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Black holes are among the most fascinating objects populating our universe. Their characteristic
features, encompassing spacetime singularities, event horizons, and black hole thermodynamics,
provide a rich testing ground for quantum gravity ideas. In this note we observe that the renormalization group improved Schwarzschild black holes constructed by Bonanno and Reuter within
Weinberg’s asymptotic safety program constitute a prototypical example of a Hayward geometry
used to model non-singular black holes within quantum gravity phenomenology. Moreover, they
share many features of a Planck star: their effective geometry naturally incorporates the one-loop
corrections found in the effective field theory framework, their Kretschmann scalar is bounded,
and the black hole singularity is replaced by a regular de Sitter patch. The role of the cosmological
constant in the renormalization group improvement process is briefly discussed.
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with scale-dependent (dimensionless) Newton’s constant gk ≡ k2 Gk and cosmological constant
λk ≡ Λk /k2 is shown in Fig. 1. The phase diagram depicts the NGFP at positive g∗ > 0, λ∗ > 0
which acts as the UV completion of all RG trajectories with positive Newton’s constant. Lowering
the RG scale k the flow undergoes a crossover towards the Gaussian fixed point (GFP) situated
in the origin. In the vicinity of the GFP the dimensionful coupling constants Gk and Λk become
independent of k, so that classical general relativity is recovered in the IR. Depending on whether
the RG trajectory ends at the GFP or flows to its left (right) a zero or negative (positive) IR value
of the cosmological constant is recovered. The scaling of the coupling constants at the NGFP is
easily deduced from the dimensionless couplings becoming constant,
NGFP:

Gk = g∗ k−2 ,

Λk = λ∗ k2 ,

(2)

while in the IR close to the GFP [3]

Gk = G0 1 − ω G0 k2 + O(G20 k4 ) ,

(3)

ds2 = − f (r) dt 2 + f (r)−1 dr2 + r2 dΩ22

(4)

with ω > 0 a fixed number dependent on the particular choice of regularization scheme. For the
regulator used in Fig. 1, ω = 11/6π .
Classical Schwarzschild black holes are exact vacuum solutions of Einstein’s field equations.
The geometry is characterized by the line element

with dΩ22 denoting the line-element of the two-sphere and the radial function
f (r) = 1 −
2

2Gm
.
r

(5)
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Black holes have now become objects routinely observed in astrophysics [1]. General relativity describes very well their exterior, as well as their horizon and interior, up to the central
singularity, where the theory fails. On physical grounds, we expect the physics of the deep central
region to be strongly affected by quantum effects, therefore using general relativity all the way up
to the singularity is pushing the theory outside its domain of validity. A theory reconciling general
relativity with quantum mechanics is needed to describe this central region. A rather conservative
proposal to embed gravity in the quantum field theory framework is Weinberg’s Asymptotic Safety
scenario [2]. The key ingredient for investigating this scenario is the gravitational effective average action Γk [3]. By construction, Γk is a Wilson-type action functional whose effective vertices
already incorporate quantum fluctuations with momentum p2 ≫ k2 . Thus Γk can be thought of as
providing an effective description of gravitational phenomena on typical momentum scales k. As
its central property, the effective average action satisfies a formally exact functional renormalization group equation, which, by now, has accumulated substantial evidence that the gravitational
renormalization group (RG) flow possesses a non-trivial fixed point (NGFP) which could provide
the UV completion of gravity at trans-Planckian energies, see [4, 5] for reviews.
The RG flow obtained by approximating Γk by the Einstein-Hilbert action
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Figure 1: Phase diagram showing the gravitational RG flow of the Einstein-Hilbert truncation in terms of
the dimensionless coupling constants gk ≡ Gk k2 and λk ≡ Λk k−2 . The flow is governed by the interplay of
the NGFP located at g∗ > 0, λ∗ > 0 and the GFP at the origin. The arrows point towards the infrared, i.e., in
the direction of lower k-values. Adapted from [6].

Following [7, 8] quantum gravity corrections to the classical black hole geometry may be
incorporated by RG improving the classical solution.1 The basic idea underlying the RG improvement is to promote the constant G to depend on the renormalization group scale k, replacing
G 7→ Gk . Subsequently, the RG group scale is identified with a physical scale of the (classical)
geometry. For the spherically symmetric Schwarzschild solution, it is natural to relate k to the absolute value of the radial proper distance dr (r) between a point P(r) in the spacetime and the center
of the black hole
Z q
dr (r) =
|ds2 | .
(6)
Close to the origin and at asymptotic infinity, dr (r) has the expansions
dr (r)|r≪2 G0 m ≃

1
2
√
r3/2 + O(r5/2 ) ,
3 2G0 m

dr (r)|r≫2 G0 m ≃ r + O(r0 ) .

(7)

The cutoff identification then relates the momentum scale k to this distance according to2
k(r) =

ξ
,
dr (r)

1 For

(8)

an investigation of the RG improved black holes from the perspective of black hole thermodynamics see [9].
A recent review with further references can be found in [10].
2 There is no predetermined recipe for determining the identification of k with a physical scale of the system. An
equally valid choice relates k to the proper time measured by a freely falling observer starting at P(r) to reach the black
hole singularity. Notably, these alternative choice lead to similar results as the ones reported below.
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Figure 2: The left diagram illustrates the horizon structure for the RG improved Schwarzschild black holes
with m = 1.5 (top curve), m = mcrit ≈ 2.25 (middle curve) and m = 4 (bottom curve), while the Kretschmann
scalar curvature K 2 = Rµνρσ Rµνρσ for the case m = 4 > mcrit is shown in the right diagram. All quantities
are measured in Planck units. The classical result is visualized by the dashed curves for comparison.

with ξ being a free parameter. Applying this RG improvement procedure to the classical radial
function (5) yields the RG improved geometry where f (r) is given by
f (r) = 1 −

2 G(k(r)) m
.
r

(9)

Thus the RG improvement procedure promotes the classical Schwarzschild metric to a Haywardtype effective geometry [11] with f (r) = 1 − 2M(r)/r, where the function M(r) is determined from
an RG trajectory constructed within the fundamental theory and the RG improvement (8).
In the asymptotic regimes of the black hole spacetime, the effect of the RG improvement can
be traced analytically. Substituting the low energy expansion (3) into (9) and evaluating the cutoff
identification (8) for small k, yielding k2 = ξ 2 /r2 + O(r−3 ), results in


2G0 m
ω̃ G0
f (r)|r≫2 G0 m ≃ 1 −
1− 2
,
(10)
r
r
with ω̃ = ωξ 2 . The improved line-element naturally incorporates the 1-loop corrections found in
effective field theory [12] and can be matched by adjusting the free parameter in the cutoff identification to be ξ 2 = ω̃ /ω . Using ω = 11/6π and ω̃ = 118/15π we obtain ξ 1−loop ≈ 2.07, which we
will use in numeric evaluations below. Close to the black hole singularity, the RG improvement is
based on the fixed point scaling (2). Substituting the asymptotic cutoff identification based on (7)
then yields
4 g∗
f (r)|r≪2 G0 m ≃ 1 − 13 Λeff r2 , with
Λeff =
.
(11)
3 G0 ξ 2
Thus the RG improvement correctly incorporates the one-loop corrections determined in effective
field theory (fixing the only free parameter in the procedure) and resolves the black hole singularity
by giving rise to a de Sitter type behavior close to the center.
The complete RG improved radial function can easily be constructed numerically. For concreteness we choose the underlying RG trajectory to be the Type IIa trajectory (see Fig. 1) connecting the GFP with the NGFP, setting Λ0 = 0, G0 = 1. The resulting improved f (r) depends
4
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on the asymptotic mass of the black hole m only and is shown in the left diagram of Fig. 2. For
m > mcrit the improved geometry has an outer and inner horizon. For m = mcrit , with mcrit being
of the order to the Planck mass, the two horizons coincide while for m < mcrit there is no horizon.
The Kretschmann scalar curvature of the improved geometry (right diagram) peaks below the inner
horizon and its maximum value is (approximately) given by the Planck scale.
Substituting the RG improved geometry into the classical Einstein equations allows to interpret the resulting modifications in the classical black hole geometry as a quantum contribution to
the energy momentum tensor. The resulting effective energy density ρeff and transverse pressure
pt,eff are shown in the left diagram of Fig. 3. The radial pressure pr,eff = −ρeff , so that the RG
improvement acts like a cosmological constant in the radial direction. The right diagram of Fig. 3
displays the weak energy condition ρeff + peff for the effective energy momentum tensor. Notably,
the weak energy condition is violated at subhorizon scales due to strong transversal pressure.
Recently, Ref. [13] generalized the study of the RG improved Schwarzschild black hole to
Schwarzschild-(Anti-) de Sitter black holes, with the radial function (5) also including a non-zero
cosmological constant
2Gm 1 2
f (r) = 1 −
− Λr .
(12)
r
3
This extension is motivated by the observation that, even for the case where Λ0 = 0 a non-zero
cosmological constant will be generated along the RG flow (cf. Fig. 1). Moreover, in the vicinity of
the NGFP the scaling (2) implies that the dimensionful Newton’s constant goes to zero while the dimensionful cosmological constant actually diverges when k → ∞. Thus, contradicting the intuition
that the cosmological constant is important at large distances only, its inclusion may also influence
the structure of microscopic black holes. Indeed, applying the RG improvement procedure for the
Schwarzschild case to the radial function (12) and evaluating the result for the fixed point scaling
(2) the RG improved line-element valid at the NGFP is again of the form (12)




2 G0 m 3
1
4g∗
2
λ∗ ξ −
(13)
f∗ (r) = 1 −
r2 .
r
4
3 3G0 ξ 2
Thus the RG improved Schwarzschild-de Sitter black holes become self-similar in the sense that the
line-element takes the same form in the IR and UV. Notably, the inclusion of the scale-dependent
5
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Figure 3: Effective energy density and pressure profiles for the RG improved Schwarzschild black hole with
m = 4, G0 = 1. The radial component of the weak energy condition is zero everywhere, while the transversal
contribution, shown in the right diagram, violates the condition on scales below the inner horizon.
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cosmological constant has also reintroduced a singularity which, for the case of the Schwarzschild
black hole, has been removed by the RG improvement process. At this stage it is worth stressing
that the physical nature of this new singularity is actually quite different to the one found in the
classical black hole solution: applying the RG improvement procedure to flat Lorentzian spacetime
also introduces a singular behavior of the RG improved line-element even in the absence of any
matter. This nurtures the speculation that the “quantum” singularity introduced by the cosmological
constant may actually reflect a feature of quantum spacetime which is actually unrelated to the study
of black holes [10].
In summary, the RG improved Schwarzschild black holes found within Asymptotic Safety
[7, 8] naturally fall into the class of Hayward metrics [11] which have been proposed as effective
models for non-singular black holes. The disappearance of the central singularity has also been
observed in other approaches to quantum gravity, as, e.g., in Loop Quantum Gravity. This physical
scenario has been recently investigated in [14, 15, 16], where the non-singular central core of the
black hole is called “Planck star”. Interestingly, this opens a new window for quantum gravity
phenomenology [17, 18] as the disruption of the horizon should give a characteristic astrophysical
signal. We hope that this link between fundamental theories of gravity and effective geometries
will be useful towards improving our understanding of black-hole evolution.

