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We demonstrate how a new perturbative ordering may result from the structure of the Weyl
anomaly. Respecting the abelian nature of the Weyl anomaly at the lowest order enforces the
use of beta functions calculated to a different loop order for different types of couplings. These
consistency conditions are found to be satisfied by the renormalization group equations of the
standard model, and we perform an analysis of the vacuum stability of the Higgs potential re-
specting the consistency conditions and compare to the previous results. Hints toward unknown
structure in the standard model renormalization group equations are found, although the vacuum
stability results are in agreement with previous estimates.
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1. Introduction

The renormalization group (RG) equations are becoming an increasingly important tool for
theorists to understand and develop new theories. Extrapolating between different energy scales
is essential in theories, where the dynamics play a crucial part. In many theories the infrared (IR)
phenomena are directly coupled to the running of the couplings as in Technicolor-like theories,
theories with a Coleman-Weinberg mechanism, as well as QCD. In other cases, the ultraviolet
(UV) limit is of the essence, as in theories of asymptotic safety or the recent investigations of the
stability of the standard model Higgs potential. In any case, the RG analysis can be an essential
part of the investigation, and as such the precision of this analysis is vital for the quality of the
results.

Obtaining high precision in an RG analysis is usually associated with using calculations incor-
porating a large number of loops, thus reducing the error associated to the truncation of the infinite
series of diagrams contributing to the RG equations. When several RG equations are in play, the
standard procedure is to calculate as many loops as possible for each of the equations. As the beta
functions for gauge and Yukawa couplings are usually simpler to calculate than the ones of any
quartic scalar coupling, the "loop order" of the beta functions involved in the analysis is sometimes
not the same. An analysis where all beta functions are calculated to X loops, is often referred to as
being a "X-loop" calculation, or equivalently a NX−1LO calculation.

This method of "ordering" calculations originates in the notion that quantum loops contribute
with powers of h̄, and by keeping all RG equations at the same loop order, a consistent expansion in
h̄ is performed. As the inclusion of further loops in reality adds terms of successively higher power
of the coupling constants, one could however argue that loop ordering should be done according
to some measure of the relative size of the couplings, so it is not clear that a specific ordering is
correct. The further argument, which will be essential to the content of the following sections,
is that the standard ordering is not consistently balancing the interplay of the different couplings.
At one loop, for example, the evolution of the scalar self coupling may be affected by both the
gauge and Yukawa couplings, while the gauge coupling only receives corrections from itself. In
the following, we will see that a natural ordering may be found, which balances the influence of
these couplings, by examining the structure of the Weyl anomaly - an anomaly resulting directly
from the breaking of scale symmetry, which is exactly what drives the running of the couplings in
the first place.

2. The Weyl Anomaly

We will take our starting point in the soon to be defined Weyl anomaly, following roughly the
work of Osborn [1]. Starting from a conformal field theory, we add marginal operators O i to the
theory;

L = LCFT +giO
i . (2.1)

These operators have dimensionless coupling constants gi, and the theory is classically scale in-
variant.
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As a tool for the analysis ahead, we will add a nontrivial background metric γ µν and promote
the coupling constants to being space-time dependent:

γ
µν → γ

µν(x)

g → g(x).

We now perform a local scale transformation signified by the parameter σ(x), which transforms
the couplings gi and the metric as

γ
µν → e2σ(x)

γ
µν (2.2)

gi(µ) → gi(e−σ(x)
µ). (2.3)

As the theory is only classically scale invariant, this transformation will result in the variation of
the generating functional at the quantum level, which is defined by

W = log
[∫

DΦei
∫

d4xL

]
(2.4)

This variation is exactly the Weyl anomaly, and it is given by

∆σW ≡
∫

d4xσ(x)
(

2γµν

δW
δγµν

−βi
δW
δgi

)
= σ

(
aE(γ)+χ

i j
∂µgi∂νg jGµν

)
+∂µσω

i
∂νgiGµν + . . .

(2.5)
Here, Gµν is the Einstein tensor, E is the Euler tensor, βi is the beta functions for the coupling
gi, and a, ω i, and χ i j are functions of the couplings gi. Naturally, reverting to constant values for
gi and a trivial metric, would trivialize this equation somewhat, but what we are interested in is
mainly the structure to be found in the functions a, and χ i j and their relation to the beta functions.

An important feature of the group of Weyl transformations is that it is abelian, such the order
of two successive transformations is irrelevant

∆σ ∆τW = ∆τ∆σW. (2.6)

When applying this condition to the anomaly (2.5), a set of consistency conditions arise, among
which

∂ ã
∂gi

=

(
−χ

i j +
∂ω i

∂g j
− ∂ω j

∂gi

)
β j ≡−χ

i j
β j, (2.7)

where we have defined ã = a−ω iβi. Regarding χ̃ as a sort of metric for the coupling constants,
we now define the "contravariant"

β
i ≡ χ̃

i j
βi, (2.8)

and we can rewrite (2.7) as
∂ ã
∂gi

=−β
i, (2.9)

applying a second partial derivative, we may then conclude:

∂ 2ã
∂gi∂g j

=−∂β i

∂g j
⇔ ∂β i

∂g j
=

∂β j

∂gi
. (2.10)

3



P
o
S
(
C
O
R
F
U
2
0
1
4
)
0
6
9

SM vacuum stability and the Weyl consistency conditions: Counting to three Jens Krog

Evidently, the abelian nature of the Weyl group is reflected directly in a set of conditions linking
the "contravariant" beta functions to each other, which we will henceforth refer to as the Weyl
consistency conditions. Specifically, these conditions will be between cross terms in the beta func-
tions, that is terms in β i containing g j and vice versa. This set of relations will also be present in
the limit where the couplings are restored to constants and the metric goes towards the trivial one,
and is fundamentally present in any field theory which contains only marginal couplings1. In the
following, we will use the standard model (in an MS scheme, where the Higgs mass is ignored) as
an example, and show that these relations are explicitly fulfilled to lowest order.

3. Perturbative counting and the Standard Model

To see the consequences of the relations described above, we turn to the standard model (SM).
We will restrict our attention to the case where only the three gauge couplings (g1,g2,g3), the top
Yukawa coupling (yt), and the scalar self coupling of the Higgs (λ ) are nonzero. This allows for
full use of the framework described while only working with the couplings mostly relevant to the
RG analysis due to their large values in the SM.

For simplicity we redefine the couplings, such that the resulting SM couplings we work with
are

α1 =
g2

1
(4π)2 , α2 =

g2
2

(4π)2 , α3 =
g2

3
(4π)2 , αt =

y2
t

(4π)2 , αλ =
λ

(4π)2 . (3.1)

The RG analysis will be carried out for RG scales µ � Mt , where Mt is the top mass, such that
all particles can be considered massless, thus making the theory classically scale invariant and
enabling the use of the framework described in the previous section.

The beta functions of these couplings are known to three loop order [2–6]. To check whether
or not they satisfy the Weyl consistency conditions, (2.10), we need to calculate χ̃i j, which will be
done only to the lowest nontrivial order. At the lowest order, the functions ω i are exact one forms,
such that ∂ω i

∂g j
− ∂ω j

∂gi
= 0, and so χ̃ = χ . A calculation of χ at the lowest order is performed using

vacuum diagrams, and we find

χ = diag
(

1
α2

1
,

1
α2

2
,

3
α2

3
,

1
αt

,4
)
. (3.2)

The important feature of this expression is that different types of couplings enter the equations
with different powers, the gauge couplings to power minus two, the top coupling to power minus
one and the quartic enters at power zero. Inserting this result in (2.10), where we define the beta

1This statement can be generalized to theories where dimensional couplings are present, but where the renormaliza-
tion procedure is a mass independent one, as in MS.

4



P
o
S
(
C
O
R
F
U
2
0
1
4
)
0
6
9

SM vacuum stability and the Weyl consistency conditions: Counting to three Jens Krog

functions as βi = µ2 ∂ 2αi
∂ µ2 , we find the set of relations:

2
∂

∂αt
βλ =

∂

∂αλ

(
βt

αt

)
+O

(
α

2
i
)

(3.3)

4
∂

∂α1
βλ =

∂

∂αλ

(
β1

α2
1

)
+O

(
α

2
i
)

(3.4)

4
3

∂

∂α2
βλ =

∂

∂αλ

(
β2

α2
2

)
+O

(
α

2
i
)

(3.5)

2
∂

∂α1

(
βt

αt

)
=

∂

∂αt

(
β1

α2
1

)
+O

(
α

2
i
)

(3.6)

2
3

∂

∂α2

(
βt

αt

)
=

∂

∂αt

(
β2

α2
2

)
+O

(
α

2
i
)

(3.7)

1
4

∂

∂α3

(
βt

αt

)
=

∂

∂αt

(
β3

α2
3

)
+O

(
α

2
i
)

(3.8)

1
3

∂

∂α2

(
β1

α2
1

)
=

∂

∂α1

(
β2

α2
2

)
+O

(
α

2
i
)

(3.9)

1
8

∂

∂α3

(
β1

α2
1

)
=

∂

∂α1

(
β3

α2
3

)
+O

(
α

2
i
)

(3.10)

3
8

∂

∂α3

(
β2

α2
2

)
=

∂

∂α2

(
β3

α2
3

)
+O

(
α

2
i
)

(3.11)

A careful look at the beta functions in question reveals that these relations are all respected,
thus supplying a consistency check for the original calculations [7]. What should be noted, as
evident from the structure of (3.2), is that the relations are not between terms in the beta function
of the same loop order, but rather connects terms of different loop orders for different types of
couplings.

Explicitly, one can see from (3.3), (3.4), and (3.5), that the consistency conditions (2.10) relate
the mixed terms in the one loop beta function for the quartic coupling to the two loop terms in the
Yukawa beta function and to the three loop gauge beta functions. Had we only calculated the gauge
beta functions to one or two loops, and the Yukawa beta function to one loop, this relation would
thus not have been satisfied, even though only the one loop beta function was used for the quartic
coupling. Similarly, one can see from (3.6), (3.7), and (3.8), that the consistency conditions relate
the two loop terms in the top beta function to the three loop terms in the gauge beta functions.

In order to ensure that the Weyl anomaly, measuring the departure from scale invariance, is
correctly of abelian nature, we thus see that the for the lowest nontrivial order calculation one needs
the quartic beta functions calculated to one loop, the Yukawa beta functions to two loops, and the
gauge beta functions to three loops ("3-2-1" ordering). In this setup then, a conventional calculation
to one loop in all couplings is not a complete lowest order calculation at all! In addition, in order to
specify a consistent NLO counting, one needs to calculate corrections to the lowest order "metric",
and it is not certain that a consistent order expansion can be found. In any case, it can be said that
under the "3-2-1" ordering, the requirement of an abelian Weyl anomaly is satisfied to lowest order,
while a conventional ordering leads to a departure from Weyl consistency.
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4. Vacuum stability reviewed

As we have described a new lowest order ordering which respects the Weyl consistency con-
ditions, we should investigate how big the effect from departing from this ordering is. If departing
from Weyl consistency means large changes in the predictions for the theory in question, it be-
comes vital to understand which result should be trusted. For the standard model, the UV behavior
of the theory has been studied in great detail, and specifically the (in)stability of the Higgs vacuum
has been questioned.

The conventional lowest order calculations, using only one loop beta functions, has been per-
formed long ago. On the other hand, a calculation using three loop beta functions for all of the
mentioned couplings has recently been performed [8].

In the analysis of the Higgs vacuum stability, the most important parameter is the Higgs quartic
coupling, λ . We calculate the RG flow as the renormalization scale changes from the electroweak
scale to the Planck scale. If the Higgs quartic coupling becomes negative at any scale in between,
this can be seen as a sign of deviation from total stability2.

We show the evolution of the Higgs quartic coupling λ in three cases:

(1-1-1) The conventional leading order result, where all beta functions are calculated to one loop.

(3-2-1) The lowest order calculation respecting the Weyl consistency conditions, using the three
loop gauge beta functions, the two loop top Yukawa beta function, and the one loop quartic
beta function

(3-3-3) The conventional "NNLO" calculation using three loop beta functions for all couplings.

The resulting evolutions are shown in Fig. 4 for the central values of the Higgs and top mass, and
for the value of the top mass which results in λ = 0 at the Planck scale. Evidently, there is a
large difference when upgrading from the conventional lowest order (1-1-1) to the Weyl consistent
lowest order (3-2-1). Note that this is despite the fact, that the beta function for the quartic coupling

105 108 1011 1014 1017
-0.03

-0.02

-0.01

0.00

0.01

0.02

0.03

RG scale Μ HGeVL

Λ

Λ321

Mt =173.5 GeV

Λ333

Λ111

108 1010 1012 1014 1016 1018
-0.02

-0.01

0.00

0.01

0.02

RG scale Μ HGeVL

Λ Λ
321

Mt=171.261 GeV

Λ
333

Λ
111

Figure 1: The RG evolution of the quartic Higgs coupling in different orderings, where the Higgs mass is set
at its central value MH = 125.7 GeV and the top mass is set to Mt = 173.5(171.261) GeV to the left(right).

2For a more precise calculation, one must consider the flow of an effective λe f f , defined via the effective potential:
Ve f f (φ) = λe f t(φ)/4φ 4, where we have exchanged the renormalization scale for the Higgs field value φ .
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is identical in the two orderings. It is harder to draw conclusions when comparing to the full three
loop analysis (3-3-3). Clearly the two methods yield approximately the same result for the running
of the quartic coupling, even though the quartic beta function for the latter has a considerably larger
amount of terms. This feature may be due to large cancellations in the higher order terms for the
quartic coupling, which has already been pointed out by the authors of [6]. This tells us that the
influence of the extra loops in the gauge and top Yukawa beta functions is greater than the higher
order terms of the quartic itself, even for the quartic evolution.

As we are not in a position to say if any ordering can be Weyl consistent beyond the leading
order, it is not clear how to make a consistent comparison between the NLO or NNLO methods,
or to estimate how badly the conditions (2.10) are violated in the 3-3-3 ordering. It is, however,
worthwhile to note that it seems that the gauge and Yukawa couplings have far greater influence
on the running of the quartic coupling than naively expected. Perhaps one should therefore hope to
obtain greater precision by calculating further corrections to the gauge and Yukawa beta functions,
and not the quartic itself.

The stability analysis for the Higgs potential is usually carried out as a scan over the top and
Higgs mass, and we include our analysis, where we compare the 3-3-3 and 3-2-1 orderings in
Fig. 4. The calculation involves calculation of the effective potential as well as the tunneling rate
in case a second minimum exists at higher field values. Metastability indicates that the average life
time of the electroweak minimum is longer than the current age of the Universe. As it is seen in
the figure, the two methods yield approximately the same results. The discrepancy might become
important, however, once greater precision is obtained for the values of the top and Higgs mass.
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Figure 2: The phase diagram of the standard model, where regions of instability, metastability, and stability
of the Higgs potential are labeled, as a function of the Higgs and top masses. The solid lines represent
the separation of the phases in the 3-3-3 ordering, while the coloring represents the Weyl consistent 3-2-1
ordering.

7



P
o
S
(
C
O
R
F
U
2
0
1
4
)
0
6
9

SM vacuum stability and the Weyl consistency conditions: Counting to three Jens Krog

5. Conclusion

We have demonstrated how a new perturbative ordering arises from the loss of scale invariance
due to quantum effects by examining the structure of the Weyl anomaly. Specifically, to obtain
consistency with the abelian nature of the Weyl anomaly to leading order in general quantum field
theories, we have shown that the beta function of the quartic coupling must be calculated to one
loop, while the beta functions for the Yukawa and gauge coupling must be calculated to two and
three loops respectively. The relation between the beta functions have been found to exist within
the SM, and we have compared the RG evolution of the Higgs potential within different orderings.
We see that the higher order modifications to the gauge and Yukawa runnings have a much larger
impact than the higher order terms in the Higgs quartic itself. Although the conventional NNLO
result is not very different from the leading order Weyl consistent one, the choice of with new beta
function terms to include in a more advanced analysis seems to be all but a trivial one.
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