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We investigate the deconfinement transition of static quarks in SU(N) Yang-Mills theories using
a perturbative approach based on a massive extension of the Landau-DeWitt gauge-fixed action,
where the gluon mass term is related to the issue of Gribov ambiguities. A leading-order, one-loop
calculation of the effective potential for the Polyakov loop produces a deconfinement transition
of second order for the SU(2) theory and of first order for SU(3) with transition temperatures in
qualitative agreement with known values. We also report on the results of a two-loop calculation
of the critical temperature and of thermodynamical quantities in the SU(2) case.
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1. Introduction: Massive (gauge-fixed) gluons and Gribov ambiguities
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Progress in the understanding of the phase structure of QCD is mainly driven by lattice results.
It is, by now, well established that there is a crossover from a hadron phase to a quark-gluon
plasma phase along the temperature axis [1, 2]. In contrast, a simple perturbative description of
the confinement-deconfinement transition seems out of reach even in the case of pure Yang-Mills
theories because weak coupling techniques break down at temperatures of the order of the transition
temperature. Continuum calculations are either based on nonperturbative approaches such as the
functional renormalization group (FRG) or Dyson-Schwinger equations (DSE) [3, 4, 5], or on the
use of phenomenological models [6, 7].
However, the failure of standard perturbative techniques at low temperatures should be interpreted with care due to the Gribov problem. Indeed, the Faddeev-Popov (FP) quantization procedure ignores the Gribov ambiguities inherent to the issue of fixing a gauge in a continuous way in a
nonabelian theory [8] and is, at best, a good approximation at high energies, where the Gribov ambiguities play a negligible role. A fully consistent quantization procedure must take into account the
Gribov problem. A well-established example is the so-called minimal Landau gauge in the context
of lattice gauge-fixed calculations, which consists in selecting one (arbitrary) Gribov copy on each
gauge orbit. Explicit calculations of the Euclidean vacuum propagators in this gauge have revealed
that the gluon behaves as a massive field in the regime of deep infrared momenta, whereas the
ghost remains massless [9]. This demonstrates that the BRST symmetry of the FP action—which
prohibits a gluon mass or, more precisely, a nonzero value of the inverse gluon propagator at zero
momentum—is not realized in a fully gauge-fixed setting. In fact, it is also well-known that lattice
implementations of the BRST symmetry typically lead to ill-defined zero over zero expressions for
physical observables [10].
Unfortunately, the minimal Landau gauge cannot be implemented in terms of a local renormalizable action and is not suited for continuum approaches. An early attempt to go beyond the
FP quantization consists in restricting the path integral over gauge fields to the first Gribov region,
where the FP operator is positive definite [8, 11]. The original proposal predicts a vanishing gluon
propagator at zero momentum, which agrees with lattice results in the Coulomb gauge [12] but
not with those in the Landau gauge mentioned above. A refined version, which includes various
condensates of mass-dimension two gives results in agreement with the lattice data in the Landau
gauge [13]. Finite temperature effects have been investigated in this context in Refs. [14, 15, 16].
Yet another approach to the Gribov problem, advocated in Refs. [17, 18], is to acknowledge the
fact that the BRST symmetry is likely not to be realized in a consistent gauge fixing procedure and
to consider the minimal extension of the FP action consistent with locality and renormalizability. In
the case of the Landau gauge, this is given by the Landau limit of the Curci-Ferrari (CF) model [19]
which corresponds to the FP action augmented by a bare gluon mass term. One-loop calculations
of the vacuum ghost and gluon propagators in this model have been shown to be in quantitative
agreement with the aforementioned lattice data [17]. Moreover, Tissier and Wschebor have shown
that the model admits infrared-safe renormalization group trajectories, where the coupling constant
remains finite at all scales, which allows one to push perturbative calculations down to deep infrared
momenta. The gluon mass regulates the infrared divergences responsible for the Landau pole in the
FP theory. This approach has also been successfully applied to the one-loop calculation of three-
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2. Massive Landau-DeWitt gauge
We consider the Euclidean Yang-Mills action in d = 4 dimensions2
1
SYM =
2

Z

x


tr Fµν Fµν ,

(2.1)

where Fµν = ∂µ Aν − ∂ν Aµ − ig[Aµ , Aν ], with g the coupling constant, and Aµ = Aaµ t a , with SU(N)
Rβ

generators t a normalized as tr(t a t b ) = δ ab /2. Finally, x ≡ 0 d τ d 3 x, with β = 1/T the inverse
temperature. We quantize the theory using the background field method [28] with a background
R

1A

R

more general class of (nonlinear) covariant gauges has been considered in Ref. [24].
simplicity, we ignore regularization and renormalization issues in this contribution. For details, see Ref. [27].

2 For
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point vacuum correlators in Yang-Mills theories [20], to the vacuum propagators of QCD [21] and
to the ghost and gluon propagators of Yang-Mills theories at finite temperature [22].
Finally, the relation of this phenomenological approach to the issue of Gribov ambiguities has
been given a more solid theoretical foundation in Ref. [23], where a novel quantization procedure
for Yang-Mills theories was put forward, which consists in taking a particular average over all
Gribov copies instead of trying to select a unique one. This avoids the Neuberger 0/0 problem
mentioned above. For a suitably chosen averaging procedure, this can be formulated as a local action which is perturbatively renormalizable in four spacetime dimensions. In the case of the Landau
gauge1 and for a suitable definition of the renormalized mass parameter, the resulting gauge-fixed
theory has been shown to be perturbatively equivalent to the CF model for the calculation of ghost
and gluon correlation functions. The bare gluon mass is related to the averaging weight which lifts
the degeneracy between Gribov copies.
The results mentioned above in the CF model show that this approach leads to a better-behaved
perturbation theory than the usual FP procedure. A qualitative but instructive analogy can be made
with the physics of the Kosterlitz-Thouless transition in the XY model in statistical physics [25]. In
terms of usual spin waves, the physics of the transition is intrinsically nonperturbative: perturbation
theory shows no sign of the transition at all orders. Alternatively, taking explicitly into account the
vortex excitations of the XY model leads to a valid perturbative description of the transition.
These considerations have motivated the works of Refs. [26, 27], summarized below, where
the confinement-deconfinement transition of pure SU(N) Yang-Mills theories at finite temperature
is studied in the context of the modified (massive) perturbative approach described above. A crucial
ingredient is to devise a loop expansion which correctly captures the ZN center symmetry of the
theory, which is spontaneously broken in the deconfined phase. This is easily achieved in the
context of background field methods. In particular, we consider the minimal massive extension
of the standard Landau-DeWitt gauge, the background field generalization of the Landau gauge.
A one-loop calculation of the effective potential for the Polyakov loop—the order parameter of
the ZN transition—correctly describes a confined phase at low temperatures and a deconfinement
transition of second and of first order for the cases N = 2 and N = 3 respectively, with transition
temperatures in qualitative agreement with known values [26]. Finally, we briefly review the work
of Ref. [27] concerning the calculation of the critical temperature as well as of the thermodynamic
pressure and entropy of the SU(2) theory at two-loop order.
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field Āµ = δµ 0 Āk0t k in the temporal direction and in the Cartan subalgebra spanned by the generators
t k , with k = 1, . . . , N − 1. Our gauge-fixed action reads

Z 
1
(2.2)
Fµν Fµν + m2 aµ aµ + 2D̄µ c̄Dµ c + 2ihD̄µ aµ ,
S = tr
2
x

where rk = β gĀk0 , Ω is the spatial volume, and where we have subtracted the zero temperature
contribution Vvac . Here, Γ[Ā, ϕ ] is the effective action in presence of the background, with ϕ =
(aµ , c, c̄, ih). The loop expansion of the potential (2.3) corresponds to an expansion in powers of g
with gĀ0 ∼ O(1). We write the corresponding series as
V (T, rk ) =

∑ V (n) (T, rk ) ,

(2.4)

n≥0

with V (n) ∼ O(g2n−2 ) the n-loop order contribution. The tree-level contribution vanishes identically, V (0) (T, rk ) = 0, and the first nontrivial term is the one-loop contribution.

3. One-loop results
Remarkably, the leading-order, one-loop contribution V (1) (T, rk ) already captures the essential
physics of the ZN transition. This arises from the interplay between the respective contributions of
the massive (gluon) and the massless (ghost) degrees of freedom. The one-loop expression reads


1
1
−1
−1
(1)
k
Tr ln ∆ah − Tr ln ∆cc̄ ,
V (T, r ) =
(3.1)
βΩ 2
−1
with ∆−1
ah and ∆cc̄ the tree-level inverse propagators in the (a, h) and in the (c, c̄) sectors in the
presence of the background field. The notation Tr on the right-hand side involves a trace over
color and Lorentz indices as well as a sum over Matsubara frequencies and an integral over spatial
momenta. The Matsubara sums are easily evaluated using standard contour integration techniques.
Below we summarize the main results for the gauge groups SU(2) and SU(3) [26].

3.1 Second order phase transition for SU(2)
In that case, the Cartan subalgebra has a single direction. Thanks to the symmetries of the
problem one can reduce the analysis to the domain r ∈ [0, π ]. Introducing the function
Z
n 


o
T ∞
dq q2 ln 1 − e−β εq + ln 1 + e−2β εq − 2e−β εq cos r ,
Fm (T, r) = 2
(3.2)
π 0
4
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with aµ = Aµ − Āµ the fluctuating gluon field, h a (real) Nakanishi-Lautrup field and c and c̄ the
FP ghost and antighost fields. Here, D̄µ ϕ = ∂µ ϕ − ig[Āµ , ϕ ] and Dµ ϕ = ∂µ ϕ − ig[Aµ , ϕ ]. Apart
from the bare gluon mass term ∝ m2 , Eq. (2.2) is nothing but the FP action corresponding to the
Landau-DeWitt gauge: D̄µ aµ = 0. The relation of the gluon mass term in Eq. (2.2) with the Gribov
ambiguities of this gauge condition is discussed in Ref. [26].
To evaluate physical observables at zero sources, one can minimize the following background
field effective potential
Γ[Ā, ϕ = 0]
−Vvac ,
(2.3)
V (T, rk ) =
βΩ
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which is such that, for r ∈ [0, 2π ],


T 4 (r − π )4
π2
2
F0 (T, r) =
,
− (r − π ) +
6
2π 2
10
the one-loop background field potential can be written as
3
1
V (1) (T, r) = Fm (T, r) − F0 (T, r).
2
2

(3.3)

The first term on the right-hand side is the contribution from the massive gluons and the second one
is due to the incomplete cancelation of the massless modes in the (a, h) and in the (c, c̄) sectors. At
the same order of perturbation theory, the order parameter of the Z2 transition, i.e., the average of
the traced Polyakov loop is given by its tree-level expression


rmin (T )
ℓ(T ) = cos
,
(3.4)
2
where rmin (T ) is the absolute minimum of the one-loop potential (3.3) at fixed temperature T . In
the high temperature limit, the effective gluon mass is negligible and one recovers the well-known
Weiss potential [29], which corresponds to the standard FP quantization,
(1)

VT ≫m (T, r) ≈ F0 (T, r).

(3.5)

The minimum sits at r = 0, corresponding to a deconfined phase, where ℓ(T ) 6= 0. In contrast, at
low temperatures the contribution from massive modes is exponentially suppressed and one obtains
an inverted Weiss potential from the massless modes, as first discussed in Ref. [4]:
1
(1)
VT ≪m (T, r) ≈ − F0 (T, r).
2

(3.6)

The minimum is now at r = π , which corresponds to a confined phase, with ℓ(T ) = 0. A detailed study of the expression (3.3) reveals a second order phase transition from the confined to the
deconfined phase at a critical temperature Tc /m ≈ 0.33, as illustrated in Fig. 1.
5
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Figure 1: The SU(2) dimensionless background field potential V (T, r) = V (T, r)/T 4 , normalized to its
value at the confining point r = π , for temperatures T = Tc (black), T < Tc (blue), and T > Tc (red). The
minimum is at r = π for T ≤ Tc (black line) and continuously moves toward zero for higher temperatures.
The left figure shows the Weiss and inverted Weiss potential at high and low temperatures respectively. The
right figure is a close-up view around Tc .
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Figure 3: The Polyakov loop as a function of the temperature normalized to the transition temperature for
SU(2) (blue) and SU(3) (red), from the leading-order calculation.

To estimate Tc , we use the value of the effective gluon mass parameter obtained by fitting the
lattice data for the vacuum gluon propagator in the Landau gauge against the tree-level expression
in the present theory at vanishing background. This is motivated by the fact that, for T ≤ Tc ,
the physical background is given by Ā0 = π T /g and thus vanishes at T = 0. In d = 4, we obtain
m = 710 MeV, which gives Tc ≃ 238 MeV. The typical lattice value [30] is Tclatt = 295 MeV and the
most recent value from FRG/DSE studies3 [4] is TcFRG = 230 MeV. Although such a comparison is
only qualitative because of the issue of properly setting the scale, it is remarkable that the present
one-loop result falls in the right ballpark.
3.2 First order phase transition for SU(3)
The Cartan subalgebra has now two directions, conventionally taken as (r3 , r8 ). The calculation of the one-loop contribution (3.1) is, again, elementary. As in the previous case, it reduces
to the perturbative SU(3) Weiss potential at high temperatures and to a confining, inverted Weiss
potential at low temperatures. The transition is now of first order, as shown in Fig. 2, with a transition temperature Tc /m ≈ 0.36. As before, we estimate the gluon mass parameter from fits of
SU(3) lattice data for the vacuum propagator in the Landau gauge. We find m = 510 MeV, which
3 The

authors of Ref. [4] mention that their FRG result is modified to TcFRG = 300 MeV when some backreaction
effects—neglected in their main study—are included.
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Figure 2: The SU(3) dimensionless background field potential V (T, r3 , r8 ) = V (T, r3 , r8 )/T 4 in the r8 = 0
direction (where the absolute minimum always sits), normalized to its value at the confining point (r3 =
4π /3, r8 = 0), for temperatures T = Tc (black), T < Tc (blue), and T > Tc (red). The right figure is a
close-up view around Tc . One observes a finite jump of the absolute minimum at T = Tc .
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Figure 4: Temperature dependence of the Polyakov loop at leading (red) and next-to-leading (blue) orders
in the SU(2) theory. The horizontal dashed lines denote the corresponding asymptotic values at high tem2l
perature, denoted here by ℓ1l
∞ and ℓ∞ , respectively. The respective one- and two-loop critical temperatures
are indicated by vertical dashed lines. We have also indicated the temperature T⋆ at which the leading-order
Polyakov loop reaches its asymptotic value.

yields Tc = 185 MeV. With the same word of caution as in the SU(2) case, we mention the results
from lattice calculations [30], Tclatt = 270 MeV, and from FRG/DSE studies [4], TcFRG = 275 MeV.
Our one-loop results are summarized in Fig. 3, which shows the temperature dependence of the
Polyakov loop for both SU(2) and SU(3). We mention that all the continuum approaches mentioned here produce a rapid increase of the Polyakov loop above Tc , in sharp contrast with the
existing lattice data [7, 31, 32].

4. Two-loop results
An important aspect of the present perturbative approach is that the above leading-order results can be systematically improved by computing higher order corrections. The next-to-leadingorder, two-loop contribution V (2) (T, rk ) to the background effective potential has been computed in
Ref. [27] for the SU(2) theory. The calculation is considerably more involved than the leading-order
one, but it can be done almost completely analytically, up to two-dimensional radial momentum
integrals involving Bose-Einstein ditribution functions, which can be easily computed numerically.
Such a calculation is of interest, first, in assessing the convergence of the present perturbative
approach and, second, because the two-loop contributions resolve some unphysical artifacts of
the leading-order results. The first aspect is illustrated in Fig. 4, which shows the temperature
dependence of the Polyakov loop at one- and two-loop orders. For illustration, the next-to-leadingorder expression reads





g2 m 3
a(T, rmin (T )) 2 rmin (T )
rmin (T )
1+
(4.1)
+
sin
ℓ(T ) = cos
2
T 32π
4π 2
2
where rmin (T ) is the absolute minimum of the two-loop background field potential and

Z ∞ 2 
k2 /εk2
1
k dk
−
a(T, r) =
≥ 0.
m3 cosh(β k) − cos r cosh(β εk ) − cos r
0
7

(4.2)
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The critical temperature now depends on both the effective gluon mass and the coupling. We estimate the latter using the same strategy as before: we fit the lattice data for the vacuum ghost
and gluon propagators in the Landau gauge against the perturbative expressions at vanishing background field at the appropriate order of approximation.4 We obtain a 20% correction for the critical
temperature: Tc ≈ 284 MeV. This is summarized in the following Table.
Tc (MeV)
SU(2)
SU(3)

one loop [26]
238
185

two loop [27]
284
work in progress

lattice [30]
295
270

FRG/DSE [4]
230 (300)
275

4 We employ

the same renormalization conditions as in Ref. [17], where such fits have been performed. The best fits
are obtained with m = 680 MeV and g = 7.5 at a scale µ = 1 GeV. As a rough error estimation, we have checked that a
30% change in the value of the coupling results in a 10% change in the critical temperature.
5 The high temperature limit considered here is only formal in the sense that it ignores important physical effects
such as the running of the coupling or the physics of hard thermal loops.
6 A similar observation has been made in a different context in Ref. [33].
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As for the second aspect mentioned above, there are indeed various unphysical artifacts of
the one-loop results which disappear at two loop. The first one is the fact that the leading-order
Polyakov loop reaches its asymptotic high temperature value ℓ1l
∞ = 1 at a finite temperature T⋆ ,
see Fig. 4, which results in a spurious singularity in thermodynamic quantities, as discussed in
Ref. [27]. Such a singularity is not present at two-loop order, where the Polyakov loop only
reaches its high temperature value5 ℓ2l
∞ asymptotically. Another example concerns the calculation
of thermodynamic quantities such as the pressure p(T ) = −V (T, rmin (T )) or the entropy density
s(T ) = d p/dT ; see Fig. 5. At leading order, we find a narrow range of temperatures around Tc1l
where p and/or s are negative. Again, both unphysical behaviors are cured by the two-loop contributions which are important near the critical temperature, as one might expect. This is discussed in
detail in Ref. [27].
It is also interesting to compare the present calculation of the pressure with a nontrivial background field to that at vanishing background, which is equivalent to the (massive) Landau gauge.
Figure 5 shows that in the latter case, the leading-order pressure is always negative below a certain temperature6 and that the two-loop corrections make the problem even worth since the pressure
seems always negative. Clearly, neglecting the nontrivial background in the low temperature regime
amounts to expand around an unstable point. This suggests that the strong systematic effects observed in lattice calculations of the Landau gauge gluon propagator near criticality [34] might be
resolved by performing lattice calculations in the Landau-DeWitt gauge, e.g., along the lines of
Ref. [35].
Finally, we mention that there remain unphysical contributions to thermodynamic quantities
from the massless (e.g., ghost) modes of the gauge-fixed theory. For instance, these leads to spurious T 4 contributions to the pressure at low temperatures, as illustrated in Fig. 5. If, as we have
discussed above, these modes play a crucial role in ensuring a confining potential for the Polyakov
loop at low temperatures, they should not directly contribute to physical quantities such as the
pressure or the entropy. At high temperatures, the contributions from unphysical modes cancel out
thanks to the effective restoration of the BRST symmetry. However, the cancelation is only incomplete at low temperatures, where the effective gluon mass term cannot be neglected. This important
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Figure 5: Left: Thermodynamic pressure at one-loop (red) and two-loop (blue) orders, obtained from the
minimum of the background field potential as a function of the temperature. The plot in the inset is a zoom
on the low temperature region. The respective one- and two-loop critical temperatures are indicated by
vertical dashed lines. Right: Comparison between one-loop (red) and two-loop (blue) results in the massive
Landau-DeWitt gauge (plain) and in the massive Landau gauge (dashed).

open conceptual issue requires further investigation. An interesting proposal in this direction has
been made in Ref. [36] in the context of the Gribov-Zwanziger approach.

5. Conclusions and perspectives
In conclusion, we have proposed a modified perturbative approach to the physics of the static
quark confinement-deconfinement transition that takes into account the Gribov issue in (gaugefixed) continuum calculations in an effective way. This is based on a massive extension of the
Landau-DeWitt gauge in the context of background field methods. The approach correctly captures
the physics of the phase transition in Yang-Mills theories already at leading order in perturbation
theory and next-to-leading-order corrections clearly improve the results. Although there are still
important open questions, in particular, concerning thermodynamic quantities at low temperatures,
we believe this is an interesting step towards a (semi)analytical understanding of the dynamics at
work in the transition region.
There are obvious extensions of the work presented here, among which, the calculation of the
two-loop contributions in the SU(3) theory, the application of our approach at finite (real or imaginary) chemical potential, or the calculation of the finite temperature ghost and gluon propagators
at one-loop order in presence of the nontrivial background field. These are works in progress.
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