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We compute the leptonic decay constants fD+ , fDs , and fK + , and the quark-mass ratios
mc /ms and ms /ml in unquenched lattice QCD. We use the MILC highly improved staggered quark (HISQ) ensembles with four dynamical quark flavors. Our primary results are
+1.1
+29
fD+ = 212.6(0.4)(+1.0
−1.2 ) MeV, f Ds = 249.0(0.3)(−1.5 ) MeV, and f Ds / f D+ = 1.1712(10)(−32 ),
where the errors are statistical and total systematic, respectively. We also obtain fK + / fπ + =
1.1956(10)(+26
−18 ), updating our previous result, and determine the quark-mass ratios ms /ml =
+10
27.35(5)(−7 ) and mc /ms = 11.747(19)(+59
−43 ). When combined with experimental measurements of the decay rates, our results lead to precise determinations of the CKM matrix elements
|Vus | = 0.22487(51)(29)(20)(5), |Vcd | = 0.217(1)(5)(1) and |Vcs | = 1.010(5)(18)(6), where the
errors are from this calculation of the decay constants, the uncertainty in the experimental decay
rates, structure-dependent electromagnetic corrections, and, in the case of |Vus |, the uncertainty in
|Vud |, respectively.
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1. Introduction

2. Determination of decay constants and quark-mass ratios
This section describes the details of the analyses that produce our results for light-light and
heavy-light decay constants and the ratios of quark masses. We perform two versions of the analysis. The first, the “physical-mass analysis” described in Sec. 2.1, is a straightforward procedure
that essentially uses only the physical-quark mass ensembles. On these ensembles, a chiral extrapolation is not needed: only interpolations are required in order to find the physical quark-mass
point. The physical-mass analysis produces our results for quark-mass ratios and fK + / fπ + , as well
as some additional intermediate quantities required for the chiral analysis of the D meson decay
constants. The second analysis of charm decay constants, described in Sec. 2.2, uses chiral perturbation theory to perform a combined fit to all of our physical-mass and unphysical-mass data,
and to thereby significantly reduce the statistical uncertainties of the results, especially for fD+ .
We take the statistically more precise values of fD+ , fDs , and their ratio from the chiral analysis as
our final results, and use the differences from the results of the simpler physical-mass analysis for
estimates of systematic errors.
2.1 Simple analysis from physical quark-mass ensembles
In the first stage of the analysis, we determine tuned quark masses and the lattice spacing
(using fπ + to fix the scale) for each ensemble, and then find the decay constants by interpolation
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The leptonic decays of pseudoscalar mesons enable precise determinations of the CKM quarkmixing matrix elements within the Standard Model. In particular, experimental rates for the decays
D+ → µ + ν, Ds → µ + ν and Ds → τ + ν, when combined with lattice calculations of the charmmeson decay constants fD+ and fDs , allow one to obtain |Vcd | and |Vcs |. Indeed, this approach
results in the most precise current determination of |Vcd | to date. Similarly, the light-meson decayconstant ratio fK + / fπ + can be used to extract |Vus |/|Vud | from the experimental ratio of kaon and
pion leptonic decay widths [1, 2].
We use the lattice ensembles generated by the MILC Collaboration with four flavors (n f =
2 + 1 + 1) of dynamical quarks using the highly improved staggered quark (HISQ) action, and a
one-loop tadpole improved Symanzik improved gauge action [3 – 6]. Our data set includes ensembles with four values of the lattice spacing ranging from approximately 0.15 fm to 0.06 fm,
enabling good control over the continuum extrapolation. The data set includes both ensembles
with the light (up-down), strange, and charm sea-masses close to their physical values (“physicalmass ensembles”) and ensembles where either the light sea-mass is heavier than in nature, or the
strange sea-mass is lighter than in nature, or both.
Preliminary results for the charm decay constants and quark masses were presented in Ref. [7],
and the final results are given in Ref. [8]. These proceedings summarize the analysis and results
of Ref. [8]. For details about the lattice ensembles used in our calculation and the method for
extracting the decay constants from two-point correlation functions see Ref. [8].
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2.2 Chiral perturbation theory analysis of fD and fDs
Relative scale setting in the combined chiral analysis is done using Fp4s . We use a massindependent scale-setting scheme. We first determine aFp4s and the quark mass am p4s on the
physical-mass ensembles; then, by definition, all ensembles at the same β as a given physical-mass
ensemble have a lattice spacing a and value of am p4s equal to those of the physical-mass ensemble.
To determine aFp4s and am p4s accurately, data is adjusted for mistunings in the sea-quark masses
[8].
3
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or extrapolation in valence-quark mass to these corrected quark masses. Since the decay amplitude
F depends on the valence-quark mass, and we wish to use fπ + = 130.41 MeV [9] to set the lattice
scale, we must determine the lattice spacing and tuned light-quark mass simultaneously. To do
so, we find the light valence-quark mass where the mass and amplitude of the pseudoscalar meson
with degenerate valence quarks have the physical ratio of Mπ2 / fπ2+ . (Actually we adjust this ratio for
finite size effects. See Ref. [8] for more details.) With the tuned light-quark mass determined, we
use the decay amplitude at this mass, fπ + , to fix the lattice spacing. In performing the interpolation
or extrapolation of Mπ2 / fπ2 we use points with degenerate light valence-quark mass mv and employ
a continuum, partially quenched, SU(2) χ PT form [10, 11].
We then fix the tuned strange quark mass to the mass that gives the correct 2MK2 − Mπ2 . Next
we determine the up-down quark mass difference, and hence the up and down quark masses using
the difference in K 0 and K + masses. In this stage of the tuning, the kaon mass is corrected for finite
volume effects, electromagnetic effects and isospin breaking effects. The tuned charm quark mass
is also determined from the experimental value of MDs .
Now that we have found the lattice spacing and tuned quark masses, we can find decay constants and masses of other mesons by interpolating or extrapolating to these quark masses. We
determine the useful quantity Fp4s [6], which is the light-light pseudoscalar decay constant F evaluated at a fiducial point with both valence masses equal to m p4s ≡ 0.4ms and physical sea-quark
masses. The meson mass at the same fiducial point, Mp4s , as well as the ratio R p4s ≡ Fp4s /Mp4s ,
are similarly determined. The unphysical decay constant Fp4s provides an extremely precise and
convenient quantity to set the relative scale in the chiral analysis, while we use R p4s to tune the
strange sea-quark mass.
In the second stage, we combine the results from the individual ensembles and fit to a function
of the lattice spacing to find the continuum limit. We use the ensembles with unphysical sea-quark
masses to make small adjustments for the fact that the sea-quark masses are slightly mistuned.
Fitting to the lattice spacing dependence is straightforward, because the results from each
ensemble are statistically independent. We perform continuum extrapolations for the ratios of
quark masses, mu /md , ms /ml , and mc /ms , for the ratios of decay constants Fp4s / fπ + , fK + / fπ + ,
fD+ / fπ + , fDs / fπ + , and fDs / fD+ , and for Mp4s and R p4s . The extrapolated value for fK + / fπ + is our
result for this quantity. Statistical errors on these quantities are estimated with a jackknife method.
We have six continuum extrapolations for each quantity, which are used to estimate their systematic
errors, and to inform the systematic error of the chiral analysis. The values for the charm-meson
decay constants provide consistency checks on the analysis in Sec. 2.2, and the spread in continuum
values among the different extrapolations is included in our estimates of the systematic uncertainty
from the continuum extrapolation.
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3. Results and conclusions
Our main results are for the charm decay constants and their ratio. We take the results of the
central chiral fit for our best estimate of the central values and statistical errors. We then use the
results of both the physical-mass analysis and the chiral analysis to help estimate the systematic
uncertainties. Conservatively, we take the maximum difference seen in these results, shown in
Fig. 1, with our central values as the estimate of the continuum extrapolation errors. With this
procedure for estimating the systematic uncertainties, the principal role of the combined analysis
of physical and unphysical data is to reduce the statistical error.
The analysis on the physical-mass ensembles also helps us estimate the finite-volume and EM
errors. This procedure yields our final results for fD+ , fDs and fDs / fD+ :
fD+ = 212.6 ± 0.4stat +0.9
−1.1 |a2 extrap ± 0.3FV ± 0.1EM ± 0.3 fπ PDG MeV,

fDs = 249.0 ± 0.3stat +1.0
−1.4 |a2 extrap ± 0.2FV ± 0.1EM ± 0.4 fπ PDG MeV,

f Ds / f D+ =

1.1712(10)stat (+28
−31 )a2 extrap (3)FV (6)EM .

(3.1)
(3.2)
(3.3)

For the effects of isospin violation we find
fD+ − fD = 0.47(1)stat (+25
− 4 )a2 extrap (0)FV (4)EM MeV,

(3.4)

where fD is the value of fD+ in the isospin limit, when the light valence mass is equal to ml = (mu +
md )/2 instead of md . Our result for fDs is more precise than previous determinations primarily for
two reasons. First, the statistical errors in our data points for the decay amplitudes are two or
4
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The formulas used for the chiral fits and describing our method for incorporating discretization
effects into the extrapolation are discussed in Refs. [8] and [12]. Our chiral expansion is systematic
through NLO. However, because the high degree of improvement in the HISQ action drastically
reduces the coefficient of the leading discretization errors, higher order errors are also apparent.
Therefore, we need to consider several parameters related to the discretization effects, which are
formally NNLO. We get acceptable fits when some, but not all, of these parameters are dropped,
especially if the coarsest ensembles are omitted.
We have a total of 18 acceptable (p ≥ 0.1) versions of the continuum/chiral fits, which keep or
drop the coarsest ensembles, keep or drop some of the higher order discretization terms, and constrain higher order chiral terms and/or discretization terms with priors or leave them unconstrained.
(For the complete list see Ref. [8].) We also have the six versions of the continuum extrapolations
used in the tuning procedure that leads to the inputs of quark mass and lattice scale. This gives a
total of 108 versions of the analysis. We then choose our “central fit” simply by requiring that it
be a fit to all ensembles and that it give results for ΦD+ and ΦDs that are as close as possible to the
center of the histograms for these quantities.
The central fit provides us with the central values of all output quantities. To determine the total
statistical error of each output quantity, we use a jackknife method, dropping some configurations
in turn from each ensemble, and recomputing the inputs (from the physical-mass analysis) as well
as the chiral fits. One can use the total of 108 versions of the analysis to determine the systematic
error associated with the continuum extrapolation (and chiral interpolation) of the charm decay
constants in the chiral perturbation theory analysis.
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Figure 1: Histograms of ΦD+ and ΦDs from the chiral analysis have been overlaid with results from various
continuum extrapolations in the physical-mass analysis, shown as vertical red lines. We take the full ranges
shown at the top of each plot as the final estimates of the systematic errors coming from the continuum
extrapolation.

more times smaller than those obtained by others. Second, our use of ensembles with the physical
light-quark mass eliminates the significant (although not dominant) uncertainty from the chiral
extrapolation. For fD+ and fDs / fD+ , we also have significantly smaller continuum-extrapolation
errors due to the use of the HISQ sea-quark action and lattice spacings down to a ≈ 0.06 fm.
Moreover, the statistical error in fD+ is slightly more than a factor of two smaller with the chiral
analysis than in the physical-mass analysis. In fact, the main effect of the chiral analysis on the
final results is a significant reduction of the statistical errors, in particular for fD+ .
We also update our determination of the decay-constant ratio fK + / fπ + in Ref. [13] from the
physical-mass analysis, and include results for quark-mass ratios coming from the tuning procedure
and continuum extrapolation described in Sec. 2.1:
fK + / fπ + = 1.1956(10)stat +23
−14 |a2 extrap (10)FV (5)EM
ms /ml =

mc /ms =

27.352(51)stat +80
−20 |a2 extrap (39)FV (55)EM
11.747(19)stat +52
−32 |a2 extrap (6)FV (28)EM .

(3.5)
(3.6)
(3.7)

Although our analysis also determines mu /md , we do not quote a final result, because the errors in
this ratio are dominated by electromagnetic effects. For more details see Refs. [8] and [14].

4. Impact on CKM phenomenology
We now use our decay constant results to obtain values for CKM matrix elements within
the Standard Model, and to test the unitarity of the first and second rows of the CKM matrix.
The decay-constant ratio fK + / fπ + can be combined with experimental measurements of the corresponding leptonic decay widths to obtain a precise value for the ratio |Vus |/|Vud | [1]. Combining our
5
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updated result for fK + / fπ + with recent experimental results for the leptonic branching fractions [9]
and an estimate of the hadronic structure-dependent EM correction [15], we obtain
|Vus |/|Vud | = 0.23081(52)LQCD (29)BR(K`2 ) (21)EM .

(4.1)

Taking |Vud | from nuclear β decay [16], we also obtain
|Vus | = 0.22487(51)LQCD (29)BR(K`2 ) (20)EM (5)Vud .

(4.2)

(Note that |Vub |2 ≈ 10−5 does not contribute at the current level of precision.) Thus our result
places stringent constraints on new-physics scenarios that would lead to deviations from first-row
CKM unitarity. Now that the uncertainty in |Vus |2 is approximately the same as that in |Vud |2 , it is
especially important to scrutinize the current uncertainty estimate for |Vud |.
For the determinations of |Vcd | and |Vcs | given here, as discussed in Ref. [8], we first adjust
the experimental decay rates quoted in the PDG by the known long-distance and short-distance
electroweak corrections. We then add an estimate of the uncertainty due to the unknown hadronic
structure-dependent EM corrections. With these assumptions, and using our results for fD+ and fDs
from Eqs. (3.1) and (3.2), we obtain
|Vcd | = 0.217(1)LQCD (5)expt (1)EM ,

|Vcs | = 1.010(5)LQCD (18)expt (6)EM ,

(4.4)
(4.5)

where EM denotes the error due to unknown structure-dependent EM corrections. (See Ref. [8] for
more details.) In both cases, the uncertainty is dominated by the experimental error in the branching
fractions. Thus the significant improvement in fD+ and fDs does not, at present, lead to direct
improvement in |Vcd | and |Vcs |. Experimental measurements of the D+ decay rates have improved
recently [18], however, such that the error on |Vcd | from leptonic D+ decays is now approximately
half that of |Vcd | obtained from either neutrinos [9] or semileptonic D → π`ν decay [19].
Our result for |Vcd | agrees with the determination from neutrinos. Our |Vcd | is 1.0σ lower than
the determination from semileptonic D decay in Ref. [19], while our |Vcs | is 1.1σ higher than that
of Ref. [20]. We obtain a value for the sum of squares of elements of the second row of the CKM
matrix of
1 − |Vcd |2 − |Vcs |2 − |Vcb |2 = −0.07(4) ,
(4.6)
showing some tension with CKM unitarity. (Note that |Vcb |2 ≈ 2 × 10−3 does not contribute at
the current level of precision.) This test will continue to become more stringent as experimental
measurements of the D+ and Ds decay rates become more precise. At present, even if our rough
estimate of the uncertainty due to structure-dependent EM corrections in Eqs. (4.4) and (4.5) is too
small by a factor of two, the errors on |Vcd | and |Vcs | would not change significantly. It will be
important, however, to obtain a more reliable estimate of the contributions to charged D decays due
to hadronic structure in the future.
6
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This result for |Vus | is more precise than our recent determination from a calculation of the kaon
semileptonic form factor on the physical-mass HISQ ensembles [17], and larger by1.8σ . We find
good agreement with CKM unitarity, and obtain a value for the sum of squares of elements of the
first row of the CKM matrix consistent with the Standard-Model prediction zero at a level below
10−3 :
1 − |Vud |2 − |Vus |2 − |Vub |2 = 0.00026(51) .
(4.3)
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