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In this presentation we re-examine the theory of the 4-vector field, the antisymmetric tensor
fields of the second ranks and the spin-2 fields coming from the modified Bargmann-Wigner for-
malism. In the series of the papers [1, 2, 3, 4] we tried to find connection between the theory of
the quantized antisymmetric tensor (AST) field of the second rank (and that of the corresponding
4-vector field) with the 2(2s+1) Weinberg-Tucker-Hammer formalism [5, 6]. Several previously
published works [7, 8, 9] introduced the concept of the notoph (the Kalb-Ramond field) which is
constructed on the basis of the antisymmetric tensor “potentials", cf. [10, 11, 12, 13]. It represents
itself the non-trivial spin-0 field. We posed the problems, whether the massless quantized AST
potential and the quantized 4-vector field are transverse or longitudinal fields (in the sense if the
helicity h = ±1 or h = 0)? can the electromagnetic potential be a 4-vector in a quantized theory?
contradictions with the Weinberg theorem “that no symmetric tensor field of rank s can be con-
structed from the creation and annihilation operators of massless particles of spin s"? how should
the massless limit be taken?

First of all, we note that 1) “...In natural units (c = h̄ = 1) ... a lagrangian density, since the ac-
tion is dimensionless, has dimension of [energy]4"; 2) One can always renormalize the lagrangian
density and “one can obtain the same equations of motion... by substituting L→ (1/MN)L, where
M is an arbitrary energy scale", cf. [3]; 3) the right physical dimension of the field strength tensor
Fµν is [energy]2; “the transformation Fµν → (1/2m)Fµν [which was regarded in Ref. [14, 15]]
... requires a more detailed study ... [because] the transformation above changes its physical di-
mension: it is not a simple normalization transformation". Furthermore, in the first papers on the
notoph the authors used the normalization of the 4-vector Fµ field, which is related to a third-rank
antisymmetric field tensor, to [energy]2 and, hence, the antisymmetric tensor “potentials" Aµν , to
[energy]1. We discuss these problems on the basis of the generalized Bargmann-Wigner formal-
ism [16, 17]. The Proca, Maxwell and Einstein formalisms are generalized, Ref. [4]. A field of
the rest mass m and the spin s ≥ 1

2 is represented by a completely symmetric multispinor of rank
2s. The particular cases s = 1 and s = 3

2 have been considered in the textbooks, e. g., Ref. [17].
Nevertheless, questions of the redundant components of the higher-spin relativistic equations are
not yet understood in detail [18]. The questions of quantization, interactions and relations between
various higher-spin theories have also been discussed.

The Bargmann-Wigner postulates lead to the Kemmer set of the s= 0 equations after algebraic
transformations

mφ = 0, mφ̃ =−i∂µ Ãµ , mÃµ =−i∂ µ
φ̃ . (1)

For the s = 1 case they lead to the Proca-Duffin-Kemmer set:

∂αFαµ +
m
2

Aµ = 0, 2mFµν = ∂
µAν −∂

νAµ . (2)

The dual antisymmetric tensor can also be used [15]. In the meantime, the textbooks equations are
obtained from (2) after the normalization change Aµ → 2mAµ or Fµν → 1

2m Fµν .

In order to be able to answer the question about the behaviour of eigenvalues of the spin
operator Ji = 1

2 ε i jkJ jk in the massless limit one should know the behaviour of the fields Fµν and/or
Aµ in the massless limit. We choose the usual definitions (p. 209 of [19]) for polarization vectors
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εµ(0,σ):

ε
µ(0,+1) =− 1√

2


0
1
i
0

 ,εµ(0,0) =


0
0
0
1

 ,εµ(0,−1) =
1√
2


0
1
−i
0

 , (3)

and boost them to an arbitrary frame (p̂i = pi/ | p |, γ = Ep/m), p. 68 of Ref. [19],

ε
µ(p,σ) = Lµ

ν(p)εν(0,σ) , (4)

L0
0(p) = γ , Li

0(p) = L0
i(p) = p̂i

√
γ2−1 , (5)

Li
k(p) = δik +(γ−1)p̂i p̂k . (6)

The normalization of the field functions in the momentum representation is thus chosen to the
negative unit, ε∗µ(p,σ)εµ(p,σ) = −1. We observe that in the massless limit all the defined po-
larization vectors of the momentum space do not have good behaviour; the functions describing
spin-1 particles tend to infinity. Nevertheless, after renormalizing the polarization vectors, e. g.,
εµ → uµ ≡ mεµ we come to the field functions in the momentum representation:

uµ(p,+1) =− N√
2m


pr

m+ p1 pr
Ep+m

im+ p2 pr
Ep+m

p3 pr
Ep+m

 , uµ(p,−1) =
N√
2m


pl

m+ p1 pl
Ep+m

−im+ p2 pl
Ep+m

p3 pl
Ep+m

 , (7)

uµ(p,0) =
N
m


p3

p1 p3
Ep+m
p2 p3

Ep+m

m+
p2

3
Ep+m

 , (8)

(N = m and pr,l = p1 ± ip2) which do not diverge in the massless limit. Two of the massless
functions (with σ =±1) are equal to zero when a particle, described by this field, is moving along
the third axis (p1 = p2 = 0, p3 6= 0). The third one (σ = 0) is

uµ(p3,0) |m→0=


p3

0
0
p2

3
Ep

≡

±Ep

0
0

Ep

 , (9)

and at the rest (Ep = p3 → 0) also vanishes. Thus, an appropriate field operator describes the
“longitudinal photons" what is in the complete accordance with the Weinberg theorem B−A = h
for massless particles (we use the D(1/2,1/2) representation). The change of the normalization
can lead to the change of physical content described by the classical field. In the quantum case
one should somehow fix the form of commutation relations by some physical principles. Further-
more, the properties of the physical fields Fµν are obtained from B(+)(p,σ) = i

2m p× u(p,σ),
E(+)(p,σ) = i

2m p0u(p,σ)− i
2m pu0(p,σ) in the massless zero-momentum limit. For the sake of
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completeness let us present the vector corresponding to the “time-like" polarization:

uµ(p,0t) =
N
m


Ep

p1

p2

p3

 , B(±)(p,0t) = 0 , E(±)(p,0t) = 0 . (10)

The polarization vector uµ(p,0t) has good behaviour in m→ 0, N = m (and also in the subsequent
limit p→ 0) and it may correspond to some field (particle). As one can see the field operator
composed of the state of longitudinal polazrizations (e.g., as the “positive-energy" solution) and
that of time-like polarization (e.g., as the “negative-energy" solution) may describe a situation
when a particle and an antiparticle have opposite intrinsic parities.

The Lagrangian may include, in general, mass term:

L =
1
4
(∂µAνα)(∂

µAνα)− 1
2
(∂µAµα)(∂ νAνα)−

1
2
(∂µAνα)(∂

νAµα)

+
1
4

m2AµνAµν . (11)

Here we use the notation Aµν for the AST due to possible different “mass dimensions" of the
fields. The massless (m = 0) Lagrangian is connected with the Lagrangians used in other theories
by adding the total derivative:

LCFT = L+
1
2

∂µ (Aνα∂
νAµα −Aµα

∂
νAνα) . (12)

The Kalb-Ramond gauge-invariant form (with respect to the “gauge" transformations Aµν→Aµν +

∂νΛµ−∂µΛν ), Ref. [7, 8, 9], is obtained only if one uses the Fermi procedure mutatis mutandis by
removing the additional “phase" field λ (∂µAµν)2 from the Lagrangian. This has certain analogy
with the QED, where the question, whether the Lagrangian is gauge-invariant or not, is solved
depending on the presence of the term λ (∂µAµ)2. The Lagrangian leads to the equation of motion
in the following form:

1
2
( +m2)Aµν +(∂µA ,α

αν −∂νA ,α
αµ ) = 0 , (13)

It is this equation for antisymmetric-tensor-field components that follows from the Proca-Duffin-
Kemmer consideration provided that m 6= 0 and in the final expression one takes into account the
Klein-Gordon equation.

Following the variation procedure one can obtain the energy-momentum tensor:

Θ
λβ =

1
2

[
(∂ λ Aµα)(∂

β Aµα)−2(∂µAµα)(∂ β Aλ
α)−2(∂ µAλα)(∂ β Aµα)

]
−Lgλβ . (14)

One can also obtain that for rotations the corresponding variation of the wave function is found
from the formula: δAαβ = 1

2 ωκτTαβ ,µν

κτ Aµν . The generators of infinitesimal transformations are
defined as

Tαβ ,µν

κτ =
1
2

gαµ(δ
β

κ δ
ν
τ − δ

β

τ δ
ν
κ ) +

1
2

gβ µ(δ ν
κ δ

α
τ − δ

ν
τ δ

α
κ )+

+
1
2

gαν(δ
µ

κ δ
β

τ − δ
µ

τ δ
β

κ ) +
1
2

gβν(δ α
κ δ

µ

τ − δ
α
τ δ

µ

κ ) . (15)
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Thus,

Jκτ =
∫

d3x
[

∂L
∂ (∂Aαβ/∂ t)

Tαβ ,µν

κτ Aµν

]
, (16)

and

Jκτ =
∫

d3x
[
(∂µAµν)(g0κAντ −g0τAνκ)− (∂µAµ

κ)A0τ +(∂µAµ

τ)A0κ+

+Aµ

κ(∂0Aτµ +∂µA0τ +∂τAµ0)−Aµ

τ(∂0Aκµ +∂µA0κ +∂κAµ0)
]
. (17)

Furthermore, one should choose the space-like normalized vector nµnµ =−1 and find the explicit
form of the relativistic spin after lengthy calculations:

(Wµ ·nµ) =−(W ·n) =−1
2

ε
i jknkJi j p0 , (18)

Jk = ε
i jk
∫

d3x
[
A0i(∂µAµ j)+A j

µ (∂ 0Aµi +∂
µAi0 +∂

iA0µ)
]
. (19)

Now it becomes obvious that the application of the generalized Lorentz conditions leads in such a
formulation to the fact that the resulting Kalb-Ramond field is longitudinal (helicity h = 0). All the
components of the angular momentum tensor for this case are identically equated to zero.

According to [7, Eqs.(9,10)] we proceed in the construction of the “potentials" for the notoph
(by taking, in fact, the 4-cross product of polarization vectors)
F̃µν(p)∼Aµν(p)=N

[
ε
(1)
µ (p)ε(2)

ν (p)− ε
(1)
ν (p)ε(2)

µ (p)
]
. On using explicit forms for the momentum-

space polarization vectors we have:

Aµν(p) =
iN2

m


0 −p2 p1 0
p2 0 m+ pr pl

p0+m
p2 p3
p0+m

−p1 −m− pr pl
p0+m 0 − p1 p3

p0+m
0 − p2 p3

p0+m
p1 p3
p0+m 0

 . (20)

It coincides with the longitudinal components of the antisymmetric tensor obtained in Refs. [1,
Eqs.(2.14,2.17)] and [14, Eqs.(17b,18b)] within the normalization and different choice of the spin
basis. We agree with the previous authors, e. g., Ref. [21], see Eq. (4) therein, about the gauge non-
invariance of the division of the angular momentum of the electromagnetic field into the “orbital"
and “spin" part, Eq. (19). We proved again that for the antisymmetric tensor field J∼

∫
d3x(E×A).

We can generalize the BW formalism expanding the symmetric spinor field in the following
way:

Ψ{αβ} = (γµR)αβ (camAµ + c f Fµ)+(σ µνR)αρ(cAm(γ5)ρβ Aµν + cF Iρβ Fµν) . (21)

The new Proca-like equations are:

cam(∂µAν −∂νAµ)+ c f (∂µFν −∂νFµ) = icAm2
εαβ µνAαβ +2mcFFµν ,

(22)

cam2Aµ + c f mFµ = icAmεµναβ ∂
νAαβ +2cF∂

νFµν . (23)

In the case ca = 1, cF = 1
2 and c f = cA = 0 they are reduced to the ordinary Proca equations. In

the general case we obtain dynamical equations which connect the photon, the notoph and their
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potentials. The divergent (in the m→ 0 limit) parts of field functions and those of dynamical
variables should be removed by the corresponding gauge (or the Kalb-Ramond gauge) transforma-
tions. Apart from these dynamical equations we can obtain a number of constraints by means of
the subtraction of the equations of the Bargmann-Wigner system (instead of the addition). They
give F̃µν ∼ imAµν and Fµ ∼ mAµ . The limit m→ 0 may be taken for dynamical variables, in the
end of calculations only. Moreover, it might be logical to introduce the normalization scalar field
ϕ(x) and consider the expansion Ψ{αβ} = (γµR)αβ (ϕAµ)+(σ µνR)αβ Fµν . Then, we arrive at the
set of equations, which in the case of the constant scalar field ϕ = 2m, can again be reduced to the
system of the Proca equations.

The spin-2 case can be treated in a similar way. Now we use the equations for the 4-rank sym-
metric spinor. We proceed expanding the field function in the complete set of symmetric matrices.
In the beginning let us use the first two indices:

Ψ{αβ}γδ = (γµR)αβ Ψ
µ

γδ
+(σµνR)αβ Ψ

µν

γδ
. (24)

Next, we present the vector-spinor and tensor-spinor functions as

Ψ
µ

{γδ} = (γκR)γδ G µ

κ +(σκτR)γδ F µ

κτ , (25)

Ψ
µν

{γδ} = (γκR)γδ T µν

κ +(σκτR)γδ R µν

κτ , (26)

i. e., using the symmetric matrix coefficients in indices γ and δ . Hence, the resulting tensor equa-
tions coincide with the equations obtained in Ref. [22]. However, we need to make symmetrization
over two sets of indices {αβ} and {γδ}. The total symmetry can be ensured if one contracts the
function Ψ{αβ}{γδ} with the antisymmetric matrices R−1

βγ
, (R−1γ5)βγ and (R−1γ5γλ )βγ , and equate

all these contractions to zero. We obtain additional constraints on the tensor field functions.
Nevertheless, we should modify the formalism in the spirit of Ref. [15]. The field functions

take now into account γ5σ µνR terms. Hence, the function Ψ{αβ}{γδ} can be expressed as a sum of
nine terms. The corresponding dynamical equations are given in the following form:

2α2β4

m
∂νT µν

κ +
iα3β7

m
ε

µναβ
∂ν T̃κ,αβ = α1β1G µ

κ , (27)

2α2β5

m
∂νR µν

κτ +
iα2β6

m
εαβκτ∂ν R̃αβ ,µν +

iα3β8

m
ε

µναβ
∂νD̃κτ,αβ −

− α3β9

2
ε

µναβ
ελδκτDλδ

αβ
= α1β2F µ

κτ +
iα1β3

2
εαβκτ F̃αβ ,µ , (28)

2α2β4T µν

κ + iα3β7ε
αβ µν T̃κ,αβ =

α1β1

m
(∂ µG ν

κ −∂
νG µ

κ ) , (29)

2α2β5R µν

κτ + iα3β8ε
αβ µνD̃κτ,αβ + iα2β6εαβκτ R̃αβ ,µν −

−α3β9

2
ε

αβ µν
ελδκτDλδ

αβ
=

α1β2

m
(∂ µF ν

κτ −∂
νF µ

κτ )+

+
iα1β3

2m
εαβκτ(∂

µ F̃αβ ,ν −∂
ν F̃αβ ,µ) . (30)

In general, the coefficients αi and βi may now carry some dimension. The essential constraints can
be found in Ref. [23]. They are the results of contractions of the field function with six antisym-
metric matrices as above. The certain combinations of field functions can be equal to zero. The

6
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fields F µ

κτ , F̃ µ

κτ , T µν

κ , T̃ µν

κ , and R µν

κτ , R̃ µν

κτ , D µν

κτ , D̃ µν

κτ can correspond to different
physical states and the equations describe couplings one state to another.

Furthermore, from the set of equations (27-30) one obtains the second-order equation for the
symmetric traceless tensor of the second rank (α1 6= 0, β1 6= 0):

1
m2

[
∂ν∂

µG ν
κ −∂ν∂

νG µ

κ

]
= G µ

κ . (31)

After the contraction in indices κ and µ this equation is reduced to:

∂αGα

β
= Fβ ,

1
m2 ∂β Fβ = 0 , (32)

i. e., the equations which connect the analogue of the energy-momentum tensor and the analogue
of the 4-vector field.

The possibility of terms such as σ · [A×A∗] appears to be related to the matters of chiral
interactions [24, 25]. The Dirac field operator can always be presented as a superposition of the
self- and anti-self charge conjugate field operators. The anti-self charge conjugate part can give the
self-charge conjugate part after multiplying by the γ5 matrix, and vice versa. We derived

[iγµD∗µ −m]ψs
1 = 0 , (33)

[iγµDµ −m]ψa
2 = 0 . (34)

Both equations lead to the terms of interaction such as σ · [A×A∗] provided that the 4-vector
potential is considered as a complex function(al). In fact, from (33) we have:

iσ µ
∇µ χ1−mφ1 = 0 , iσ̃ µ

∇
∗
µφ1−mχ1 = 0 . (35)

And, from (34) we have

iσ µ
∇
∗
µ χ2−mφ2 = 0 , iσ̃ µ

∇µφ2−mχ2 = 0 . (36)

The meanings of σ µ and σ̃ µ are obvious from the definition of γ matrices. The derivatives are
defined Dµ = ∂µ − ieγ5Cµ + eBµ , ∇µ = ∂µ − ieAµ , and Aµ = Cµ + iBµ . Thus, relations with
the magnetic monopoles can also be studied. From the above systems we extract the terms as
±e2σ iσ jAiA∗j , which lead to the discussed terms [24, 25]. We would like to note that the terms of
the type σ · [A×A∗] can be reduced to (σ ·∇)V , where V is the scalar potential.

The most general relativistic-invariant Lagrangian for the symmetric 2nd-rank tensor is

L =−α1(∂
αGαλ )(∂β Gβλ )−α2(∂αGβλ )(∂ αGβλ )−

−α3(∂
αGβλ )(∂β Gαλ )+m2Gαβ Gαβ . (37)

It leads to the equation[
α2(∂α∂

α)+m2]G{µν}+(α1 +α3)∂
{µ| (∂αG α|ν}) = 0 . (38)

In the case α2 = 1 > 0 and α1 +α3 = −1 it coincides with Eq. (31). There is no any problem to
obtain the dynamical invariants for the fields of the spin 2 from the above Lagrangian. The mass

7



P
o
S
(
F
F
P
1
4
)
1
8
8

Energy-Momentum Tensor ... Valeriy Dvoeglazov

dimension of Gµν is [energy]1. We now present possible relativistic interactions of the symemtric
2-rank tensor. The simplest ones should be the the following ones: Lint

(1) ∼ GµνFµFν , Lint
(2) ∼

(∂ µGµν)Fν , Lint
(3) ∼ Gµν(∂

µFν) .
It is also interesting to note that thanks to the possible terms

V (F) = λ1(FµFµ)+λ2(FµFµ)(FνFν) (39)

we can give the mass to the tensor components of the spin-2 field. This is due to the possibility
of the Higgs-like spontaneous symmetry breaking, with v being the vacuum expectation value,
v2 = (FµFµ) = −λ1/2λ2 > 0. Several degrees of freedom of the 4-vector field are removed. An
arbitrary phase for Fµ is only possible if the 4-vector would be the complex one. The similar
conslusion can be done if we would use the AST field of the 2nd rank or the (1,0)⊕ (0,1) field
as in [26]. However, the vacuum expectation value (VEV), of course, may be different. So, the
interplay between the VEV’s, the dynamical equations, normalization (and so on) deserves further
investigation on the experimental/observational level.1

Next, since the interaction of fermions with notoph, for instance, can be considered as that of
the order ∼ e2 in the initial Lagrangian, it is more difficult to observe it. However, as far as I know
the theoretical precision calculus in QED (the Landé factor, the anomalous magnetic moment, the
hyperfine splittings in positronium and muonium, and the decay rates of o-Ps and p-Ps) are near the
order corresponding to the 4th-5th loops, where the difference may appear with the experiments,
cf. [27].

We considered the Bargmann-Wigner formalism in order to derive the equations for the AST
fields, and for the symmetric tensor of the 2nd rank. We introduced the additional normalization
scalar field in the Bargmann-Wigner formalism in order to account for possible physical signifi-
cance of the Ogievetskii-Polubarinov–Kalb-Ramond modes. Both the antisymmetric tensor fields
and the 4-vector fields may have the third helicity state in the massless limits. This problem is
connected with the problem of the observability of the gauge [20]. We introduced the additional
symmetric matrix in the Bargmann-Wigner expansion (γ5σ µνR) in order to account for the dual
fields. The problem was discussed, what are the the correct definitions of the energy-momentum
tensor and other Nöther currents in the electromagnetic theory, the relativistic theory of gravita-
tion, the general relativity, and their generalizations. The notoph-graviton interaction may give
the mass to spin-2 particles in the way similar to the spontaneous-symmetry-breaking Higgs for-
malism [28]. I acknowledge discussions with participants of recent conferences on Fundamental
Physics, Symmetries and Clifford Algebras.
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