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1. Introduction

Although at first sight, the picture of the Cabibbo-Kobayashi-Maskawa (CKM) matrix may
appear to be complete [1, 2], on closer examination a number of tensions are revealed. At the
summer conferences this year, the current status of the average inclusive and exclusive mea-
surements of |Vub| and |Vcb| were presented by the UTFit collaboration revealing of 1.9σ for
|Vub|, V excl.

ub = (3.42± 0.22) · 10−3 and V incl.
ub = (4.40± 0.31) · 10−3, and 2.5σ for |Vcb|, V excl.

cb =

(39.55±0.88) ·10−3 and V incl.
cb = (41.7±0.7) ·10−3 [3] (similar results were also found by CKM-

Fitter [1]). Interestingly, while for |Vub|, on removing the central measured value from the fit it was
found that the exclusive result was preferred, for |Vcb| the inclusive value is preferred. Note that
this is not completely surprising, due to the difficulty of the inclusive measurement for |Vub| due to
the large |Vcb| background. In this talk I will review the latest progress in the exclusive channels,
i.e. on form factor calculations, mentioning directions currently being pursued that might lead to a
better understanding of this issue in the future.

2. Methods to determination of |Vxb| via form factors

One obtains |Vxb|, where x = u,c from exclusive measurements making use of the form factors
that describe the relevant hadronic transition. Schematically, the differential branching fraction can
be expressed (ignoring kinematics) via,

dB

dq2 ∝ |Vxb|2| f (q2)|2, (2.1)

which depends on q2, the squared momentum difference between the initial and final state hadrons
and f (q2), the form factor for the process which characterises the hadronic matrix element contain-
ing the relevant quark current. Results from the B factories either involve measurements of:

• the integrated spectrum over range in q2:

∆ζ (0,q2
max) =

1
|Vxb|2

∫ q2
max

0
dq2 dΓ

dq2

• the kinematical endpoint where form factors simplify:

|Vub|2 f B→π
+ (0)2 or |Vcb|2F B→D∗(qmax)

2

• the entire spectrum using an extrapolation technique.

In order to make optimal use of the experimental results, it is helpful to fit either the experimental
data, the theoretical predictions or both to a parameterisation which describes the shape of the
differential branching fraction or the form factor as a function of t = q2. These parameterisations
generally fall under two categories, those based on a simple pole and those based on a series
expansion.

• Simple pole-type (BK or BZ [4]): e.g. f (t) =
r1

1− t/m2
R
+

r2

1− t/m2
fit

2
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• (Simplified) Series expansion (BGL or BCL [5]): f (t) =
1
N ∑

k
αk zk(t)

For the simple pole-type expansions, ri and mfit are fit parameters. The first term describes any low-
lying resonances of mass mR (i.e. mB∗ for B→ π) via a simple pole 1/P(t) where P(t) = 1− t/m2

R.
For the series expansions, t is mapped onto a complex variable z(t) via the transformation

z(t) =
√

t+− t−
√

t+− t0√
t+− t +

√
t+− t0

(2.2)

where t± =
√

m2
B±m2

π and t0 is a free parameter within the range t− to t+. t0 is often chosen to

optimise the convergence of the series by the choice t0 = t+

(
1−
√

1− t−
t+

)
. In principle, the series

expansions have the advantage that it is possible to impose a unitarity bound on the coefficients αk

(see [5]). The BGL and BCL expansions are distinguished by their modelling of the low-lying
resonances. In the former N = φ(t)z(t,m2

R), and in the latter N = P(t). The function φ(t) is chosen
to simplify the form of the unitarity bound to ∑

k
α

2
k < 1, and therefore the bound in the BCL case

is more complicated. In practice however, this bound is very weak, and almost all parameterisation
methods model the data equally well, particularly when both sum rules and Lattice results are
available.

3. Progress in |Vub|

The most competitive determination of |Vub|excl is possible using B → πlν , the branching
fraction for which was precisely measured at the B factories [6, 7]. This depends on f+(q2) (the
only relevant form factor in the limit ml → 0) calculable from Lattice QCD (in the range q2 &
15GeV2) or QCD sum rules on the light-cone (LCSR) (in the range q2 . 6−7GeV2). |Vub|excl can
also be obtained via other B decays, i.e. B(s)→ Plν where P = ω or K is a pseudoscalar meson,
B(s)→ V lν where V = ρ or K∗ is a vector meson, or even via Λb decays, i.e. Λb → plν . There
has been recent interest in the prospects to measure |Vub| at LHCb via Bs or Λb decays due to the
larger production rates compared to that at the B factories, as well as the fact that the predominant
final states are heavier than for B decays and therefore may be easier resolved in the hadronic LHC
environment. A summary of the theory status for the form factors required for Vub is given in
table 1.

In LCSR one considers a correlator Πµ of the time-ordered product of two quark currents,
sandwiched between the final state hadron, which is on shell, and the vacuum [18], i.e. for a B
decaying to a π of momenta pB and p,

Πµ = imb

∫
dDxe−i pB·x〈π(p)|T{ū(0)γµb(0)b̄(x)iγ5d(x)}|0〉. (3.1)

This can be expressed on one hand by a light-cone expansion via perturbative hard scattering ker-
nels convoluted with non-perturbative light-cone distribution amplitudes (LCDAs), ordered in in-
creasing twist, or by inserting a sum over excited states, i.e. the b hadron and a continuum of
heavier states.

3
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Decay Calculation Collaboration Ref.

B→ π LCSR (PS) Ball and Zwicky [4]
LCSR (MS) Khodjamirian et al [8]

LCSR (@q2 = 0) Bharucha [9]
LQCD FNAL/MILC [10]
LQCD RBC/UKQCD [11]
LQCD HPQCD [12]

B→ ρ LCSR ( PS) Ball and Zwicky [13]
LCSR (corr. errors) Bharucha, Straub and Zwicky [14]

Bs→ K(∗) LCSR (PS) Ball and Zwicky [4, 13]
LCSR (corr. errors) Bharucha, Straub and Zwicky [14]

LQCD FNAL/MILC [15]
LQCD HPQCD [12]

Λb→ p LCSR Khodjamirian et al [16]
LQCD Meinel [17]

Table 1: A summary of the theory status of the calculations of the form factors required to calculate |Vub| ex-
clusively.

For the case of B→ π , in the physical region the correlator Π+(p2
B,q

2) is expressed as

Π+(p2
B,q

2) = fBm2
B

f+(q2)

m2
B− p2

B
+
∫

s>m2
B

ds
ρhad

s− p2
B
, (3.2)

where pB and mB are the mass and momentum of the B meson, fB is the B decay constant and (ρhad

is the spectral density of the higher-mass hadronic states described earlier. In the Euclidean region
where p2

B−m2
B is large and negative, one can light-cone expand about x2 = 01

Π+(p2
B,q

2) = ∑
n

∫
duT+

(n)(u, p2
B,q

2,µ2)φ (n)(u,µ2) =
∫

ds
ρLC

s− p2
B
, (3.3)

where T
(n)
+ (u,µ2) are perturbatively calculable hard kernels, φ (n)(u,µ2) are non-perturbative LCDAs

at twist n. Above the continuum threshold s0, a continuum of states contribute and approximation
of quark-hadron duality is thought to be reasonable, such that ρhad = ρLC Θ(s− s0). Subtracting
from both sides, and Borel transforming (M2=Borel parameter): This leads to the sum rule for
f+(q2),

f+(q2) =
1

fBm2
B

∫ s0

m2
b

dsρLC e−(s−m2
B)/M2

. (3.4)

Note that the Borel transform ensures that assuming quark-hadron duality and truncating the series
have a minimal effect on the resulting sum rule.

The next-to-leading order (NLO) corrections to f+(q2) at leading twist (twist-2) were first cal-
culated in LCSR in ref. [19] and LO corrections up to twist-4 were calculated in ref. [20]. Since

1This factorisation theorem is not proven to all orders, verified at given order by cancellation of IR and soft diver-
gences
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the LO twist-3 contribution was found to be large, it was confirmed that the NLO corrections are
under control, using both the pole and MS mass for mb [4, 8]. The subset of two-loop corrections
proportional to β0 to the form factor f+(0) at twist-2 were calculated in 2012 in ref. [9] in LCSR.
This work aimed, partly, at testing the argument that, in obtaining f+(q2) via LCSR, radiative cor-
rections to f+ fB and fB should cancel when both calculated in sum rules, as the two-loop sum rules
corrections to fB are known to be large ref. [21]. Further details can be found in ref. [9]. The
results show that despite the ∼ 9% positive NNLO corrections to the QCD sum rules result for fB,
the LCSR prediction for f+(0) is stable and only increases by ∼ 2% to f+(0) = 0.261+0.020

−0.023. This
suggests the stability of LCSR with respect to higher order corrections, and could provide confir-
mation that fB from sum rules, not Lattice should be used here. A recent analysis by BaBar [7] finds
|Vub|= (3.34±0.10±0.05++0.29

−0.26)10−3 using this result, and |Vub|= (3.46±0.06±0.08+0.37
−0.32)10−3

using ∆ζ (0,12GeV2) from ref. [8], which are clearly in good agreement.
There have been several recent updates to lattice QCD calculations relevant to |Vub|, as well

as a number of calculations undertaken for the first time, see table 1. The most promising for the
moment are the preliminary N f = 2+1 results for B→ π [10, 11, 12], which are complementary
being based on different heavy quark actions (including Fermilab, NRQCD, RHQ, and HQET). The
smallest uncertainty on |Vub| comes from FNAL/MILC (note that the calculation is still normaliza-
tion blinded), where the error on |Vub| is now 4.1% as compared to 8.8% in 2008 [10]. Preliminary
results from the RBC-UKQCD collaboration from a 3+1 parameter BCL fit to BaBar and Belle
data were presented at Lattice 2014, finding |Vub|=(3.54± 0.36) · 10−3 [11]. B→ Ks form factors
are also being pursued by FNAL/MILC [15] and HPQCD [12] collaborations, which might allow
a measurment of |Vub| at LHCb.

Finally, as mentioned earlier, there has of late been a number of efforts to improve the under-
standing of the form factors describing semileptonic Λb decays, despite a number of complications
which arise when baryons are considered instead of mesons. One such complication is the choice
of the heavy-light baryon interpolating current η described by Γb and Γ̃b, η = ε

i jk(uiCΓbd j)Γ̃bck,
debated since the 1980s. Additionally, the contribution of the negative parity Λ∗b baryon, with
JP = 1/2−, which has a similar mass to Λb is difficult to isolate, and in the literature was often
included in the continuum [22]. Recently however it was found to be possible to separate the Λ∗b
from the Λb contribution in the sum rule, and on comparing results for both Γb = γ5(γ5γλ ) and
Γ̃b = 1(γλ ), it was found that the resulting form factors show a reduced dependence on the choice
of Γb and Γ̃b [16]. Further there has been some encouraging progress on the Lattice, where using
RHQ b quarks (instead of Eichten-Hill static b quarks) and domain wall u,d,s quarks resulted in
the uncertainty shrinking by more than 50% [17].

4. Exclusive determination of |Vcb|

The current status of form factor calculations enabling an extraction of Vcb from exclusive
channels is given in table 2. The decay B→D∗ is generally preferred due to the higher experimental
rate and lack of nonperturbative O(1/mb) corrections to the form factor, but B(s)→D(s) decays are
also of interest. The relevant form factors for B→ D(∗) are defined via

dΓ

dω
(B→ D∗`ν̄`)=

G2
F

48π3 |Vcb|2M3
D∗(ω

2−1)1/2P(ω)(F (ω))2

5
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Decay Calculation Collaboration Ref. |Vcb|·10−2

B→ D∗ SR Gambino et al [23, 24] 41.6±0.6exp±1.9th

LQCD FNAL/MILC [25] 39.04±0.49exp±0.53QCD±0.19QED

LQCD HPQCD [12] –
B→ D SR Uraltsev et al [26] 40.6±1.5exp±0.8th

LQCD FNAL/MILC [25] 38.5±1.9exp+lat±0.2QED

LQCD HPQCD [12] –
Bs→ D(∗)

s LQCD ETM [27] –
LQCD HPQCD [28, 12] –

Table 2: A summary of the current theory status of the calculations of the form factors required to calculate
|Vcb| exclusively.

dΓ

dω
(B→ D `ν̄`)=

G2
F

48π3 |Vcb|2(MB+MD)
2M3

D(ω
2−1)3/2(G (ω))2

where ω = v · v′ = ED(∗)/MD(∗) (in the B rest frame), and P(ω) is a known phase space factor. Note
that in heavy quark limit: F (1)=G (1)=1. The above also hold for the Bs → D(∗)

s channels by
making the obvious replacements.

In 2012, the sum rule calculation of the zero-recoil form factor for B→D∗ was revisited [24].
It was found that from the precise measurement of the hyperfine splitting, one can deduce a lower
limit on the D∗’s zero momentum non-local correlation, which was found to be larger than expected.
This enhances the predicted contribution from inelastic operators in the sum rule for the B→ D∗

form factor. This resulted in a lower value of F (∞), and further predicts a larger than expected
branching fraction of the B to the radially excited D mesons. This could explain the puzzling
discrepancy between the inclusive and the sum over the exclusive B→ D(∗)X measured rates.2

The question of the discrepancy with the current lattice QCD results for F (∞) was also discussed.
At present, the only N f = 2+ 1 Lattice result for F (∞) comes from the FNAL/MILC col-

laboration, with Fermilab bottom and charm valence quarks. Recently in ref. [25] the uncertainty
on the form factor at maximum recoil dropped from 2.6% to 1.4$ (F (1) = 0.906±0.004±0.01),
resulting in an error on |Vcb| of 1.9% (see table 2), where the reduction in uncertainty is due to the
smaller lattice spacings (a' 0.045−0.15 fm), smaller light quark masses and increased statistics.
Note that while the N f = 2+1 Lattice error has decreased, the central value of F (1) for B→D∗ is
unchanged, increasing the tension both with the inclusive result (by 3σ ), and with the result from
sum rules F (1) = 0.86± 0.02 [24]. Therefore cross-checks both on the lattice, sum rules and
experimental sides would be crucial, and the HPQCD collaboration is pursuing this using NRQCD
heavy and highly improved action (HISQ) light valence quarks on the MILC 2+1 dynamical asqtad
configurations.

Alternative cross-checks can be obtained via the decays to pseudoscalars B→D and Bs→Ds.
In addition to the results from FNAL/MILC and ongoing work on B→ D by the HPQCD collab-
oration (using HISQ charm quarks), see table 2, the European twisted mass (ETM) collaboration

2Searches for these modes are under way at BaBar, see e.g. Bill Gary’s talk at Beauty 2014.
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has recently published results for the B(s)→ D(s) for N f = 2 dynamical light quarks. They employ
the ratio method at four different lattice spacings within the range a' 0.054 to 0.098 fm, using the
maximally twisted Wilson quark action and obtain the result for Bs→ Ds G (1) = 1.052± 0.046,
i.e. to an uncertainty of 4% [27]. At present the corresponding error on G (1) for B→ D is ∼ 9%,
however providing the statistics are increased, they should achieve a competitive prediction in the
future.

5. Summary

In summary, there has been exciting progress in the exclusive determination of |Vub| and
|Vcb| over the last two years. For exclusive |Vub|, the most precise determination at present is from
B→ π . It was found that in LCSR at O(α2

s β0), despite∼ 9% increase in fB from QCDSR, the pre-
diction for f+(0) increases by ∼ 2% to f+(0) = 0.262+0.020

−0.023, |Vub| = (3.34± 0.10± 0.05+0.29
−0.26) ·

10−3. This is in agreement with the results from the FNAL/MILC, on which the uncertainty has
dropped to ∼ 4.1%. A BCL type analysis making use of the latest experiment and theory yields
(3.41±0.22) ·10−3 as compared to the PDG 2012 inclusive result (4.41+0.21

−0.23) ·10−3. On removing
|Vub| from the fit, the CKMfitter and UTfit results are in agreement with exclusive result. There
have also been interesting advances in the calculation of the form factors for alternative channels
i.e. Bs→ K(∗) and Λb→ p from LCSR and lattice QCD, increasing the chances to obtain a com-
petitive measurement of |Vub| from the LHC.

For exclusive |Vcb|, there has been a major reduction in the uncertainty from the FNAL/MILC
collaboration in calculating the B→ D(∗) form factors, increasing the significance of the discrep-
ancy with inclusive to 3σ . Lattice calculations from the HPQCD collaboration are currently being
pursued to confirm this result. It might be possible to explain the increasing tension with the inclu-
sive result by larger-than-anticipated branching ratios for B decays to the ‘radial’ and/or D-wave
states. A recent measurement from BABAR of B(B→ D(∗)Xlν) supports this idea, however fur-
ther measurments of branching ratios to radial D(∗) mesons are required.
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