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of moving singularities has been discussed in the work.

XXII International Baldin Seminar on High Energy Physics Problems,
15-20 September 2014
JINR, Dubna, Russia

∗Speaker.

c© Copyright owned by the author(s) under the terms of the Creative Commons Attribution-NonCommercial-ShareAlike Licence. http://pos.sissa.it/

mailto:bekzhanov@jinr.ru


P
o
S
(
B
a
l
d
i
n
 
I
S
H
E
P
P
 
X
X
I
I
)
0
3
5

Analytical structure of the interaction current of deuteron Artem Bekzhanov

1. Analytical structure

While we are going to take the integration over p, p′ and t first of all we have to investigate
the analytical structure of the model. As it was said in [1], there is only one structure responsible
for the singularities that appear in the matrix elements, it is function R:

R(p′(0)0, |~p′(0), p0, |~p|;s)L1L2L3L4 = φL1(p′(0)0, |~p′(0)|) (1.1)

×vL2L3(k
′(l)
(0)0, |~k′

(l)
(0)|;k(l)(0)0, |~k

(l)
(0)|;s)φL4(p0, |~p|),

where radial parts of the Bethe-Salpeter amplitude can be expressed via radial parts of the vertex
function as:

φα(p0, |~p|) = ∑
β

Sαβ (p0, |~p|;s)gβ (p0, |~p|) (1.2)

In this work we consider only positive-energy waves, thus there is only one function S++(p0, |~p|;s)
in the sum above. The function is:

S++ = (

√
s

2
+ p0−Ep)−1(

√
s

2
− p0−Ep)−1

Still we were working regardless to the type of NN interaction, but at the stage of investigation
of the analytical structure of the model it’s important to emphasize the separable character of kernel
of interaction. So-called separable Ansatz for the kernel has the following form:

vab(p′0, |~p′|; p0, |~p|;s) =
N

∑
i, j=1

λi j(s)g
(a)
i (p′0, |~p′|)g

(b)
j (p0, |~p|) (1.3)

In this case radial functions of the Bethe-Salpeter amplitude are also expressed through the
functions of separable kernel:

ga(p0, |~p|) =
N

∑
i, j=1

λi j(s)g
(a)
i (p0, |~p|)c j(s) (1.4)

(1.5)

In the framework of this consideration the functions of separable kernel have the common general
relativistic form g(a)i (p0, |~p|) = 1/(p2

0−|~p|2−β 2).
Now we can rewrite the function R in separable form:

R(p′(0)0, |~p′(0), p0, |~p|;s)L1L2L3L4 = ∑λi j(s)c j(s)λkd(s)λmn(s)cn(s)× (1.6)

×S++(p′(0)0, |~p′(0)|;s)g(L1)
i (p′(0)0, |~p′(0)|)g

(L2)
k (k′(l)(0)0, |~k′

(l)
(0)|)g

(L3)
d (k(l)(0)0, |~k

(l)
(0)|)×

×S++(p0, |~p|;s)g(L4)
m (p0, |~p|)
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Sources of poles over p0: total number of poles numeration of the poles
S++(p0, |~p|,s) 2 1 , 2
g(L4)

i (p0, |~p|) 2 3 , 4
g(L3)

i (k(l)(0)0, |~k
(l)
(0)|) 2+2 5 , 6 , 7 , 8

Sources of poles over p′0:
S++(p′(0)0, |~p

′
(0)|,s) 4 9 , 10 , 11 , 12

g(L1)
i (p′(0)0, |~p

′
(0)|) 2 13 , 14

g(L2)
i (k′(l)(0)0, |~k

′(l)
(0) |) 2+2 15 , 16, 17, 18

Table 1: Sources of poles

Figure 1: Behavior of the poles in p0 complex plane

Let’s now consider all sources of singularities. There are 18 poles in each matrix element - 8
poles over p0 and 10 poles over p′0. In the table 1 all the sources off poles are represented.

The poles can be classified by the one important feature - whether or not a certain pole is able
at some {η , t} to cross axis Rep0 = 0 (Rep′0 = 0) in complex plane, see figures 1 and 2. Those poles
which are able to cross the axis are called moving singularities. Hopefully (will be clear further)
there are only 6 such poles: over p0 are 5, 8 (see table 1) and over p′0 are 9, 12, 16, 17.

For the purpose of calculation of the integrals over p0 and p′0 we construct specific contours
(see 1 and 2) and use Wick rotation p0→ ip4, p0→ ip4. In this case integrals over real axis in a
complex plane are expressed as:
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Figure 2: Behavior of the poles in p′0 complex plane

over p0

i
+∞∫
−∞

f d p0 =

+∞∫
−∞

f d p4−∑θi(Q2−Q2
min)Res( f , p0 = p(i)0 ) (1.7)

over p′0

i
+∞∫
−∞

f d p′0 =
+∞∫
−∞

f d p′4−∑θi(Q2−Q2
min)Res( f , p′0 = p′(i)0 ), (1.8)

where Q2
min determines minimal value of transfer momentum squared at which the poles get into

the contour of integration. Procedure of the calculation of such values will be discussed further.
Exact expressions for the poles are presented below (here and further p = |p|, p′ = |p′|, cosθ =

pz/p (or p′z/p′), η = Q2/(4M2) and γ = 1+4ηt−4ηt2):

• for the function S++(p0, |~p|,s):

p(1,2)0 =∓1
2

M±
√

p2 +m2∓ iε (1.9)
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• for the function S++(p′(0)0, |~p
′
(0)|,s):

p(9,10)
0 =−M(

1
2
+η)±

√
m2 + p′2 +M2(η(1+η))+2M

√
η
√

1+η p′cosθ ∓ iε (1.10)

p(11,12)
0 = M(

1
2
+η)±

√
m2 + p′2 +M2(η(1+η))−2M

√
η
√

1+η p′cosθ ∓ iε (1.11)

• for the function g(L4)
i (p0, |~p|) (from the radial function of the initial deuteron):

p(3,4)0 =±
√

p2 +β 2∓ iε (1.12)

• for the function g(L1)
i (p′(0)0, |~p

′
(0)|) (from the radial function of the final deuteron):

p(13,14)
0 =±

√
p′2 +β 2∓ iε (1.13)

• for the function g(L3)
i (k(l)(0)0, |~k

(l)
(0)|) (from the radial function of the kernel of interaction):

l=1

p(5,6)0 =−Mηt±

√
1
γ

F(p,cosθ ,η , t)∓ iε, (1.14)

F(p,cosθ ,η , t) = p2 +β
2
i +4ηt(1− t)p2 cos2

θ + (1.15)

+2M
√

η
√

1+ηtγ pcosθ +M2
η(1+η)t2

γ

l=2

p(7,8)0 = Mηt±

√
1
γ

F(p,−cosθ ,η , t)∓ iε, (1.16)

• for the function g(L2)
i (k′(l)(0)0, |~k

′(l)
(0) |) (from the radial function of the kernel of interaction):

l=1

p′(15,16)
0 = (1− t)Mη±

√
1
γ

F ′(p′,cosθ ,η , t)∓ iε, (1.17)

F ′(p′,cosθ ,η , t) = β
2 + p′2 +4ηt(1− t)p′2cos2

θ + (1.18)

+2M
√

η
√

1+η(t−1)γ p′cosθ +M2
η(1+η)(t−1)2

γ
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l=2

p′(17,18)
0 =−(1− t)Mη±

√
1
γ

F ′(p′,−cosθ ,η , t)∓ iε, (1.19)

Let’s consider p(5)0 in more details. In the figure 3 dependence of the pole on the p and cosθ

is shown at t = 0.9 and β = 0.23.

Figure 3: Pole p(5)0

The region where the pole is negative determines the limits of integration over cosθ and p. As
it’s seen from the figure 3, the limits for cosθ are −1 < cosθ < cosθcrit(p,η , t) and for the p are
pcrit1(η , t) < p < pcrit2(η , t). Expressions for the critical values appear to be too large to consider
it in the article. For the purpose of investigation of the region of allowable values over {η , t} (for
the poles 9 and 12 just over η) we have to analyze the conditions of existing of the critical values
pcrit1(η , t) and pcrit2(η , t) by investigation of positiveness of radicand in corresponding expressions.
For the poles 5 and 8 the radicand is:

Rad(η , t) = η
2
γ(η2M2t2

γ−β
2), (1.20)

see figure 4.
For the poles 16 and 17 the radicand is:

Rad′(η , t) = η
2
γ(η2M2(1− t)2

γ−β
2), (1.21)

see figure 5.
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Figure 4: Radicand Rad(η , t)

Figure 5: Radicand Rad′(η , t)

As it’s seen from the figures, for the poles 5 and 8 (poles over p0) minimal η is reached at
t = 1, but for the poles 16 and 17 (poles over p′0) minimal η is reached at t = 0. While calculations
of the integrals over t we have to determine tcrit(η) at each η greater than ηmin. To calculate such
ηmin we solve the equations Rad(η , t) = 0 and Rad′(η , t) = 0 over t and find critical values tcrit(η).
At the figure 6 the value Rad(η , t)/(η2γ) is depicted at β = 0.5 and η = 0.3. As it’s seen from the
figure there is only one real solution for the tcrit(η) which lies in the range of variation of t (from 0
to 1).

From the expressions for tcrit(η) (they are too huge to show in the article) at tcrit = 1 for poles

7
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Figure 6: Value Rad(η , t)/(η2γ)

5 and 8 and tcrit = 0 for poles 16 and 17 we obtain values ηmin. For both cases they coincide and
equal ηcrit = β/M (Q2

crit = 4Mβ ). As for the critical value of the transfer momentum squared
for the poles from the function S++ it is Q2

min = 2M(2m−M). The critical value of the transfer
momentum squared for the poles going from the functions of separable kernel coincides for RIA
and for the interaction current but for the poles from the function S++ it’s different.

2. Conclusions

In the case of the interaction current analytical structure is more complicated than in the case
of relativistic impulse approximation. First, there are 6 poles in the IC instead of 2 poles in the
RIA, second, we have to consider 2 complex planes - over p0 and over p′0. Also the computational
situation is complicated by the differential operator Dµ which increases the order of poles. If used
separable kernel has functions that have large degrees in denominators the computational task for
the IC on typical laptop would be probably a kind of challenge.

Acknowledgments

The speaker would like to thank the organizers of the conference "XXII International Baldin
Seminar on High Energy Physics Problems", Dubna, September 15 - 20, 2014, for the opportunity
to present our new results.

References

[1] Bekzhanov A.V., Bondarenko S.G., Burov V.V., Proceedings of the 12th International Workshop
"Relativistic Nuclear Physics from Hundreds of MeV to TeV", June 16-20, 2014., Stará Lesná, Slovak
Republic, Editor: I.I. Migulina, Publishing: JINR, Dubna, Russia

8


