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Noncommutative geometry a la Connes offers a promising framework for models of fundamen-
tal interactions. To guarantee the correct signature, the theory of Lorentzian spectral triples has
been developed. We will briefly summarise its main elements and show that it can accommodate
a sensible notion of causality understood as a partial order relation on the space of states on a
C*-algebra. For almost commutative algebras of the form C°(M) ® Ap, with Ap being finite-
dimensional, the space of pure states is a Cartesian product of the space-time M and an internal,
‘quantum’, space. The exploration of causal structures in this context led to a surprising conclu-
sion: The motion in both space-time and the internal space is restricted by a ‘finite speed of light’

constraint. We will present this phenomenon on 2 simple toy-models.
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1. Noncommutative geometry and Lorentzian signature

The noncommutative geometry a la Connes is an algebraisation of the classical notion of Rie-
mannian geometry which opens new horizons in mathematics — with the definition of ‘noncommu-
tative spaces’, as well as in physics — with the construction of the noncommutative Standard Model
coupled to Euclidean gravity [1, 2]. However the basic object of noncommutative geometry —
a spectral triple (A,H,D) — describes a noncommutative Riemannian space, whereas relativistic
physics requires a Lorentzian signature. Some work in the direction of Lorentzian noncommutative
geometry was carried out in [3, 4, 5, 6, 7, 8, 9].

To extend the notion of spectral triple to the Lorentzian framework we first need the following
analogue of a Hilbert space with an indefinite inner product [10, Chapter V]:

Definition 1. A (complex) vector space K equipped with a non-degenerate inner product (-, -) : K x
K — R is called a Krein space if there exists a decomposition K = K+ @ K, such that ( K+, () )
and (K~,—(-,-)) are Hilbert spaces and (K*,K~) = {0}.

With every orthogonal decomposition K = K™ ¢ K~ one can associate a bounded linear oper-
ator 7 : K — K — the fundamental symmetry — by setting # = idg+ ®(—idg-). Having chosen
a ¢, one can equip K with a positive-definite inner product (,-) := (-, _#-) and thus turn K into a
Hilbert space. Let us stress however that the decomposition K = K ¢ K~ is not unique in general.

Whereas usually the definition of a pseudo-Riemannian spectral triple involves a Hilbert space
and an operator _# [4, 6, 8, 9], we shall follow the original idea of [7] and work directly with a
Krein space. This will assure that our definition of a causal structure does not depend on the choice
of the decomposition.

Definition 2. A Lorentzian spectral triple (A,K,D) consists of an involutive algebra A, a Krein
space K and a densely defined operator D acting on K, such that:

1. Ais a dense *-subalgebra of a C*-algebra A.

2. There exists a faithful representation 7 of A as bounded operators on K !.

3. iD is Krein-symmetric, i.e. symmetric with respect to the indefinite inner product in K.
4. For all a € A, the operator [D,a] extends to a bounded operator on K.

5. The fundamental symmetry of K commutes with the algebra A and captures the Lorentzian
signature.

A Lorentzian spectral triple is even if there exists a bounded operator ¥ on K, such that iy is Krein-
selfadjoint, > = 1, yD = —Dy and [y,a] = 0 Va € A.

Let us note that without the, somewhat sloppy, condition (5) we would in general obtain a
pseudo-Riemannian spectral triple. On the other hand, if we find one operator _# fulfilling condi-
tion (5), it will be satisfied for any other fundamental symmetry. For a more explicit construction
of ¢ based on the existence of time functions on globally hyperbolic space-times see [11].

!By a standard abuse of notation, the symbol 7 will be omitted.
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Example 3. Let M be a smooth Lorentzian orientable and time-orientable spin manifold, then
(Ay, Ky, D) is a pseudo-Riemannian spectral triple, with Ay, = C°(M), Ky = L*(M,S) — the
space of square summable sections of a spinor bundle S over M — and P = —ie, " )/“Vi — the
standard Dirac operator (VS stands for the spin connection, e," — the vielbeins and y* — the flat
gamma matrices) 2 . If n is even, the Z,-grading is given by: y= iz t1y0...y1~ 1,

The space of sections of a spinor bundle over M is indeed naturally equipped with an indef-
inite inner product (f,g) = fM(fx,gx)x\/@ "x, which gives rise to the Krein space Kj. It has
a canonical fundamental symmetry operator Zy = i7", which defines a positive inner product
(f,8) = [y (frr&x), V/|gld"x, with {-,-) = (-,iy’-),. This observation provides a mathematical
explanation of the fact that the spinor adjoint to v is ¥ = w77, rather than .

If the manifold M is complete?, then the Dirac operator il is essentially Krein-selfadjoint [12],
otherwise it is only Krein-symmetric [7].

Example 4. Let (A, Ky, D) be an even spectral triple defined as in Example 3 and let (Ap, Hr, DF)
be a finite (i.e. Af is finite dimensional) Riemannian spectral triple. Then, the data A = Ay ® AF,
K =Ky ®@Hp, D =D® 1+ 1 ® Df form an almost commutative Lorentzian spectral triple [13].

Note that there is a canonical Krein-space structure on K); ® Hr given by the product ((-,-))
defined as ((y®e;, ¥/ ®e;)) := (y,y')- §; ;, for e; — elements of the basis of Hr — and extended
by linearity.

2. Causal structures in the space of states

Recall that a state on A is a positive linear functional of norm 1. The set of states on A, denoted
by S(A), is a convex set (for the weak- topology). Extremal points of S(A) are called pure states
and denoted by P(A). If A is a dense *-subalgebra of a C* algebra A one defines S(A) and P(A) by
taking restrictions of the (pure) states on A to A.

Example 5. Let M be a locally compact Hausdorff space and let Ay = C;’(M) be the space of
smooth functions on M vanishing at infinity, then P(A)) ~ M by the famous Gelfand-Naimark
theorem. Pure states {¢, } o on Ay are given by the evaluation functionals, i.e. ¢,(a) = a(p) for
all a € Ay. More general states from S(Ayy) correspond to probability measures on M.

Example 6. Let Ar = M,,(C) for some n € N. Then, every pure state on Ar is a vector state, i.e. it
is of the form ¢ (-) = (y, - y), for some y € Hp = C". Since two vectors in Hr differing by a phase
factor yield the same state, we have P(Ar) ~ CP"~!, known under the name of ‘qunit’ or ‘n-qubit’
in the quantum information theory [14]. General states on Ar correspond to the density matrices.

Let A be a tensor product of two (represented) C*-algberas A; and A,. A state on A is called
separable if it can be written as simple tensor ¢ ® y with ¢ € Aj,x € A,. If at least one of the
algebras A; is commutative, then every pure state on A| ® A, is separable [15, Theorem 11.3.7].

2Conventions used in the paper are (—,+, -+, +, - - ) for the signature of the metric and {y*,y’} = 2n for the flat
gamma matrices, with ¥ anti-Hermitian and y* Hermitian for a > 0.

31.e., there exists a spacelike reflection — an automorphism r of the tangent bundle respecting 2 = 1, g(r,r)=
g(+,-) — such that M equipped with the Riemannian metric g"(-,-) = g(+,r-) is complete in the Lebesgue sense.
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Thus, the space of pure states of an almost commutative Lorentzian spectral triple can be given
a clear physical interpretation of being a Cartesian product of the space-time M and an internal —
quantum — space of states of the model. General mixed states in S(A) can entangle the space-time
and inner components and their physical interpretation is not clear.

In [5] we proposed the following definition of causality for Lorentzian spectral triples:

Definition 7. Let (A, K,D) be a Lorentzian spectral triple and let A be a unitisation of A, such that
Va € A,[D,a] extends to a bounded operator on K and A is an ideal of A *. Let ¢ be the cone of all
Hermitian elements a € A respecting

VoeK,  (9,D,a¢)<0. @1

If B

spanc (%) =A, (2.2)

where A denotes the C*-completion of A, then ¢ is called a causal cone. It defines a partial order

relation on S(A) (and a fortiori on P(A)), called the causal relation, by

Vo,n € S(A), 0=n ifft VYae¥ o(a)<nla). (2.3)

The role of the condition (2.2) is to avoid acausal spaces. Indeed, if M contains closed causal
curves, the only functions in the causal cone are the constant ones and (2.2) fails [5].

To assure that the physical implications of the presented structure do not depend on the chosen
unitisation (compare footnote *) we define the following space of physical pure states:

M(A):={wecPA):Adkero} = P(A).
Definition 7 is strongly motivated by the following result [5, Theorem 7].

Theorem 8. Let (Ay, Ky, D) be a Lorentzian spectral triple constructed from a complete globally
hyperbolic manifold M. Two physical pure states ¢p,, 9, € M(Ap) are causally related with ¢, < ¢,
ifand only if p < q in M.

Our approach to characterize the causal structure of a noncommutative space is in some points
similar to the approach of Fabien Besnard [16] also presented at this conference. The main dif-
ference is that our construction is directly related to the Dirac operator, hence to the ‘metric’, and
always corresponds to the usual causal structure in the commutative case, while the approach of
Fabien Besnard may include more general partial orders.

3. Testing the concepts — almost commutative causality

Theorem 9. Let (A, K, D) be an almost commutative Lorentzian spectral triple, such that the causal
cone € exists. If W, ¢, 0y 5 € A (A) are such that ®, ¢ < @y 4, then p < q in M.

“4The role of the unitisation is only technical and has no impact on the definition of causality for physical states, at
least in the almost commutative case. For a more detailed discussion of that point, we refer the reader to [13].
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Proof. First note that a ® 1, with a smooth causal function a is always in the causal cone %,
since [D,a® 1] = [P, a]. Secondly, since pure states on Ap are always vector states we have

0,e(a®1) <o, (ax1) < (§,8)alp) <(x,x)alq) < alp)<alq) = p=q O

This result implies that whenever an almost commutative Lorentzian spectral triple admits a
causal structure, no evolution of the physical system modelled by it induces faster-than-light effects.

Using the construction of an almost commutative spectral triple (4) with the two-point space
A =C@®C, Hr = C? and Df = (% ’61) with m € C, we obtain a two-sheeted space-time. The
space of pure states on A = Ay ® Ap consists of two copies of the manifold M, but its geometry is
noncommutative as Dy does not commute with the algebra. The following result is proved in [17]
for dimensions 2 and 4:

Theorem 10. Tiwvo pure states corresponding respectively to the event p on the first sheet and
an event ¢ on the second sheet are causally related if and only if p < q on M (where q is the
corresponding point of ¢’ on the first sheet — see Figure 1) and

1Y) = 5
where () represents the length of a causal curve y going from p to q on the first sheet.

This result, illustrated on Figure 1, implies that causal relations between a priori disconnected

sheets are possible. We note that the Riemannian distance between the two sheets (obtained using
1

— ml

Connes’ distance formula [1]) is d

Figure 1: Causal structure for the two-sheeted model.  Figure 2: Causal structure for the M, (C) model.

Another almost commutative model can be built using the following finite spectral triple:
Ar =M,(C), Hp = C? and Dy = (‘8 5(1)2>’ with dj,d; € R. The internal space corresponds to
CP' = §? and a pure state o), ¢ on the product spectral triple is uniquely specified by p € M and

& € §2. The following theorem holds with M being the 2-dimensional Minkowski space-time [13]:
Theorem 11. Two pure states ®,, ¢, @y o are causally related with @, ¢ < @, ¢ if and only if the
following conditions are respected:

e p=gqinRL;

o & and @ have the same latitude (they belong to the same parallel of latitude on S?);

o [(y)> “Z‘f:gf”, where () represents the length of a causal curve y going from p to q on R!

and O¢, 0, are the angles of &, @ on the parallel of latitude.
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This result is illustrated by Figure 2. The constraint /() > ||i“]’ :3;’ implies that the proper time

on the space-time must be sufficient in order to allow any motion within the internal space. This

. . . . . 0p—0:| .
means that the ratio of the distance in the internal space to the proper time | "l’( 7 i is bounded above

by the constant |d; — d»|, which can be seen as a speed of light limit existing within the internal
space.
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