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Several new and interesting aspects of neutrino oscillations in a magnetic field are
considered: 1) we develop a standard usually used approach to the neutrino spin
oscillations in the neutrino mass basis and obtain the effective neutrino spin (and “spin-
mass”) oscillation Hamiltonian that can be used for description of the neutrino oscillations
between different pairs of neutrino states with different masses and helicities; 2) we derive
the exact solution of the Dirac equation for a massive neutrino with nonzero magnetic
moment in the presence of a constant transversal magnetic field that is rotating along the
direction of the neutrino propagation (the twisting magnetic field) and on the basis of the
obtained energy spectrum the neutrino spin oscillation effective Hamiltonian is derive; 3)
we develop a new approach to neutrino spin oscillations that is based on the description
of the neutrino spin states with the corresponding spin operator that commutes with the
neutrino dynamics Hamiltonian in the magnetic field. The obtained new results can have
important phenomenological applications.
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1. Introduction

Experimental and theoretical studies of flavour conversion in solar, atmospheric, reactor
and accelerator neutrino fluxes give strong evidence for nonzero neutrino masses. A massive
neutrino can have nontrivial electromagnetic properties and, in particular, nonzero magnetic
moment [1]. A detailed review on the neutrino electromagnetic interactions is given in [2].
If neutrinos have magnetic moments then in the presence of a magnetic field neutrinos spin
can process [1, 3–7]. The possibility for the resonance amplification of the neutrino spin-
flavour procession (if flavour neutrinos have the so-called transition magnetic moment) was
first considered in [8, 9].

Neutrino transitions and oscillations in the presence of a magnetic field have been
investigated before in different aspects. A detailed review of this topic is presented in [2]
where the corresponding references to numerous publications can be also found. In our
present paper we discuss several important issues in theoretical description of neutrino spin
and spin-flavour oscillations. In Section 2 we develop a standard usually used approach to the
neutrino spin oscillations in the neutrino mass basis and obtain the effective neutrino spin
(and “spin-mass”) oscillation Hamiltonian that can be used for description of the neutrino
oscillations between different pairs of neutrino states with different masses and helicities.
In Section 3 we derive the exact solution of the Dirac equation for a massive neutrino with
nonzero magnetic moment in the presence of a constant transversal magnetic field that is
rotating along the direction of the neutrino propagation (the twisting magnetic field). Using
the obtained energy spectrum the neutrino spin oscillation effective Hamiltonian is derived.
In Section 4 we develop a new approach to neutrino spin oscillations that is based on the
description of the neutrino spin states with the corresponding spin operator that commutes
with the neutrino dynamics Hamiltonian in the magnetic field. In the customary approach
the neutrino helicity operator is used that does not commute with the neutrino dynamics
Hamiltonian in the presence of a magnetic field.

2. Standard approach to neutrino spin oscillations in a magnetic field

Consider two physical neutrinos, ν1 and ν2, with corresponding masses m1 and m2. Each
of the physical neutrinos are a superposition of the neutrino flavour states, νe and νµ . In
general, a neutrino beam is a superposition of the mass states ν1 and ν2, or alternatively of
the flavour states νe and νµ . Usually a notation for two neutrino basis are used,

ν(p) =

(
ν1

ν2

)
, ν( f ) =

(
νe

νµ

)
, (2.1)

and two neutrino basis are related by the mixing matrix

ν( f ) =Uν(p), U =

(
cosθ sinθ
−sinθ cosθ

)
, (2.2)
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where θ is the mixing angle. We restrict ourselves to two neutrino generations. The evolution
of the neutrino beam in the physical basis is governed by the Schrödinger type equation

i
d
dt

ν(p) (t) = Hvacν(p) (t) , (2.3)

where the Hamiltonian

Hvac =

(
E1 0
0 E2

)
(2.4)

is diagonal in this basis, and the relativistic neutrino energies are

Eα =
√

p2 +m2
α ≈ |p|+ m2

α
2|p|

, α = 1,2. (2.5)

Consider neutrino oscillations in the presence of a constant magnetic field given by the
vector BBB. As it has been already mentioned in the introduction, a massive neutrino should
have a nonzero magnetic moment. We introduce notations µ11 and µ22 for the corresponding
magnetic moments of neutrinos ν1 and ν2. The magnetic moments interact with a magnetic
field and from classical physics we know that the magnetic field exerts a torque on the
magnetic moment. In quantum field theory, magnetic moment interaction between two
neutrino fields να and να ′ (α ′ = 1,2) is given by

HEM =−1
2

µαα ′να ′σµνναFµν +h.c. , (2.6)

Fµν is the electromagnetic field tensor. In a constant magnetic field the Hamiltonian (2.6)
is

HEM =−1
2

µαα ′να ′ΣΣΣBBBνα +h.c., (2.7)

here

Σi =

(
σi 0
0 σi

)
, (2.8)

and σi are the Pauli matrices. When να and να ′ represents different fields (α ̸= α ′) the
values µαα ′ are called the transition magnetic moments.

Each of the neutrinos ν1 and ν2 can be in two spin states. These two neutrino quantum
spin states with the same mass can be considered as two different neutrino species. Totally
there are four neutrino species that can be mixed by the magnetic field presence and
transitions between different neutrino spin states να,s ⇔ να ′,s′ (α,α ′ = 1,2, s ̸= s′) can be
generated. Here s and s′ are two different neutrino spin quantum numbers. The probability
of these conversions depend on time that provides the existence of neutrino spin oscillations.
Note that there are two different types of neutrino spin oscillations that precede without
changing of a neutrino mass state (α = α ′) and with changing mass state (α ̸= α ′). The
later case we call the neutrino spin-mass oscillations.

When a neutrino with nonzero magnetic moment is placed in an external magnetic
field, different spin states acquire different magnetic potential energies which are similar
to the matter potential [19] and must be accounted in the effective Hamiltonian in the
Schrödinger type neutrino evolution equation (2.22) (see also [2]).
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Let us calculate the magnetic potential energies Vα,s;α ′,s′ corresponding to transitions
between different neutrino states in the presence of an arbitrary oriented in respect to the
neutrino propagation magnetic field. It is supposed (see Fig. 1) that neutrinos momenta
are along nz axis and B⊥ and B∥ are the transverse and longitudinal components of the
magnetic field.

Рис. 1: An external magnetic field B = B⊥+B∥ orientation in respect to the neutrino ν1 and ν2

momenta p1 and p2.

From the magnetic field interaction Hamiltonian (2.7) it follows that

Vα,s;α ′,s′ = ⟨να ,s|HEM|να ′,s′⟩=−
µα ,α ′

2

∫
d4xν†

αγ0

(
ΣΣΣBBB 0
0 ΣΣΣBBB

)
να ′ , (2.9)

where

να,s =Cα

√
Eα +mα

2Eα

(
us

ΣΣΣpppα
Eα+mα

us

)
e−iEα t+ipppα xxx, (2.10)

and

να ′,s′ (mα ′ , pα ′ ,Eα ′) =Cα ′

√
Eα ′ +mα ′

2Eα ′

(
us′

ΣΣΣpppα ′
Eα ′+mα ′

us′

)
e−iEα′ t+ipppα ′xxx. (2.11)

For the considered case of ultrarelativistic neutrinos we describe neutrino spin states
by their helicities. Therefore for a particular type of a massive neutrino να there are two
different spin states given by

us=1 =

(
1
0

)
, us=−1 =

(
0
1

)
, (2.12)

that correspond to the right-handed νR and left-handed νL chiral neutrinos, respectively.
As well known [1, 3, 5, 6], the spin of such a neutrino can precess in a transversal magnetic
field.

From (2.9) we get

Vα,s;α ′,s′ =−1
2

µαα ′CαCα ′

∫
d4xBBB

(
u†

s
ΣΣΣpppα

Eα+mα
u†

s

)(ΣΣΣ 0
0 −ΣΣΣ

)(
us′

ΣΣΣpppα ′
Eα ′+mα ′

us′

)

×
√

(Eα +mα)(Eα ′ +mα ′)

2
√

EαEα ′
exp(−i∆Et + i∆px) . (2.13)

It is possible to show that

BBB
(

u†
s

ΣΣΣpppα
Eα+mα

u†
s

)(ΣΣΣ 0
0 −ΣΣΣ

)(
us′

ΣΣΣpppα ′
Eα ′+mα ′

us′

)
=

= u†
s

((
ΣΣΣBBB||

)(
1− pppα pppα ′

(Eα +mα)(Eα ′ +mα ′)

)
+ΣΣΣBBB⊥

(
1+

pppα pppα ′

(Eα +mα)(Eα ′ +mα ′)

))
us′ . (2.14)
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In the case of ultrarelativistic neutrinos mα
Eα

≪ 1 we have(
1− pppα pppα ′

(Eα +mα)(Eα ′ +mα ′)

)√
(Eα +mα)(Eα ′ +mα ′)

2
√

EαEα ′
= γ−1

αα ′ , (2.15)

where
γ−1

αα ′ =
1
2

(
mα

Eα
+

mα ′

Eα ′

)
. (2.16)

and (
1+

pppα pppα ′

(Eα +mα)(Eα ′ +mα ′)

)√
(Eα +mα)(Eα ′ +mα ′)

2
√

EαEα ′
= 1. (2.17)

In the strightforward calculations we obtain that

u†
s=1ΣΣΣBBBus=1 =

(
1 0
)

ΣΣΣ

(
1
0

)(
BBB||+BBB⊥

)
=

=
(

1 0
)

σ3

(
1
0

)
Bcosβ +

(
1 0
)

σ1

(
1
0

)
Bsinβ = Bcosβ , (2.18)

u†
s=1ΣΣΣBBBus=−1 = Bsinβ , (2.19)

u†
s=−1ΣΣΣBBBus=1 = Bsinβ , (2.20)

u†
s=−1ΣΣΣBBBus=−1 =−Bcosβ . (2.21)

As it can be expected, in neutrino transitions without change of helicity only the B∥ =Bcosβ
component of the magnetic field contribute to the effective potential, whereas in transitions
with change of the neutrino helicity the transversal component B⊥ = Bsinβ matters.

Now we consider two different neutrino mass states with two helicities as four neutrino
species ν1,s=1, ν1,s=−1, ν2,s=1 and ν2,s=−1. From the performed calculations we conclude that
the effective neutrino oscillation Hamiltonian that governs the massive neutrino oscillations
in the presence of a constant magnetic field is

Hem = Hvac +Hµ , (2.22)

where the corresponding contributions of the magnetic potentials Vα,s;α ′,s′ to the oscillation
Hamiltonian are given by

Hµ =
1
2


µ11

B||
γ11

µ11B⊥ µ12
B||
γ12

µ12B⊥

µ11B⊥ −µ11
B||
γ11

µ12B⊥ −µ12
B||
γ12

µ12
B||
γ12

µ12B⊥ µ22
B||
γ22

µ22B⊥

µ12B⊥ −µ12
B||
γ12

µ22B⊥ −µ22
B||
γ22

 . (2.23)

Finally, for the neutrino evolution equation we get

i
d
dt


ν1,s=1

ν1,s=−1

ν2,s=1

ν2,s=−1

=
1
2


E1 +µ11

B||
γ11

µ11B⊥ µ12
B||
γ12

µ12B⊥

µ11B⊥ E1 −µ11
B||
γ11

µ12B⊥ −µ12
B||
γ12

µ12
B||
γ12

µ12B⊥ E2 +µ22
B||
γ22

µ22B⊥

µ12B⊥ −µ12
B||
γ12

µ22′B⊥ E2 −µ22
B||
γ22




ν1,s=1

ν1,s=−1

ν2,s=1

ν2,s=−1

 . (2.24)
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The obtained neutrino evolution equation contains information on all possible oscillations
in the presence of a magnetic field between different pairs from four neutrino states with
masses m1 and m2 and helicities given by s = 1 and s =−1. Consider three typical cases. For
neutrino evolution between two neutrino states with equal masses and different helicities,
for instance ν1,s=1 ⇔ ν1,s=−1, from (2.24) it follows

i
d
dt

(
ν1,s=1

ν1,s=−1

)
=

µ11

2

( B||
γ11

B⊥

B⊥ − B||
γ11

)(
ν1,s=1

ν1,s=−1

)
. (2.25)

For neutrino evolution between two neutrino states with different masses and different
helicities, for instance ν1,s=1 ⇔ ν2,s=−1, from (2.24) it follows

i
d
dt

(
ν1,s=1

ν2,s=−1

)
=

1
2

(
∆m2

4E +µ11
B||
γ11

µ12B⊥

µ12B⊥ −∆m2

4E −µ22
B||
γ22

)(
ν1,s=1

ν2,s=−1

)
. (2.26)

For neutrino evolution between two neutrino states with different masses and equal helicities,
for instance ν1,s=1 ⇔ ν2,s=1, from (2.24) it follows

i
d
dt

(
ν1,s=1

ν2,s=1

)
=

1
2

(
∆m2

4E +µ11
B||
γ11

µ12
B||
γ12

µ12
B||
γ12

−∆m2

4E +µ22
B||
γ22

)(
ν1,s=1

ν2,s=1

)
. (2.27)

From the obtained equations (2.25), (2.26) and (2.27) several general conclusions on the
influence of an arbitrary magnetic field B=B⊥+B∥ on neutrino evolution are strightforward:

1) the mixing between two neutrinos with different helicities is due to the corresponding
magnetic moment (or transition magnetic moment) interaction with the transversal magnetic
field B⊥,

2) the longitudinal magnetic field component B|| coupled to the corresponding magnetic
moment shifts the neutrino energy,

3) in case of nonzero transition magnetic moment µ12, the mixing between neutrino
states with different masses is induced by the interaction with B||.

The obtained results can be translated to the flavour neutrino evolution and oscillations
by inclusion of the neutrino mixing effects following to (2.2). Then the effect of the background
matter can be also added. Note that a possibility of the resonant amplification of neutrino
oscillations in the longitudinal magnetic field were discussed in [10–12].

3. Neutrino propagation and spin oscillations in twisting magnetic field

The problem of neutrino spin oscillations in the presence of a transversal in respect to
the neutrino propagation and twisting magnetic field, given by

B⊥(z) = B⊥ cos(kz)ex +B⊥ sin(kz)ey, (3.1)

where k = 2π/λ and λ is the length of a period of the magnetic field rotation, and its
possible phenomenological implications was discussed before (see, for instance, [12–17]). In
this section we derive the exact solution for the Dirac equation for a massive neutrino with

6
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nonzero magnetic moment including the exact expression for the neutrino energy. Then on
this basis we consider the neutrino spin and spin-mass oscillation in such a magnetic field.

We consider the Dirac equation for a massive neutrino moving in the twisting magnetic
field in the following form,[

γ p−mi −µiB⊥
(
Σ1 cos(kz)+Σ2 cos(kz)

)]
νi(p) = 0, (3.2)

where matrices are are given by (2.8). It is supposed that the neutrino propagates along ez

direction. Then the solution can be found in the form

ψ(z) =Ce−izp3


C1eikz/2

C2e−ikz/2

C3eikz/2

C4e−ikz/2

 . (3.3)

From (3.2) and (3.3) for the neutrino wave function we obtain the following equation
(mi −E) µiB⊥e−ikz p̂3 0
µiB⊥eikz (mi −E) 0 −p̂3

p̂3 0 −(mi +E) −µiB⊥e−ikz

0 −p̂3 −µiB⊥eikz −(mi +E)

ψ = 0, (3.4)

and then 
(mi −E) µiB⊥e−ikz (p3 + k/2) 0
µiB⊥eikz (mi −E) 0 −(p3 − k/2)
(p3 + k/2) 0 −(mi +E) −µiB⊥e−ikz

0 −(p3 − k/2) −µiB⊥eikz −(mi +E)

ψ = 0. (3.5)

For the neutrino energy spectrum from (3.5) we obtain

E =±
√

m2
i + p2 +(k/2)2 +(µiB⊥)2 +2s

√
m2

i (µiB⊥)2 + p2((µiB⊥)2 +(k/2)2), (3.6)

where s =±1 correspond to two neutrino helicity states. In the limits p >> mi , p >> µiB⊥,
p >> k we can simplify it to

E =±
√

m2
i +(p+ s

√
(µiB⊥)2 +(k/2)2)2. (3.7)

Finally, for the neutrino wave function components we obtain

ψ =C


1

χµiB⊥
(E−mi)+(µiB⊥)

2χ
p+ k

2
1+(E−mi)χ

p− k
2

µiB⊥

e−i(Et−(p+ k
2 )z), (3.8)

where

χ =
2(pE +mi(k/2))/(p2 − (k/2)2)

(p− k/2)+ m2
i −E2

p−k/2 − (µiB⊥)2

p+k/2

. (3.9)

7
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In the case of relativistic neutrinos from (3.7) for the energy we get

E ≈ p+
m2

i +(k/2)2 +(µiB⊥)
2

2p
±
√

(µiB⊥)2 +(k/2)2. (3.10)

Consider two neutrino species νs=+1 and νs=−1 with equal masses m=mi and of different
spin states s =±1 that forms a new neutrino basis

ν =

(
νs=+1

νs=−1

)
. (3.11)

Obviously, the effective neutrino evolution Hamiltonian in this basis is diagonal and the
evolution equation is

i
d
dt

(
νs=+1

νs=−1

)
=

(
+
√
(µB⊥)2 +(k/2)2 0

0 −
√
(µB⊥)2 +(k/2)2

)(
νs=+1

νs=−1

)
, (3.12)

here µ is the neutrino magnetic moment. In the case of two neutrino species ν1,s=+1 and
ν2,s=−1 with different masses m1 ̸= m2 and different magnetic moments µ1 and µ2 the
evolution equation takes the form

i
d
dt

(
ν1,s=+1

ν2,s=−1

)
=

(
∆m2

4p +a1 0

0 −∆m2

4p −a2

)(
ν1,s=+1

ν2,s=−1

)
, (3.13)

where
ai =

√
(µiB⊥)2 +(k/2)2. (3.14)

In the production and detection processes neutrino participate by their left-handed
chiral (negative helicity) states. Therefore, in order to study possible phenomenological
consequences of neutrino oscillations in twisting magnetic fields one should represent the
initial left-handed neutrino as a linear combination of the basis neutrino states νis, ν js′ (i, j =
1,2 and s,s′ = ±1), then include the neutrino oscillation process that proceeds following
the neutrino evolution equation (3.12) or (3.13), and at the final stage again extract the
left-handed neutrino component that only interacts in the detector. The above scheme is
implemented and discussed in details in the next section.

4. Neutrino oscillations within precise description of spin states in magnetic field

In this section we show that there can be more precise approach to neutrino oscillations
in the presence of a magnetic field than one usually used in literature and that we also
apply in Section 2. Within this customary approach the helicity operator is used for
classification of a neutrino spin states in a magnetic field. However, the helicity operator
does not commute with the neutrino Hamiltonian. This case resembles situation of the
flavour neutrino oscillations in the nonadiabatic case when the neutrino mass states are
not stationary. The proposed alternative approach to neutrino spin oscillations is based
on the exact solutions of the corresponding Dirac equation for a massive neutrino wave

8
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function in the presence of a magnetic field that stipulates the description of the neutrino
spin states with the corresponding spin operator that commutes with the neutrino dynamic
Hamiltonian in the magnetic field.

Here we again consider a simple model with two generations of flavour neutrinos νe and
νµ that are the orthogonal superpositions of mass states ν1 and ν2

ν f = ∑
i

U f iνi, (4.1)

where U f i are elements the mixing matrix given by (2.2) and f = e,µ , i = 1,2. We start
with consideration of a massive νi with the magnetic moment µi that propagates along
nz direction in presence of constant homogeneous arbitrary orientated magnetic field B =

(B⊥,0,B∥). The neutrino wave function in the momentum representation is given by a plane
wave solution of the modified Dirac equation

(γ p−mi −µiΣΣΣB)νi(p) = 0. (4.2)

The neutrino energy spectrum can be determined from the condition

det(γ p−mi −µiΣΣΣB) = 0, (4.3)

which guarantees the existence of a nontrivial solution of the modified Dirac equation (4.2).
For the neutrino energy spectrum we obtain

E±
i =

√
m2

i + p2 +µi
2B2 ±2µi

√
m2

i B2 + p2B2
⊥, (4.4)

where “±” denotes two different eigenvalues of the Hamiltonian

Hi = γ0(mi + γγγp+µiΣΣΣB), (4.5)

which describes dynamics of the neutrino system under consideration.
Of course such a simple model can pretend to an approximate description of a realistic

physical process. It also enables one to reveal general properties of spin and spin-flavor
oscillations in the presence of an arbitrary magnetic field that should be important for
phenomenological applications.

Our approach is based, at first, on the obtained the exact neutrino energy spectrum
(4.4) in the magnetic field. Secondly, we define different neutrino spin states in the mass
basis as eigenstates of the spin operator (see [18])

Si =
1
|B|

(ΣΣΣB− i
mi

γ0γ5 [ΣΣΣ×p]B), (4.6)

which commutes with the Hamiltonian (4.5). Hence, we specify the neutrino spin states as
the stationary states for the Hamiltonian, contrary to the case when the helicity operator
is used.

Consider the mass state νi as a superposition of neutrinos ν+
i and ν−

i in a definite spin
state,

νi = c+i ν+
i + c−i ν−

i . (4.7)

9
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The complex coefficients denote two different eigenstates of the spin operator Si and |c+i |2+
|c−i |2 = 1. Thus, the neutrino mass states evolve following to

νi(x) =
[
c+i e−iE+

i tξ+
i + c−i e−iE−

i tξ−
i

]
eipppxxx, (4.8)

where the neutrino initial state at t = 0 is given by

ν±
i (t = 0) = ξ±

i eipppxxx. (4.9)

In the following calculations the term eipppxxx is neglected because it is irrelevant for the neutrino
oscillation probability.

Next we assume that the initial neutrino state ν(t = 0) is a pure electron state which
is defined as the superposition of the mass states,

ν(t = 0) =
[
c+1 ξ+

1 + c−1 ξ−
1

]
cosθ +

[
c+2 ξ+

2 + c−2 ξ−
2

]
sinθ . (4.10)

Using 4.8 we see that this state depends on time as

ν(t) =
[
c+1 e−iE+

1 tξ+
1 + c−1 e−iE−

1 tξ−
1

]
cosθ +

[
c+2 e−iE+

2 tξ+
2 + c−2 e−iE−

2 tξ−
2

]
sinθ . (4.11)

Therefore, the probability to observe the muon neutrino state νµ at time t is given by

Pνe→νµ (t) =
∣∣⟨νµ |ν(t)

⟩∣∣2 , (4.12)

where
νµ =−

[
c+1 ξ+

1 + c−1 ξ−
1

]
sinθ +

[
c+2 ξ+

2 + c−2 ξ−
2

]
cosθ .

It is clear that
ξ s†

i ξ s′
i = δ ss′and ξ s†

2 ξ s′
1 = ξ s†

1 ξ s′
2 = 0, (4.13)

where s,s′ =±. Using (4.10) and (4.11) we get∣∣⟨νµ |ν(t)
⟩∣∣= (|c+2 |2e−iE+

2 t + |c−2 |
2e−iE−

2 t −|c+1 |
2e−iE+

1 t −|c−1 |
2e−iE−

1 t
)

sinθ cosθ , (4.14)

and

Pνe→νµ (t) =
{
−|c+2 |

2|c−2 |
2 sin2 E+

2 −E−
2

2
t + |c+2 |

2|c+1 |
2 sin2 E+

2 −E+
1

2
t+

+ |c+2 |
2|c−1 |

2 sin2 E+
2 −E−

1
2

t + |c−2 |
2|c+1 |

2 sin2 E−
2 −E+

1
2

t+

+|c−2 |
2|c−1 |

2 sin2 E−
2 −E−

1
2

t −|c+1 |
2|c−1 |

2 sin2 E+
1 −E−

1
2

t
}

sin2 2θ . (4.15)

It is usually assumed that the initial state of relativistic neutrino is a negative-helicity
state, which means that

ΣΣΣp
|p|

ξi =−ξi. (4.16)

Next we consider the left-handed spinors because only the left-handed fermions participate
in the production and detection processes and we suppose that each of the mass states of
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the initial electron neutrino are left-handed. In our case the helicity operator is equal to
ΣΣΣp/|p|= σ3, therefore the initial neutrino state is given by

ψL =


0
1
0
0

 . (4.17)

Let us write the initial neutrino state ψL as a superposition of the eigenvectors of the spin
operator Si. From (4.6) we get

Si =


cosϕ sinϕ 0 − p

mi
sinϕ

sinϕ −cosϕ p
mi

sinϕ 0
0 p

mi
sinϕ cosϕ sinϕ

− p
mi

sinϕ 0 sinϕ −cosϕ

 , (4.18)

where ϕ is the angle between B and p. It is obvious that

S2
i =

(
1+

p2

m2
i

sin2 ϕ
)

Î4×4. (4.19)

In order to define the spin projector operators we introduce the normalized spin operator
following to

S̃i =

√√√√ 1

1+ p2

m2
i

sin2 ϕ
Si ≡ NiSi, S̃2

i = 1. (4.20)

The spin projector operators are

P±
i =

1± S̃i

2
, (4.21)

and we use them to split the initial neutrino state ψL in two neutrino states with definite
spin quantum numbers

ψ+
i = P+

i ψL =
1
2


Ni sinϕ

1−Ni cosϕ
p

mi
Ni sinϕ

0

 , ψ−
i = P−

i ψL =
1
2


−Ni sinϕ

1+Ni cosϕ
− p

mi
Ni sinϕ
0

 . (4.22)

Note that ψi = ψ+
i + ψ−

i = c+i η+
i + c−i η−

i , where η±
i is a basis in the spin operator Si

eigenspace. From the condition
ψ†±

i ψ±
L = |c±i |

2 (4.23)

we get that

|c+i |
2 =

1−Ni cosϕ
2

, |c−i |
2 =

1+Ni cosϕ
2

, (4.24)

where as in eq.(4.20)

Ni =

√√√√ 1

1+ p2

m2
i

sin2 ϕ
. (4.25)
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Now we can insert the obtained expressions (4.24) for |c±i |2 in eq. (4.15). In the
forthcoming evaluation of the probability Pνe→νµ (t) we consider the case when the magnetic
field B is nearly a transversal one and B⊥ ≫ B∥, therefore

sinϕ ≈ 1, cosϕ ≈ 0. (4.26)

Then we get (it is also supposed that p2

m2
i
≫ 1)

Ni ≈ 1−
p2

2m2
i

sin2 ϕ

1+ p2

m2
i

sin2 ϕ
≈ m2

i

psin2 ϕ
. (4.27)

Thus, for typical combinations of the coefficients |c±i |2 of eq.(4.15) in the linear approximation
over cosϕ ≪ 1 we get

|c+i |
2|c−i |

2 =
1−N2

i cos2 ϕ
4

≈ 1
4
, (4.28)

|cs
2|2|cs

1|2 ≈
1
4
(1− s(N1 +N2)cosϕ)≈ 1

4

(
1− s

m2
1 +m2

2
p2 cosϕ

)
, (4.29)

|c+2 |
2|c−1 |

2 ≈ 1
4
(1− (N2 −N1)cosϕ)≈ 1

4

(
1− m2

2 −m2
1

p2 cosϕ
)
, (4.30)

|c−2 |
2|c+1 |

2 ≈ 1
4
(1− (N1 −N2)cosϕ)≈ 1

4

(
1− m2

1 −m2
2

p2 cosϕ
)
. (4.31)

Using these expressions finally from (4.15) we get

PνeL→νµ (t) =
1
4

sin2 2θ
{
−sin2 E+

2 −E−
2

2
t + sin2 E+

2 −E+
1

2
t + sin2 E+

2 −E−
1

2
t+

+sin2 E−
2 −E+

1
2

t + sin2 E−
2 −E−

1
2

t − sin2 E+
1 −E−

1
2

t
}
+

+
m2

1 +m2
2

p2 sin2 2θ cosϕ
{

sin2 E−
2 −E−

1
2

t − sin2 E+
2 −E+

1
2

t
}
+

+
m2

2 −m2
1

p2 sin2 2θ cosϕ
{

sin2 E−
2 −E+

1
2

t − sin2 E+
2 −E−

1
2

t
}
. (4.32)

Note that two last terms here are suppressed by the presence of cosϕ ≪ 1.
If we also account for a rather general condition 2µB⊥≪ p then the following approximation

can be used for the neutrino energies

E±
i ≈

√
m2

i + p2 ±2µi pB⊥

(
1+

m2
i

2p2

)
≈ p

√
1+

m2
i

p2 ± 2µiB⊥
p

≈ p+
m2

i

2p
±µiB⊥. (4.33)

Finally, for the neutrino oscillations probability in the flavour basis we get

PνeL→νµ (t)≈ sin2 2θ sin2 ∆m2

4p
t +

1
2

(
sin2 µ2 −µ1

2
B⊥t + sin2 µ2 +µ1

2
B⊥t
)

sin2 2θ cos
∆m2

2p
t

− 1
4

sin2 2θ
(
sin2 µ1B⊥t + sin2 µ2B⊥t

)
, (4.34)
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where ∆m2 ≡ m2
2 −m2

1.

It should be emphasized that, as it follows from the above derivations, the obtained
probability PνeL→νµ (t) accounts for the transitions from the initial left-handed electron
neutrino to the final muon neutrino that can be in both left- and right-handed states.
Note that in the mass basis the transition ν1L → ν2R is not possible when µ12 = 0 (see
eq.(2.26)).

Consider the difference ∆P(t) = PνeL→νµ −PνeL→νµL of the probability PνeL→νµ (t) given by
(4.36) and the usual result

PνeL→νµL(t) = sin2 2θ sin2 ∆m2

4Eν
t (4.35)

for the neutrino flavour transition νeL → νµL. Obviously, this difference is just a probability
for the transition PνeL→νµR , and we get

PνeL→νµR =
1
2

(
sin2 ∆µ−

2
B⊥t + sin2 ∆µ+

2
B⊥t
)

sin2 2θ cos
∆m2

2p
t

− 1
4

sin2 2θ
(
sin2 µ1B⊥t + sin2 µ2B⊥t

)
, (4.36)

where the notations are used ∆µ± = µ2 ±µ1.

Here we recall that the result (4.36) is obtained within an approach that implies the
description of the neutrino spin states by using the spin operator (4.6) that commutes with
the neutrino dynamical Hamiltonian. Contrary to what is usually obtained (see, for instance,
in [2]) that the transitions νeL → νµR in B⊥ are not possible in the case of zero transition
magnetic moments, from (4.36) we show that the discussed transitions can proceed even in
the case when the transition magnetic moments are zero. This predicted new phenomenon
can have important phenomenological consequences in implications of neutrino transitions
in magnetized astrophysical media.
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