and 4.2. Additional tests of the discrete R symmetries involving fermions should
also be carried out in the future, to ensure that symmetry restoration is consistent across all sectors
of the theory. Unfortunately, the rescalings that we applied to the fermion fields in Eq. 2.6 interfere
with such analyses, and further exploration is required to determine the best approach.

Figure 6: Wilson loops (left) and violations of Ra symmetry (right) after one step of 124 → 64 MCRG
blocking. Lines connect points for loops of the same size to guide the eye. The approximate agreement
between the blocked Wilson loops and “bare” measurements on independent 64 ensembles with the same
couplings indicates that those couplings don’t flow significantly under RG blocking. The reduced Ra sym-
metry breaking is consistent with the blocked measurements probing larger distance scales closer to the
1/L→ 0 continuum limit.
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5. Measuring the complex Pfaffian to assess a potential sign problem

A worrisome aspect of our numerical calculations is that they must be phase-quenched to take
advantage of efficient importance sampling algorithms [14]. Gaussian integration over the fermion
fields (η, ψa, χab) in the path integral produces the Pfaffian of the fermion operator D defined by
Eq. 1.3. This Pfaffian is not manifestly real for any given gauge configuration, pfD = |pfD|eiα,
and we retain only its magnitude in the path integral, omitting its phase eiα. So long as

〈
eiα

〉
is

nonzero, bona fide operator expectation values may be determined through phase reweighting. If
α fluctuates so much that

〈
eiα

〉
is consistent with zero, then simulations would suffer from a sign

problem and numerical results could not be trusted.
In Ref. [12] we initiated an ongoing study of the complex Pfaffian of lattice N = 4 SYM.

Focusing on gauge group U(2) we found that eiα was approximately real and positive on every
investigated system, close enough to unity that phase reweighting is not necessary to obtain reliable
expectation values. Fluctuations in the phase did not grow with the system size on the largest
accessible volumes up to 43×6, and on 23×4 lattices 〈cosα〉 showed little dependence on the
number of colors N = 2, 3 or 4. These results are included in Fig. 7, which also considers
additional U(3) and U(4) lattice volumes, finding similar behavior for all gauge groups. All points
in this figure are for (λlat, µ, κ) = (1, 1, 1). In initial investigations we have observed even better
behavior for smaller λlat and no significant dependence on κ, so long as κ is large enough to
suppress the U(1) confinement transition discussed in Section 3.

Evaluating the Pfaffian is a notoriously hard problem, and these results are only obtainable
thanks to new parallel software described in detail by Ref. [14]. Despite this new code, we remain
limited to lattice volumes around 43×6 (and smaller for larger N ), where several days are already
required for each measurement. However, now that we have designed and implemented the RG
blocking transformation in Eq. 2.1, it will be interesting to measure the Pfaffian on lattices blocked

Figure 7: Semi-log plot of 1 − 〈cosα〉 vs. lattice volume, where α is the phase of the pfaffian. All points
are for (λlat, µ, κ) = (1, 1, 1), for gauge groups U(2), U(3) and U(4). The inset zooms in on the four
largest-volume U(2) results with V ≥ 33×8, where the small phase does not grow with volume.
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down to a small number of sites. In addition to searching for information about the phase on our
larger-volume lattice ensembles, by comparing systems after different numbers of RG blocking
steps we may gain insight into the behavior of the Pfaffian in the continuum limit.

6. Static potentials and Coulomb coefficients

In previous sections we focused on validating our lattice system and phase-quenched calcu-
lations, to ensure that we simulate N = 4 SYM to a good approximation and can recover the
appropriate theory in the continuum limit. This work is necessary to establish that numerical re-
sults from lattice N = 4 SYM can be trusted. Let us now consider a more physical quantity, the
static potential. In Ref. [12] we presented results for the U(2) potential, finding Coulombic behav-
ior V (r) = A− C/r at both weak and strong ’t Hooft coupling, with the Coulomb coefficients C
in good agreement with leading-order perturbation theory. Here we supplement these results with
a first look at the U(3) static potential.

We extract the static potential from Wilson loops W (~r, t) measured on 83×24 lattices. In
Section 4 we considered m×n Wilson loops oriented along the principal axes of the lattice. For the
static potential we want to be more general and consider all possible spatial separations ~r, which
we do by gauge fixing to Coulomb gauge and computing

W (~r, t) = Tr
[
P (~x, t, t0)P †(~x+ ~r, t, t0)

]
. (6.1)

Here P (~x, t, t0) is a product of temporal links Ut at spatial location ~x, extending from timeslice t0
to timeslice t0 + t. We extract V (r) by fitting W (r, t) = w exp(−V (r)t), combining all ~r with the
same magnitude r ≡ |~r| and comparing fit ranges tmin ≤ t < Nt/2 = 12 to find the tmin = 5–6
above which the results form stable plateaus.

To directly compare our data and results with continuum expectations, we must take care to
account for the physical structure of the A∗

4 lattice. As discussed in Ref. [12] we use a convenient
representation of the A∗

4 lattice that adds the fifth link µ̂4 = (−1,−1,−1,−1) to the usual four
hypercubic basis vectors. This allows us to use familiar integer displacement vectors in the code,

Figure 8: Static potential Coulomb coefficients C for the usual Wilson loops from 83×24 lattices with
gauge groups U(2) (left, from Ref. [12]) and U(3) (right). The N = 2 results are consistent with the leading-
order perturbative prediction. The N = 3 results fall below even the NNLO perturbative prediction from
Refs. [22, 23].
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which must be converted to physical distances on the true A∗
4 lattice. Doing so, we find that

displacements corresponding to any r > 2.6 can wrap around the L = 8 spatial lattice, making
them unusable in the gauge-fixed correlator Eq. 6.1. Limited investigations of L = 12 and 16
suggest that our signals disappear into the background noise for r & 3 in any case, so that we don’t
lose much due to the restriction

√
3/4 ≤ r ≤ 2.6 on our 83×24 lattices.

An additional consequence of the A∗
4 lattice structure is the normalization factor relating the

continuum and lattice couplings, λ = λlat/
√

5. This is simply the Jacobian of the transformation
between the lattice and continuum space-time coordinates, which is non-trivial because the A∗

4

links are not orthogonal. We provide a more intuitive derivation of this rescaling in Ref. [12].

Fitting V (r) to the Coulomb form V (r) = A − C/r, using all accessible
√

3/4 ≤ r ≤ 2.6,
produces the Coulomb coefficient results shown in Fig. 8. For each gauge group U(2) and U(3)
we consider several values of (µ, κ), observing no significant dependence on these parameters. We
plot the Coulomb coefficients as functions of the continuum ’t Hooft coupling λ = λlat/

√
5, and

compare our numerical results with perturbative predictions. For N = 2 in the left panel of Fig. 8
we find values of C in good agreement with leading-order (LO) perturbation theory,

CLO =
λlat/

√
5

4π
=

λ

4π
. (6.2)

For N = 3 in the right panel, however, our results begin deviating significantly from the LO line at
stronger couplings. Although the next-to-leading-order and next-to-next-to-leading-order correc-
tions from Refs. [22, 23] move the perturbative prediction closer to our results, a clear difference
remains. These NLO and NNLO contributions are

CNLO
CLO

=
λ

2π2

(
log

[
λ

2π

]
+ γE − 1

)
(6.3)

CNNLO
CLO

=
λ2

8π4

{
log

[
λ

2π

]
+ γE +

(
1 +

π2

3

) (
log

[
λ

2π

]
+ γE

)
− π2

12
− 7

2
+

9
4
ζ(3)

}
where γE is Euler’s constant, ζ(3) ≈ 1.202 is Apéry’s constant, and we have set CAα = 2CFα =
λ
4π for gauge group U(N ).

Figure 9: Ratios CD/C of static potential Coulomb coefficients for the determinant-divided Wilson loops
relative to those for the usual loops, from 83×24 lattices with gauge groups U(2) (left, from Ref. [12]) and
U(3) (right). Both plots show the same vertical range to illustrate that the new N = 3 results are much less
noisy than N = 2, though the former are consistently larger than the expected ratio 1− 1

N2 = 8
9 .
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While it is tempting to interpret the right panel of Fig. 8 as a suggestion that we are seeing
C depart from perturbation theory to approach the famous large-N prediction C ∝

√
λ at strong

coupling [24, 25], we suspect that both N = 3 and λ ≤ 3/
√

5 are still too small for this to happen.
We can see that the NLO and (especially) NNLO corrections are still small compared to CLO,
suggesting that our results should remain within the perturbative regime. Although the contrast
between C for U(2) and U(3) in the two plots of Fig. 8 is striking, its cause is not yet clear. It
will be very interesting to add U(4) results to this picture, to clarify any systematic trends. This
work is underway, but is challenging due to the steeply increasing computation costs, which grow
∝ N5 [14].

Another interesting difference between the U(2) and U(3) static potentials is visible when
we divide out the determinant of the Wilson loops from which V (r) is extracted. As discussed
in Section 4, this procedure should approximately project the observables to SU(N ), removing
the U(1) sector that decouples in the continuum limit. We expect that the Coulomb coefficients
CD resulting from determinant-divided Wilson loops will be reduced by a factor (N2 − 1)/N2

compared to the usual C in Fig. 8. (This holds in perturbation theory through NLO, and the
departure from this simple scaling at NNLO [23] appears negligible.)

In Fig. 9 we test our expectation by plotting the ratios CD/C, again as functions of the contin-
uum λ = λlat/

√
5 for several values of (µ, κ). As before, there is no clear dependence on (µ, κ),

and the ratios are also insensitive to the coupling. Our U(2) results are fairly noisy, but appear
consistent with the expected ratio of 3/4. In contrast, our results for N = 3 are much more stable,
which we emphasize by showing the same vertical range in both plots of Fig. 9. Numerically we
find CD/C ≈ 0.96 with uncertainties small enough to clearly differ from the expected ratio of 8/9.
Again, ongoing investigations of U(4) will be important to clarify the interpretation of these initial
U(3) results.

Finally, we can also consider the N = 4 static potential with the contribution of the scalar
fields removed [22, 23]. We implement this by building Wilson loops from unitary matrices u
defined through the polar decomposition of each link variable, U = uH where H is Hermitian
and positive definite. Decoupling the scalar fields simplifies the perturbative predictions for the

Figure 10: Static potential Coulomb coefficients Cpol for the polar-projected Wilson loops that decouple
the scalar fields, from 83×24 lattices with gauge groups U(2) (left, from Ref. [12]) and U(3) (right). The
N = 2 results are consistent with the leading-order perturbative prediction, and the N = 3 results also
remain close to perturbation theory.
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Coulomb coefficient in Refs. [22, 23], with Eqs. 6.2 and 6.3 becoming

Cpol =
λ

8π

{
1− λ

4π2
+A

(
λ

4π2

)2

+B

(
λ

4π2

)3

log
[
λ

4π

]
+O

(
λ3

)}

A =
5
2

+
π2

4
− π4

64
B =

1
12π

.

(6.4)

At leading order the polar-projected Cpol is just half the usual Coulomb coefficient, Cpol/C = 1/2.
In Fig. 10 we plot Cpol vs. λlat/

√
5 for N = 2 and 3, using the same axes and considering the

same values of (µ, κ) as in Fig. 8. The U(2) results for Cpol in the left panel of Fig. 10 are in good
agreement with leading-order perturbation theory, and appear less noisy than the usual Coulomb
coefficients in Fig. 8. The U(3) results in the right panel of Fig. 10 are significantly closer to
leading-order perturbation theory than the corresponding C in Fig. 8. At the same time, the higher-
order perturbative corrections have barely visible effects in this range of λlat. TheN = 3 Cpol may
still begin to drop below the perturbative predictions at the strongest coupling we have investigated
so far, but this deviation is not significant and may be cured by extrapolating (µ, κ) → (0, 0).

7. Recapitulation of status, prospects and next steps

Our investigations of lattice N = 4 SYM are making progress addressing a number of in-
teresting questions, regarding both the validity of our lattice calculations as well as the resulting
predictions that may be compared to continuum perturbation theory and gauge–gravity duality. In
this proceedings, we presented several new developments that go beyond the results appearing in
Refs. [12, 13]. These include an initial study of fine-tuning to recover the full symmetries ofN = 4
SYM in the continuum limit, which makes use of the recent derivation that only a single parameter
needs to be tuned so long as the moduli space is not lifted by nonperturbative effects. We also
extended our measurements of the complex Pfaffian, considering more lattice volumes for larger
N = 3 and 4, which also indicate that the lattice theory does not suffer from a sign problem. These
results provide additional evidence that our phase-quenched lattice calculations simulate N = 4
SYM to a good approximation, and can recover the appropriate theory in the continuum limit.

We then focused on the static potential, extending our previous study of gauge group U(2)
with initial results for N = 3. In both cases, we find Coulombic behavior at both weak and strong
coupling, and compare the Coulomb coefficients to perturbation theory. Our initial U(3) results
appear significantly less noisy than those for N = 2, but fall away from perturbative predictions
at the strongest couplings we have investigated. When we consider Wilson loops approximately
projected to SU(3), we find Coulomb coefficients CD closer to the usual U(3) C than we expected
from naive (N2 − 1)/N2 scaling. It is not yet clear how we should interpret the current contrast
between N = 2 and 3. We are working on extending these investigations to N = 4, which we
hope will clarify any systematic trends.

Additional future work will include further studies of the Pfaffian phase, with the aim of im-
proving our qualitative understanding of why we see no sign problem for lattice N = 4 SYM.
Although it is extremely expensive to measure the Pfaffian on larger lattice volumes or for larger
values of N , we may be able to gain insight by applying our new RG blocking scheme to obtain
blocked systems with fewer degrees of freedom, which are more practical to analyze. MCRG anal-
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yses may also prove useful to predict the anomalous dimensions of single-trace operators like the
Konishi, a particularly exciting goal. Such predictions would be complementary to those obtainable
in perturbation theory [26] or via the conformal bootstrap program [27].
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