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1. Introduction

The indirect CP violation parameter, € in the neutral kaon system is very well known with
~ 0.5 % precision from experiments [1]. Our theoretical estimate of € directly from the standard
model (SM) has 3.40 tension with the experiment in the exclusive V., channel [2]. In order to
widen the gap in the unit of ¢, we need to increase the precision of the calculation of Bx and V,,;, in
lattice QCD. In our calculation, one of the dominant source of error comes from the matching factor
for Bx (= 4.4%) using the one-loop perturbation theory. Hence, it becomes essential to reduce the
matching factor error. The non-perturbative renormalization method (NPR) with the RI-MOM [3]
can reduce this error down to the ~ 2% level. In the previous work of Refs. [4, 5], the NPR method
has been applied to the staggered bilinear operators. Here, we present preliminary results of the
renormalization factors of four-fermion operators relevant to B operator obtained using NPR in
the RI-MOM scheme with improved staggered fermions.

2. Four-fermion operator renormalization in the RI-MOM scheme

There are two kinds of color contraction of four-fermion operators. A general one-color trace
four-fermion operator is defined as follows.

O(X,l(y) = Z Z [7(‘1 (yA)(Y& ® éF] )AB%c‘z (yB)] [7@ (yC)(’}/Sz ®§F2)CDXC4 ()’D)]

A,B,C1,C2,
C.D €3,C4

UAD;Cl cy (y) UBC;62C3 (J’) P (2 1)

and a general two-color trace four-fermion operator is defined as follows.

OOt,II(y) = Z Z [Ycl (yA)('Y& ®§F1 )ABxcz (yB)] [703 (yc)(ysz ® éFz)CDXM ()’D)]

A,B,C1,C2,
C.D €3,C4

Usgicre» () Ucpicses () 5 (2.2)

where o =[S} ® F1][S2 ® F»] is an operator index, and ¢; are color indices. The y represents a
coordinate of the hypercube with its lattice spacing 2a. The indices A, B, C and D are hypercubic
vectors: for example, A = (1,1,0,0). Here, we use the notation of y4 = 2y +A. Usp.c,c,(y) is a
gauge link, an average of the shortest paths which connect y4 and yg as products of HYP-smeared
fat links. s represents the spin and & the taste. Here, x(yg) represents HYP-smeared staggered
quark field. We calculate the amputated Green’s function using same method introduced in Ref. [4].

As an example, we choose the four fermion operators used to calculate Bk in order to illustrate
how the NPR method produces the matching factors. We introduce the following simple notations
for the operators.

01 = Owep|ver; 02 = Oyervar s
03 = Ojaep)jacp)I; 04 = Opspjace - (2.3)

First, we divide the lattice operators into two classes: (C) the diagonal operators defined in Eq.(2.3),
{01, 03, O3, O4}, which have the &5 tastes in both bilinears, and (D) the off-diagonal operators
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which are remaining operators with taste different from &s. The tree level Bk operator is sum of
the operators in the (C) class.

Otree _ Otiree + Otzree + OBree + OE‘ree (2 4)

The projection operators are also defined in the same way in Eq.(2.3) as follows.

17— 1
Pl = 7(')/,1'1 ® éST)BA('YITl ® éST)DC6C4Cl 5C302 ’ PZ = 7(}/}3 ® gST)BA(yE ® &;)DCSCZCI 60403 )
N N

17— T 1
Py == (s ®E3) 5, (s &) pedescrOeser s Pa= 2 (Nus ©85) g, (Vs © &) pBeses Beaes - (25)

Here, N is normalization factor given as follows.

N=3072= 4" x 4* x( 3 + 9 ) (2.6)
~— ~~ ~~ ~~
spin taste 1-color trace  2-color trace

We fix the normalization factor N such that, when we apply the projection operators to the tree
level amputated Green’s function, it satisfies the following conditions.

[ treeP ] tr[AtreePZ] tr[AtI‘CCP3] tr[AtI'CCP ] (27)
[Ag;epu))] = tI‘[AErDe(;P(C)} =0 (2.8)

Here, note that the diagonal terms equal to one and the off-diagonal terms becomes zero.
The renormalized Bk operator is defined as follows.

0f, =207 + 205 + 305 + 05 + Y 2,05, (2.9)
oc(D)

where the superscript R (B) denotes renormalized (bare) quantity, and the coefficients z; are renor-
malization factors. The renormalization of quark fields is defined as follows.

xF =22 (2.10)

The amputated Green’s function is obtained by multiplying the inverse propagators to the unampu-
tated Green’s function. Hence the renormalized amputated Green’s function is as follows.

/\§K—ZA1+ZA2+Z AS+ A+ Z 2.11)
q q q ‘] ‘]

The RI-MOM scheme prescription is that the renormalized quantity is equal to its tree level value.

tw[AS (P, P, P, P)Pp) = tr[AS* (P, P, b P)Pg] (2.12)

where p is a momentum defined in the reduced Brillouin zone.* We define the projected amputated
Green’s function as follows.

1
Thp = —tr[AﬁPﬁ] (2.13)
lI

4Please refer to Ref. [4] for more details.
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Hence, from Eq. (2.7), Eq. (2.8), Eq. (2.11) and Eq. (2.12), we obtain the following relations.

1=zl + 25, + 5, +auliy + Y, oy, o (0) (2.14)
ve(D)

0 =275+ 22055 + 2155 + 2l s + %) oy, Be(D) (2.15)
e

We can express these equations as a matrix equation.
Ziee =218 2.16
Ztree — 2 ) (2.16)
where Zee and 7 are vectors as follows.
Z»tree:(1717171707'”70)7 Z:(Z17Z27Z37Z47Z57Z67'”) (217)

where z; with i > 5 are renormalization factors of off-diagonal operators. The I'? is a matrix as
follows. The upper-left (red) block elements are diagonal terms and others are off-diagonal terms.

Fllgl Iﬁllgz F?.% Fﬁ;rlfs F?G
I 1, 1, 10 T
5, I, 5 T5, 55 T -
%= | T4, T4 Tl T4, T4 T -+ (2.18)
I3 I3, 5 lﬂ1534}r?535 I -
rf, T4, T, T80k T -

Hence, we can compute z-factors from the inverse of I'® matrix as follows.

A

Z = Ziree - ([B) 7! (2.19)

The I® can be rewritten by sub-matrices as follows.

{5 _ <X4x4 Y4520 ) (2.20)

Zo0x4 Waox20

Here, X is diagonal terms, and Y is off-diagonal terms.

I, I, T T rf T, -
2 e i g |’ s e ... '
31 +32 +33 *34 35 * 36
I}, T T4, T, 5 o -

The number of the off-diagonal operators is 20 and they are {Os,Og,--- } = {(SQV)(S@ V)1, (S®
VSV, (S®A)(S®A),---}. We assume that Z ~ YT ~ &(a,)® and W ~ 1 + O(a,). The
inverse of block matrix is

NS xX-yw-'2)='  —x"ly(W-zx"'r)"!
)™= (—WIZ(X—YWIZ)l (W_foly)fl : (2.22)

bNote that this approximation is good within factor of 3.
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Using power series expansion in Y and Z, it becomes as follows.

B X 'yx-lyw-lzx—! X~ ly(w-'+w-lzx-lyw1)
)~ ~ Ay -1 Ay -lry-1 -1 Apy—lyw -1 (2.23)
—Wolz(x Ve x-lywolzxTl) o wolewolzx - lyw
With our assumption, Z ~ Y7 and W ~ 1,
. X '+x-lyyTx-! —x"'y(1+vYTx"ly
()™~ T j AyyTy-1 (1—!_71 ) . (2.24)
-Y (X +X'YY'X ) 1+Y' XY

3. Results

First, we present the data analysis of diagonal terms. Let us consider the element Flfl of '8
matrix. We measure the data for 5 valence quark masses and 9 external momenta. The scale of
raw data is determined by external momentum (¢ = |p|). Hence, we convert the scale of raw data
to the common scale g = 3GeV using two-loop RG evolution [6]. We fit the data with respect to
quark mass for a fixed momentum to the following function f suggested from Ref. [7] based on the
Weinberg theorem [8].

1 1
(am) (am)?’

where m is a valence quark mass. After m-fit, we take the ¢ (ap) as chiral limit values. Because of

f(m>aal’;)zcl+62'<am)+c3' +c4- (3.1)

the sea quark determinant contributions (c3,c4 o< (m%ms)") with v the number of zero modes, these
pole terms contributions vanish in the chiral limit. The fitting results are presented in Table 1 and
Fig. 1(a).

Uo c c c3 C4 x%/dof
3GeV || 0.17991(20) | -0.0975(15) | 0.0007118(85) | -0.000000790(36) | 0.00194(40)
Table 1: m-fit
We fit ¢ (ap) to the following fitting function.
glap) =by+by-(ap)? +b3- (ap)?)*+bs - (ap)* +bs - ((ap)?)? (3.2)

To avoid non-perturbative effects at small (ap)? < 1, we choose the momentum window as (ap)? >
1. Because we assume that those terms of &'((ap)?) and higher order are pure lattice artifacts, we
take the b as I'?| value at 1y = 3GeV in the RI-MOM scheme. The fitting result and plot are
presented in Table 2 and Fig. 1(b).

Ho by by b3 by b5 xz/dof
3GeV || 1.088(16) | -0.515(18) | 0.0953(74) | 0.0020(65) | -0.00663(91) | 0.08(17)
Table 2: p-fit
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‘ ‘ ‘ ‘ ‘ 1.4 ‘ ‘ ‘ ‘ ‘ ‘
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Figure 1: m-fit and p-fit plot at gy = 3GeV

Similarly, we analyse the whole elements of ¥ matrix. Results of diagonal terms in the inverse
of '8 are

1.333(32) —0.793(45) 0.336(21) 0.007(31)

yo1_ | 0-726(44) 1.940(41) —0.008(30) —~0.047(33) 33)
0.341(30) 0.032(45) 1.222(32) —0.604(37)
0.018(45) —0.084(52) —0.637(39) 1.543(36)
0.0127(15) —0.0079(11) 0.0020(17) —0.0001(10)
Y lyyTy-1 | ~0:00713(92) 0.0064(11) —0.0010(11) ~0.00045(73) 3.4)
0.0020(18)  0.0000(15) 0.0200(90) —0.0103(48)

0.0001(12) —0.0012(11) —0.0109(52) 0.0059(28)

We obtain 7 in RI-MOM scheme at tip = 3GeV. We convert the scheme from RI-MOM to MS
using two-loop RG evolution. Results are summarized in Table 3.

RI-MOM(3GeV) | MS(3GeV)
21 0.9666(78) 0.9812(79)
2 1.095(30) 1.111(31)
& 0.9139(73) 0.9277(74)
) 0.898(28) 0.912(29)

Table 3: The z-factors in RI-MOM and MS scheme. Here, the errors are purely statistical.

Now let us switch the gear to the systematic errors. The first systematic error comes from the
diagonal correction terms, X 'YW 1ZX ! ~ X~ 1YYTX~!. We quote Ejizy = Ziree - X ' YYTX !
as this error. The second systematic error comes from the off-diagonal correction terms. Their size
(—X~1Y) are typically less than 7%. However, thanks to the wrong taste suppression (< 1%) [9],
their effect becomes < 0.07%. Hence we neglect them without loss of generality. Another system-
atic error comes from truncated higher order of the two-loop RG evolution factor (RI-MOM— MS).
We quote E; =z; - ocf as this error. We add these systematic errors (Eyjqe and E;) in quadrature as
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MS(3GeV) Ejiag E; Eior

z1 || 0.9812(79) | 0.0077 | 0.0144 | 0.0163
22 1.111(31) | 0.0027 | 0.0163 | 0.0165
z3 || 0.9277(74) | 0.0101 | 0.0136 | 0.0171
z4 || 0.912(29) | 0.0050 | 0.0134 | 0.0143

Table 4: The systematic errors of z-factors in MS scheme at 3GeV. E;,,; represents the total systematic error.

summarized in Table 4.

In addition, we compare the NPR result(MS [NDR]) with those of one-loop perturbative

Eone—loop _

matching. We quote truncated two-loop uncertainty: E; = z;- a2 as our estimate of the sys-

tematic error of one-loop matching. Here, note that the results of NPR are consistent with those of

NPR(3GeV) | one-loop(3GeV) A

21 | 0.981(8)(16) 1.035(62) 0.83 ¢
» | 1L1113DHA7) 1.120(67) 0.12 ¢
2 | 0.928(7)(17) 1.043(63) 1756

z4 || 0.912(29)(14) 0.953(57) 0.63 ¢

Table 5: Comparison NPR results and one-loop perturbative matching factors at 3GeV.

one-loop matching within 20. This indicates that our NPR results are quite reasonable.
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