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1. Introduction

The Standard Model predicts that the Cabbibo-Kobayashi-Maskawa (CKM) matrix, which
describes the mixing between different flavors of quarks, must be unitary. Any deviation from
unitarity would be an indication of new physics, and constraints can be established on the scale of
new physics even if unitarity is fulfilled.

The CKM matrix elements |Vus|, |Vcs| and |Vcd | can be precisely determined from the semilep-
tonic decays K → πlν , D→ Klν and D→ πlν respectively. This determination can be done
combining experimental results with lattice calculations of the corresponding vector form factors
at zero momentum transfer, f+(0).

Here we present a calculation of these form factors using HISQ valence quarks on MILC
N f = 2+1+1 HISQ lattices. The details of the ensembles used are given in Table 1.

2. Method

We do not calculate the vector form factor directly, but rather follow the method introduced
in Ref. [1] which uses a Ward Identity to relate the matrix element of a vector current to that of a
scalar current:

f DK
0 (q2) =

mc−ms

m2
D−m2

K
〈K|S|D〉q2 , (2.1)

together with the kinematic constraint f+(0) = f0(0). The same applies to the other processes
considered in these proceedings, D→ π and K → π . The main advantage of this approach over
calculating the vector form factor directly is that the combination of (mc−ms)S does not need
renormalization.

Determination of the form factor requires the calculation of 2pt and 3pt correlation functions,
where the 3pt correlators have the structure depicted in Figure 1. We generate a light (strange) quark
propagator at tsource with random-wall sources and contract it with an extended strange (charm)
propagator generated at T + tsource.

Table 1: Ensembles used in these calculations. Red indicates physical quark mass ensembles.

a (fm) ml/ms Volume
Ncon f ×Ntsource amsea

s amval
s amsea

c amval
c(K→ π) (D→ K/π)

0.15 0.035 323×48 1000×4 0.0647 0.0691 0.831 0.8531
0.12 0.2 243×64 1053×8 1050×8 0.0590 0.0535 0.635 0.6363

0.1 323×64 993×4 993×4 0.0507 0.053 0.628 0.650
0.1 403×64 391×4 0.0507 0.053 0.628 0.650

0.035 483×64 945×8 943×8 0.0507 0.0531 0.628 0.6269
0.09 0.2 323×96 755×4 773×4 0.037 0.038 0.45 0.44

0.1 483×96 853×4 851×4 0.0363 0.038 0.44 0.43
0.035 643×96 963×8 905×8 0.0363 0.0363 0.432 0.432

0.06 0.2 483×144 362×4 0.024 0.024 0.286 0.286
0.035 963×192 565×6 565×6 0.022 0.022 0.26 0.26
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S (t)

D [K]
K, π[π]

~θ0 = 0

c[s]s, l[l]

l

~θ2
~θ1

tsource
T + tsource

Figure 1: The structure of the 3pt correlators used for the calculation of the D→ π and D→ K
scalar form factors, with the quantities in brackets corresponding to K→ π .

In order to calculate 3pt correlators with zero momentum transfer we tune the momentum of
the child particle using twisted boundary conditions. For each spatial direction k with length L
these boundary conditions are defined as,

ψ(xk +L) = eiθk ψ(xk) (2.2)

This results in a propagator carrying momentum pk = π
θk
L . Our initial K→ π calculations exper-

imented with putting the momentum on either the parent kaon or child pion (~θ1 6= 0 or ~θ2 6= 0 in
Fig 1 respectively), however the statistical errors were significantly larger with the momentum on
the kaon. Therefore we now only put momentum on the child particle (~θ1 = 0 and ~θ2 6= 0).

3. K→ πlν Updated Results

Our results for f Kπ
+ (0) and |Vus| have been published previously in Ref. [2]. In Fig. 2 we

show new preliminary results for the 0.06 fm physical quark mass ensemble as well as for the 0.09
fm physical mass ensemble with improved statistics in comparison with our previous results. The
statistical error in the 0.09 fm point decreases from 0.4% to 0.3% when we double the number of
time sources and add around 300 more configurations, while the central value is nearly unchanged.
Our preliminary 0.06 fm result agrees very well with the other physical quark mass points, as well
as with the extrapolation of Ref. [2] value, and has similar errors. We are still generating data on
this ensemble, so we expect to reduce the error shown in Fig. 2.

Even when simulations at physical quark masses are available, application of a χPT interpo-
lation is useful for a number of reasons. Computationally cheaper data at mπ > mphys

π with high
statistics can be included to reduce the final statistical errors. Dominant discretization and finite
volume effects can be analytically incorporated and removed. Small mass mistunings and partially
quenched effects (msea

s 6= mval
s ) can be corrected at leading order.

In order to arrive at a final result we use a combined chiral interpolation and continuum ex-
trapolation. The form factor f Kπ

+ (0) is written in terms of one-loop (NLO) partially quenched stag-
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gered χPT supplemented by two-loop (NNLO) continuum χPT supplemented by analytic terms,
see Ref. [2] for details.

The result of the extrapolation for the form factor at physical quark mass in the continuum
reported in Ref. [2] is:

f Kπ
+ (0) = 0.9704(24)(22) = 0.9704(32) (3.1)

Fig. 3 (left panel) shows a comparison of the result with previous lattice and non-lattice calcula-
tions. Combining it with the latest experimental average (|Vus| f Kπ

+ (0) = 0.2163(5) Ref. [3]) yields
|Vus| and subsequent check of first row unitarity:

|Vus|= 0.2290±0.00074lat ±0.00052exp (3.2)

→ ∆CKM ≡ |Vud |2 + |Vus|2 + |Vub|2−1 =−0.00115(40)Vus(43)Vud (3.3)

where Eq. 3.3 uses the |Vud | determination of Ref. [6]. A graphical representation of the unitarity
test is shown in the right panel of Fig. 3, which also includes the result of Ref. [5].

4. D→ K(π)lν Current Status

The calculation of D→ K and D→ π follow the same process at that for K → π . The main
difference comes from the significantly larger mass of the D meson compared to that of the kaon.
This leads to a much larger momentum that must be injected into the kaon or pion to get q2 = 0.
As a result the moving kaon (pion) two-point correlators and D→ K(π) three-point correlators are
quite noisy. The challenge then is in finding stable fits and keeping statistical and systematic errors
under control.

Our initial calculations focused on the physical quark mass ensembles at lattice spacings a ≈
0.12, 0.09, and 0.06 fm. We are currently expanding our analysis to a number of unphysical

0.1 0.2

am
l
/(am

s
)
physical

0.97

0.98

0.99

1

f +
 (

q2 =
0)

a = 0.15 fm 
a = 0.12 fm 
a = 0.09 fm 
a = 0.06 fm
chiral interp. in the cont.

Figure 2: Chiral interpolation of f Kπ
+ (q2 = 0) from Ref. [2]. The data points with open symbols

show our preliminary new results for the a≈ 0.06, 0.09 fm physical mass ensembles.
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Figure 3: (left) Our value for f Kπ
+ (0) from Ref. [2] compared with previous work.

(right) Bounds on first row unitarity using Vud from Towner & Hardy, fk/ fπ from
Ref. [5] and f Kπ

+ (0) from Ref. [2].

quark mass ensembles as indicated in Table 1. We can also analyse the form factor at q2
max (both

particles stationary) without calculating any additional propagators. This allows us to investigate
the dependence of statistical errors on the external momentum.

The D→ K form factor correlator fits are stable under variations of the fit parameters, which
means that errors due to excited states and other fit systematics are under control. Our preliminary
results for the form factor at q2 = 0 and q2

max are shown in Fig. 4 as functions of light-quark mass.
We observe that f0(q2 = 0) shows no light-quark mass dependence within the statistical errors while
f0(q2

max) exhibits a statistically significant trend, increasing as the light-quark mass approaches
its physical value. The analyses for other ensembles listed in Table 1 are still in progress. The
statistical errors for f0(q2 = 0) are in general around 10 times as large as those for f0(q2

max).
Finding good stability across fit windows and small statistical errors is difficult in the fits

for D→ π at q2 = 0 on a number of the ensembles. The large errors in the moving pion 2pt
correlator and associated 3pt correlator leads to the usual χ2 per degree of freedom being a poor
criterion for judging fits since almost all reasonable choices of fit window return a small χ2/[do f ]
(or alternatively a p-value close to 1). These challenges will require more work to improve our fits.

5. Future Plans

The preliminary results presented here for f Kπ
+ (0) on two of our physical quark mass ensem-

bles look promising for our goal of decreasing one of the main sources of uncertainty, statistical
error, in our previous calculation. The reduction of the other dominant source of error, finite volume
corrections, will require an explicit one-loop χPT calculation.

Due to the large statistical errors that come with the momenta required to reach q2 = 0 for D
semileptonic decays, it is valuable to work with other values of q2 as well. We plan to calculate
f DK(π)
+ (q2) for a range of momentum values, which will require the evaluation of correlation func-

tions with insertion of vectors currents, in addition to those with insertion of scalar currents. This
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Figure 4: f0(q2) for D→ K as a function of quark mass at q2
max (left) and q2 = 0 (right).

will yield lattice form factors that cover the allowed range of q2, which can be fit to a z-expansion
[4] to determine the shape. After checking the shape of the lattice form factor against experimental
data we will use them to extract |Vcd(s)| in a combined fit.
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