Baryon spectrum in the composite sextet model
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The strongly coupled near-conformal gauge theory with two fermion flavors in the two-index
symmetric (sextet) representation of SU(3) is potentially a minimal realization of the composite
Higgs mechanism. We discuss the staggered fermion construction of baryonic states, present our
first numerical results and comment on implications for dark matter.
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1. Introduction

In order to not generate a U(1) anomaly the cubic expression involving the flavor charges must
vanish as usual. This requirement is of course fullfilled for the SU(2) generators acting on the lefthanded doublet (Pauli matrices) and the non-trivial constraint comes from the U(1) hypercharge,
TrY = 0. We choose Y = 2(Q − T3 ) as the hypercharge generator, where Q is the electromagnetic
charge and T3 is the third component of weak isospin. Then an anomaly free setup requires fractional charges for the left-handed doublet, Q(uL ) = 1/2 and Q(dL ) = −1/2. For the right-handed
fermions, which are electroweak singlets, we have hypercharge Y = 1 for uR and Y = −1 for dR ,
leading to a consistent charge assignment Q(uR ) = 1/2 and Q(dR ) = −1/2. The anomaly condition
from TrY 3 is also satisfied as can be checked directly.
The chiral symmetry group SU(2)L ×SU(2)R breaks to the diagonal SU(2)V and hence SU(2)W ×
U(1)Y breaks to U(1)em . The surviving U(1)em symmetry ensures that baryon number is conserved
and also that the lightest baryon state is stable under the new gauge force and weak decay.
There are two baryon states forming an isospin doublet of the type (uud, udd) and they carry
half-integer charge with opposite sign. If these are to play any role as a dark matter particle it
hence will be of the fractionally charged massive particle (FCHAMP) type [12, 13]. As we argue
in [14], the abundance of relic sextet baryons from the evolution history of a charge symmetric
Universe is expected to remain far below detectable levels. There are ways to modify the model
2

PoS(LATTICE2014)270

SU(3) gauge theory with two massless flavors of fermions in the 2-index symmetric (sextet)
representation may give rise to a minimal model of a composite Higgs particle [1, 2, 3]. The
composite scalar, perhaps a Higgs impostor, could be a light and narrow state if the underlying
theory is near-conformal. There is accumulating non-perturbative evidence of this model being
near-conformal [4, 5, 6], consistent with finite-temperature studies [7, 8] and also with a small and
non-zero β -function of the renormalized gauge coupling [9, 10]. Furthermore, our recent results
indeed show the presence of a light composite scalar with 0++ quantum numbers in the spectrum
of the theory [5, 6]. In all of these lattice studies, it should be noted, not all systematic effects are
controlled and hence should be interpreted with caution.
In this model spontaneous symmetry breaking SU(2)L × SU(2)R −→ SU(2)V generates exactly three Goldstone bosons which are eaten to give masses to the W ± and Z 0 gauge bosons when
the electroweak interaction is turned on. There are no leftover massless or very light particles from
the Goldstone spectrum which has implications for model building regarding dark matter. In one
class of composite Higgs models (some of) the remnant Goldstone bosons become dark matter
candidates [11] which in our model is not possible. Nevertheless, a stable baryon state is present
in the spectrum which will be the topic of this contribution. The nature of the baryonic state and
its connection to dark matter require the coupling of the sextet theory to the rest of the Standard
Model to be specified.
The two flavors will be denoted by ψab = (uab , dab ) in analogy with QCD, they carry two
SU(3) gauge indices a, b = 1, 2, 3. The left-handed projections are a weak isospin doublet and the
right-handed projections are two weak isospin singlets,
!


uLab
L
R
R , dR
ψab =
,
ψ
=
.
(1.1)
u
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ab ab
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such that more contact can be made with direct detection experiments but these would compromise
the minimality of the sextet model. More importantly the viability of the model first and foremost
hinges on the question whether an appropriate composite Higgs particle resides in the spectrum
or not. Nevertheless further speculation about the role the sextet baryons can play as dark matter
candidates can be found in [14].

2. Construction of the sextet nucleon operator

2.1 Color structure
Three SU(3) sextet fermions can give rise to a color singlet. The tensor product 6 ⊗ 6 ⊗ 6 can
be decomposed into irreducible representations of SU(3) as [16],
6 ⊗ 6 ⊗ 6 = 1 ⊕ 2 × 8 ⊕ 10 ⊕ 10 ⊕ 3 × 27 ⊕ 28 ⊕ 2 × 35

(2.1)

where irreps are denoted by their dimensions and 10 is the complex conjugate of 10. The color
singlet state corresponds to the unique singlet above. Fermions in the 6-representation carry 2
indices, ψab , are symmetric, and transform as
ψaa0 −→ Uab Ua0 b0 ψbb0

(2.2)

and the singlet can be constructed explicitly as
εabc εa0 b0 c0 ψaa0 ψbb0 ψcc0 .

(2.3)

Let us introduce the index A = 0, . . . 5 for the 6 components of the symmetric ψab , i.e. switch
notation to ψab = ΨA . Then the above color singlet combination may be written as
εabc εa0 b0 c0 ψaa0 ψbb0 ψcc0 = TABC ΨA ΨB ΨC

(2.4)

with a totally symmetric 3-index tensor TABC . Note that in QCD the color contraction of the nucleon
is antisymmetric while for the sextet representation it is symmetric.
2.2 Spin flavor structure
As we have seen the color contraction is symmetric for the sextet representation and hence the
overall antisymmetry of the baryon wave function with respect to interchanging any two fermions
in it must come from the spin-flavor structure.
It is useful to consider the non-relativistic notation and suppress color indices. The two flavors
will be labelled as u and d like in QCD and the non-relativistic spin will be either ↑ or ↓. The state
we are after may be obtained from | ↑ u, ↑ d, ↓ ui by making it totally antisymmetric,
|ψi = | ↑ u, ↑ d, ↓ ui + | ↓ u, ↑ u, ↑ di + | ↑ d, ↓ u, ↑ ui −
| ↓ u, ↑ d, ↑ ui − | ↑ d, ↑ u, ↓ ui − | ↑ u, ↓ u, ↑ di .

3
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In the first two parts of this section we discuss the color, spin and flavor structure of the sextet
nucleon state in the continuum. We will see that a symmetric color contraction is needed in order
to construct a color singlet three fermion state when fermions are in the sextet representation. This
makes the construction of the nucleon operator non-trivial in the lattice staggered basis, which we
discuss in the third part of this section.

Santanu Mondal

Sextet baryons

2.3 From continuum Dirac to lattice Staggered basis
The lattice operators that create the state (2.5) belong to a suitable multiplet of taste SU(4).
Our staggered operator construction follows [17, 18].
We motivate our staggered operator construction from the correct operator in Dirac basis. For
simplicity we want to have operators as local as possible, thus in Dirac basis, our sextet nucleon
operator takes the form,
βj

γj

∗ ∗
N αi (2y) = TABC uαi
A (2y) [uB (2y) (Cγ5 )β γ (C γ5 )i j dC (2y)]

(2.6)

Cγµ C−1 = −γµT ,
−C = CT = C† = C−1 .

(2.7)

The coordinate y labels elementary staggered hypercubes. Staggered fields are defined as
uαi (2y) =

1
Γαi
η χu (2y + η) ,
8∑
η

where Γ(η) is an element of the Euclidean Clifford algebra labeled by the four-vector η whose elements are defined mod 2 as usual. More precisely Γ(η) = γ1η1 γ2η2 γ3η3 γ4η4 where η ≡ (η1 , η2 , η3 , η4 ).
Writing in terms of the staggered fields,
N αi (2y) = −TABC

1
A
0
Γαi
η 0 χu (2y + η )
83 ∑
0
η

∑ S(η)χuB (2y + η)χdC (2y + η) ,

(2.8)

η

where S(η) is a sign factor. To obtain a single time slice operator an extra term has to be added to or
subtracted from the diquark operator to cancel the spread over two time slices of the unit hypercube.
This is similar to what is done to construct the single time slice meson operators in QCD. This extra
term corresponds to the parity partner of the nucleon. The single time slice nucleon operator reads,
N αi (2y) = −TABC

1
Γ~ηαi0 χuA (2y + ~η 0 )
83 ∑
0
~η

∑ S(~η )χuB (2y + ~η )χdC (2y + ~η ).

(2.9)

~η

Now the operator is a sum of 8 × 8 = 64 terms over the elementary cube in a given time slice. The
local terms vanish individually after the symmetric color contraction. The non-vanishing terms are
those where a diquark resides on a corner of the cube at a fixed time-slice and the third fermion
resides on any of the other corners. The nucleon operator is thus the sum of all such 56 terms with
appropriate sign factors. In order to find the mass of the lowest lying state any one of these 56
terms can in principle be used. We use the operators listed in Table 1.

3. Lattice simulations
The rooted staggered fermion action with 2-steps of stout-smearing [19] and tree-level Symanzikimproved gauge action have been used to simulate two sextet flavors on the lattice. Simulations
have been performed at one value of the bare coupling, β = 6/g2 = 3.2.
Autocorrelations are monitored by the time histories of effective masses and correlators. For
the estimate of the statistical errors of hadron masses we used correlated fitting with double jackknife procedure on the covariance matrices [20].
4
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where Greek letters and lower case Latin letters denote spin and taste indices, respectively. C is the
charge conjugation matrix satisfying
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Label
IVxy
IVyz
IVzx
VIII

Operators (set a)
χu (1, 1, 0, 0) χu (0, 0, 0, 0) χd (0, 0, 0, 0)
χu (0, 1, 1, 0) χu (0, 0, 0, 0) χd (0, 0, 0, 0)
χu (1, 0, 1, 0) χu (0, 0, 0, 0) χd (0, 0, 0, 0)
χu (1, 1, 1, 0) χu (0, 0, 0, 0) χd (0, 0, 0, 0)

Operators (set b)
χu (0, 0, 0, 0) χu (1, 1, 0, 0) χd (1, 1, 0, 0)
χu (0, 0, 0, 0) χu (0, 1, 1, 0) χd (0, 1, 1, 0)
χu (0, 0, 0, 0) χu (1, 0, 1, 0) χd (1, 0, 1, 0)
χu (0, 0, 0, 0) χu (1, 1, 1, 0) χd (1, 1, 1, 0)

Table 1: Staggered lattice operators used.
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Figure 1: Comparison of MN from different operators varying tmin with fixed tmax = 20. The calculation is performed
on lattices with β = 3.20, V = 323 × 64 and m = 0.007 using 200 configurations. The tmin values for the operators IVxy ,
IVyz and IVzx are shifted by 0.25, 0.5 and 0.75 respectively for clarity.

3.1 Nucleon operator comparison
We investigate the signal qualities for the operators listed in Table 1 on 200 − 300 configurations (separated by 5 trajectories each) with volume V = 323 ×64 and fermion mass m = 0.007. For
each operator the nucleon mass, MN , is fitted from time separation tmin to tmax . Figure 1 compares
the corresponding fits for various values of tmin at tmax = 20. It is observed that, for all operators,
the fits are stable against the choices of fit ranges. Moreover, all operators are consistent with one
another within errors. Their noise-to-signal ratios are similarly small and around ∼ 5%. There is no
operator significantly less noisy than the others, therefore the quality of the resulting spectroscopy
would be independent of the choice of operators. In the following analysis we use the operator IVxy
in set a.
3.2 Preliminary results
In this section we present our preliminary results on the nucleon spectroscopy. The nucleon
correlator of operator IVxy in set a is measured on lattices with volume V = 323 × 64 and fermion
mass m = 0.003 to m = 0.008, each with 200 − 300 configurations. Figure 2 shows the chiral
extrapolation of MN compared with the masses of pion, a1 and ρ mesons, denoted by Mπ , Ma1 and
Mρ , respectively [4, 14]. It is observed that MN is heavier than the low-lying mesons in the chiral
limit as expected.
The scale is set by the chiral limit of Fπ , denoted by F. The left plot of figure 3 shows a
preliminary chiral extrapolation of F, measured on lattices on 483 × 96 for m = 0.003 and 323 × 64
for the rest. As a preliminary result we obtain F = 0.0253(4); see [14] for more details. Imposing
5
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M = M0 + C m
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Figure 2: Chiral extrapolation of MN (blue) in comparison with Mπ , Ma1 and Mρ . The calculation is performed on
lattices with β = 3.20, V = 483 × 96 for m = 0.003 (except MN on V = 323 × 64) and V = 323 × 64 for the rest, using
200 − 300 configurations.
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Figure 3: Preliminary chiral extrapolation of Fπ . The calculation is performed on lattices with β = 3.20, V = 483 × 96
for m = 0.003 and V= 323 × 64 for the rest, using 200 − 300 configurations, see [14] for more details (left). Hadron
spectroscopy at β = 3.20 in physical units (right).

F = 246 GeV , the nucleon is found to be approximately 3 TeV . It is compared with other meson
states on the right panel of figure 3.

4. Summary and outlook
We have determined the fermion mass dependence of a nucleon-like state in SU(3) gauge
theory coupled to two flavors of massless fermions in the sextet representation. In our pilot study
the chiral limit of the sextet nucleon mass is around 3 TeV at the particular lattice spacing we
analysed.
Our motivation for studying this particular nucleon-like state is twofold. First, it has intriguing
connections with our understanding of dark matter as discussed in [14]. As a first step we studied
the mass of this new state on the 3 TeV scale which is necessary for all dark matter considerations.
6
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Our second motivation was the expectation that regardless of what its physical interpretation is, the
mass of the baryon state, or more precisely the ratio of baryon states at different bare couplings
compared with the ratio of other dimensionful quantities can give indication how close or far we
are from the continuum limit. So far we have analyzed β = 3.20 only but this aspect will be tested
when we analyse our β = 3.25 lattices and compare the scale change from β = 3.20 coming from
the ratio of the baryon mass and other dimensionful quantities.
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