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Exceptional Field Theory

1. Introduction

One of the most intriguing aspects of maximal supergravity is the emergence of exceptional
symmetry groups upon compactification on tori [1]. For instance, compactifying 11-dimensional
or type II supergravity to D = 5 one obtains a rigid (continuous) Eg) symmetry [2]. Although
these symmetries are understood as the supergravity manifestations of the (discrete) U-dualities of
string-/M-theory [3], from the point of view of conventional Riemannian geometry they are deeply
mysterious. In fact, except for certain ‘geometric subgroups’, the exceptional groups cannot be
understood from the symmetries present in the conventional formulation of supergravity, although
there is a reformulation of D = 11 supergravity due to de Wit and Nicolai in which the compact
subgroup SU(8) C Ey(7) is manifest [4]. Over the decades this has led to various proposals of
how to extend or embed the higher-dimensional theories in a way that explains the emergence of
exceptional symmetries [5—11], but the complete formulation of such a theory, in the following
called ‘exceptional field theory’, was only found quite recently [12—-15], using insights from ‘dou-
ble field theory’ [16-21], subsequent generalizations to U-duality groups [22-25], and extended
geometry [26-29], an extension of the ‘generalized geometry’ of [30,31] to the case of exceptional
duality groups. Here we will review the Eg(s) exceptional field theory with a particular emphasis
on the explicit embedding of type IIB supergravity. The exceptional field theories in higher di-
mensions have been constructed in [32—-34] and the supersymmetric completions have been given
in [35,36].

The formulation of exceptional field theory (EFT) is based on an extended spacetime that
‘geometrizes’ the exceptional U-duality group. Specifically, in the Egg) EFT all fields depend on
5+ 27 coordinates (x*,Y™), where u,v =0, ...,4, while lower and upper indices M,N = 1,...,27
label the (inequivalent) fundamental representations 27 and 27 of E¢(6), respectively. All functions
on this extended space are subject to a covariant ‘section constraint’ or ‘strong constraint’ that
implies that locally the fields only live on a ‘physical slice’ of the extended space. In the present
case this constraint can be written in terms of the invariant symmetric d-symbol "X that Eg(6)
admits as

d"VKoyokA = 0, d""NKoyA kB = 0, (1.1)

for arbitrary functions A, B on the extended space. In particular, this constraint holds for all fields
and gauge parameters. It was shown in [12] that this constraint allows for (at least) two inequivalent
solutions, in analogy to the type II double field theory [37, 38]. First, breaking E¢ ) to GL(6) the
constraint is solved by fields depending on 6 internal coordinates, and we recover the spacetime of
11-dimensional supergravity. Second, breaking Egg) to GL(5) x SL(2) the constraint is solved by
fields depending on 5 internal coordinates, and we recover the spacetime of type IIB supergravity.
Indeed, upon picking one of these solutions one obtains a theory with the field content and sym-
metries of D = 11 or type IIB supergravity, respectively, but in a non-standard formulation. These
formulations are obtained from the standard ones by splitting the coordinates and tensor fields a la
Kaluza-Klein, however, without truncating the coordinate dependence, as pioneered by de Wit and
Nicolai [4]. The full embedding of D = 11 supergravity into EFT has been given in detail in [12].
In this article we provide all the details for the embedding of the type IIB theory.

In order to illustrate this formulation, an instructive analogy is the ADM formulation of,
say, four-dimensional gravity, in which one singles out a ‘time direction’, i.e., performs a 1+ 3
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split, and realizes spacetime as a one-dimensional foliation of three-geometries. One can similarly
view the generalized spacetime of the Eq) EFT as a five-dimensional foliation of a (generalized
and extended) 27-dimensional geometry. However, an important difference is that the total 32-
dimensional space cannot be viewed as a conventional manifold, because the gauge symmetries
of EFT are governed by generalized external and internal diffeomorphisms satisfying an algebra
that differs from the standard diffeomorphism algebra. Although the total space does not have a
conventional geometrical interpretation, for the physical slices corresponding to the D = 11 or type
IIB solutions of the section constraint, describing inequivalent subspaces of the extended space,
the generalized diffeomorphisms of EFT reduce to conventional 10 or 11-dimensional diffeomor-
phisms plus tensor gauge transformations, thereby reconstructing the physical spacetimes in terms
of five-dimensional foliations.

Concretely, the Eqs) EFT has the following field content, with all fields depending on the
5+ 27 coordinates (x*,YM),

Suvy Aun, M, Buvm . (1.2)

Here g,y is the external, five-dimensional metric, .#yy is the generalized internal metric, while
the tensor fields szfuM and %,,vy describe off-diagonal field components that encode, in particu-
lar, the interconnection between the external and internal generalized geometries. Upon breaking
the Eg() covariance by solving the section constraint, imposing that all fields depend only on a
particular subset of the internal coordinates YV, one can decompose the above fields in terms of
their components. Modulo field redefinitions, these can then be interpreted as tensor fields with
conventional gauge transformations. In this regime, and truncated to the purely ‘internal’ fields en-
coded in .#)y, this formulation can be thought of as implementing what is sometimes referred to
as extended or exceptional generalized geometry, which formally combines conventional tensors of
different types into larger objects viewed as sections of extended tangent bundles [26,27]. For each
solution of the section constraint we may thus reinterpret EFT as realizing a generalized geometry
(enlarged, however, by including all ‘external’ and ‘off-diagonal’ fields in (1.2) and dependence
on external coordinates x*), without additional unphysical coordinates. Why, then, do we insist on
introducing seemingly unphysical coordinates, together with a constraint that eliminates most of
them, as opposed to simply picking a solution from the start? Let us summarize several reasons
why it is beneficial to work on such an extended space.

e The theory is manifestly E; ;) covariant provided it is written with the extended derivatives
dy properly transforming in the fundamental representation. For instance, the fields couple
to the derivatives as in MMM dy. Thus, only this framework makes manifest the emergence
of the E;(4) symmetry upon toroidal reduction by simply setting dy = 0.

e By defining EFT on the extended space we simultaneously cover D = 11 supergravity and
type IIB supergravity (and all of their Kaluza-Klein descendants). These are obtained by
putting different solutions of the section constraint, which then determines, for instance,
which field components in .%M dy survive for which set of coordinates. In this way it is
possible to describe in one single framework D = 11 and type IIB supergravity, which are
inequivalent theories and so would correspond to two different generalized geometries.
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e Although the coordinates beyond those of supergravity are unphysical, at least in the cur-
rently understood formulation due to the strong form of the section constraint, in the full
string theory they are actually physical and real. More precisely, at least for the T-duality
subgroup O(d — 1,d — 1) C Ey(4) we known from closed string field theory on toroidal back-
grounds that the string field depends on momentum and winding coordinates, subject to the
level-matching constraint that allows for a simultaneous dependence on all coordinates. It
is thus unavoidable that eventually we come to terms with such extended spaces, and so it
appears highly significant that much of this extended geometry is already visible at the level
of the presently known EFT that essentially encodes supergravity.

Other than of conceptional interest, the manifestly covariant formulation of EFT has proven
a rather powerful tool in order to describe consistent truncations of the standard supergravities, in
particular for sphere and hyperboloid compactifications in terms of generalized Scherk-Schwarz
reductions [39], see [25,40—48] for earlier related work. This is remarkable, for although in these
backgrounds there is no longer a physical E;;) symmetry, the corresponding compactifications
can be encoded very efficiently in terms of E;(4)-valued twist matrices. The twist matrices take a
universal form that is applicable to both solutions of the section constraint, so that, for instance,
one covers in one stroke the sphere compactifications of D = 11 supergravity, such as AdS4 X
S7 [49] and AdS7 x S* [50], the AdSs x S° compactification of type IIB, together with all their
non-compact cousins, predicted in [S1]. In terms of the conventional formulation, this consistency
requires a number of seemingly miraculous identities, suggesting the presence of an underlying
larger structure — the extended geometry of EFT. Combining the expressions for the E¢g)-valued
twist matrices together with the explicit dictionary of the type IIB embedding into Eg) EFT that
we provide in this paper, allows to straightforwardly derive the non-linear reduction formulas for
the full set of IIB fields on the sphere S° and hyperboloid H” backgrounds. We give that result
in [52].

This review article is organizes as follows. In sec. 2 we briefly review the manifestly Eq ) co-
variant formulation, introducing generalized diffeomorphisms and the tensor hierarchy governing
one- and two-forms. This construction is completely rigid in that the theory is uniquely deter-
mined by invariance under the bosonic gauge symmetries, i.e., internal and external generalized
diffeomorphisms. In particular, nowhere is it necessary to refer to 11-dimensional or type IIB su-
pergravity. The latter only emerge upon choosing a solution of the section constraint. In [13] it
was shown in detail how D = 11 supergravity, in a 5 4 6 split of coordinates and tensor fields, is
embedded in the Eg) EFT. For the IIB theory, one can argue on general grounds that its embed-
ding into EFT is guaranteed by the match of symmetries. In fact, it is easy to see that EFT yields
the same field content as type IIB in the 5+ 5 splitting, and we will show explicitly in sec. 3 that
the EFT gauge algebra contains the full 10-dimensional diffeomorphism algebra. Together with
the fact that both theories can be supersymmetrized and reduce to the same 5-dimensional theory,
it follows that EFT reduces to type IIB for the appropriate solution of the section constraint. To be
very explicit, in this article we work out the precise embedding formulas for IIB into EFT. To this
end, we perform the Kaluza-Klein decomposition of type IIB without truncation in sec. 4 and then
establish the full dictionary with EFT in sec. 5. In particular, we will show how the duality con-
straints in EFT allow to reconstruct the 3- and 4-forms that are not among the fundamental fields
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of EFT but of course are present in type IIB. Finally, we review the generalized Scherk-Schwarz
compactifications in sec. 6, which reduces the consistent embedding of five-dimensional gauged
supergravities into EFT to a set of consistency equations for the Eg)-valued twist matrices that
capture the dependence on the internal coordinates. By means of the explicit dictionary between
EFT and IIB and D = 11 supergravity, respectively, this gives rise to the full reduction ansaetze for
the consistent embedding into standard higher-dimensional supergravity.

Summary of conventions and notation

The EFT fields are denoted by calligraphic letters, as in (1.2). We keep the same letters for
these fields after decomposing the Egg) indices down to GL(5) x SL(2) in accordance with the 1B
solution of the section constraint (1.1). The two-forms require further redefinition which will be
denoted by @uv-

The original type IIB fields and space-time indices in D = 10 on the other hand are indicated
by hats, and the forms are called C:

GA[“A, , éﬂ\”,ﬁa , etc. (1.3)
Upon Kaluza-Klein decomposition of the IIB fields, the new variables obtained by a standard pro-
cedure of flattening and unflattening of indices are denoted by a bar. The presence of Chern-Simons
terms in the IIB field strengths requires yet another redefinition to bring the gauge structure into
canonical form, which we denote without any hat. Thus we have the series of field redefinitions

C—+C—C. (1.4)

These fields will eventually be identified with the various components of the EFT fields.

In section 6, we describe Scherk-Schwarz reduction of EFT, parametrizing all EFT fields in
terms of Y -dependent Egs)-valued twist matrices and the corresponding x-dependent fields of five-
dimensional supergravity, which we denote by straight letters:

guv(x,Y) - guv(x)a Mun(x,Y) — Myn(x) , (1.5)
QZHM(X,Y) — A“M(x), Buvm(x,Y) = Buym(x) . ’

2. Review of E¢ ) Exceptional Field Theory

Here we present a brief review of the Eq) EFT, starting with the generalized Lie derivatives
and their gauge algebra (the ‘E-bracket’), which govern the internal (generalized) diffeomorphisms.
We then introduce the tensor hierarchy and define the full gauge transformations, including gener-
alized external diffeomorphisms, in order to construct the complete theory.

2.1 Generalized diffeomorphisms and tensor hierarchy

We start by collecting the relevant facts about Eg ). Its dimension is 78 and we denote the
generators by 74, with Cartan-Killing form kg. As recalled in the introduction, Eq ) admits two
inequivalent fundamental representations of dimension 27, denoted by 27 and 27 and labelled by
indices M,N = 1,...,27. In these fundamental representations, there are two cubic Eg¢)-invariant
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dMNK

tensors, the fully symmetric d-symbols and dyyk, which we normalize as deQdN PO — §,,N.

The d-symbols define the manifestly Eg) covariant section constraint [28]
d"VK oyokA = 0, d"VKoyAdkB = 0, 2.1

and also satisfy the following cubic identities

2
dsgun dpoyr d°™F = B5(MR dnpg) s

> (2.2)
dSTRdS(MNdPQ)T — E(SR(M dNPQ) )

In order to define the generalized Lie derivatives below we need the projector onto the adjoint
representation in the tensor product 27 ® 27 = 78 + - - -, which reads

1 1 5
PYNEL = (o)™ (1%)5 = 8 MoK+ ¢ svi &M — 3 dyrrd"*® . (2.3)
With respect to a vector like parameter AY one would naively define the Lie derivative as in stan-
dard geometry, acting on, say, a vector as

VY = ARGV M — g AMY K (2.4)

The problem with applying this definition to EFT is that some fields are subject to further con-
straints, for instance the generalized metric .#jy is an Eg(g)-valued matrix, and this condition is
not preserved under (2.4). This is fixed by simply projecting the tensor dxAM living in 27 ® 27
onto the adjoint by means of the projector (2.3). Gauge transformations w.r.t. the internal diffeo-
morphism parameter AY for a vector with upper or lower indices in terms of the generalized Lie
derivative, denoted by L in the following, are thus defined as [28]

SVM = LyvM = AKQevM —6PM K, Ok ALV + A 9pAP VY,
5WM = ]LAWM = AKaKWM+6]PNMKL 8KALWN+/I’ apAPWM . (25)

Here we also included a density term proportional to A dpA”. The generalized Lie derivatives are
consistent for arbitrary density weights A, and indeed in formulating EFT it is crucial to assign par-
ticular non-trivial weights to the fields. Writing out the projector (2.3), the gauge transformations
are given by

1
SAVM = AKaKVM — 8KAMVK + (A — g) 8PAP % + 10dyir dMKRaKALVN R

1
SAWiy = AKX Wiy + Oy AKX Wk + (A + g) IpA Wiy — 10dywd VRN WY, (2.6)

The generalized Lie derivatives can similarly be defined for E¢ ) tensors with an arbitrary number
of upper and lower fundamental indices. In particular, the gauge transformations for the generalized
metric take the form Sp.#yn = La.#yn, with the generalized Lie derivative for density weight
A = 0. In this form the condition .#Z € E¢(6) 1s indeed preserved.

Given the modified form of generalized Lie derivatives, as opposed to the conventional Lie
derivatives, it is no longer clear that they are consistent, in particular that they satisfy an algebra,
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i.e., that they lead to gauge transformations that close. Closure can, however, be established, but
here it is crucial to employ the section constraint (2.1). An explicit computation then shows that
the generalized Lie derivatives close according to

[LA] ’LAZ] = ]L[A] ,Ag]E ) (27)
with the ‘E-bracket’
[An Aoy = 2AKOkAY —10aYN iy p Af A (2.8)

The first term in here has the same form as the standard Lie bracket governing the algebra of
standard diffeomorphisms. The second term explicitly involves the Egg) structure in form of the
d-symbols. Thus, the gauge algebra on this space differs from the diffeomorphism algebra. In par-
ticular, the Lie derivative of a generalized vector w.r.t. another generalized vector (both of weights
%) does not coincide with their E-bracket. More precisely, the antisymmetric part coincides with
the E-bracket, but there is a non-trivial symmetric part, given by

(LyW +LwV)" = 10" dpoiay (VW) . (2.9)

Moreover, the E-bracket does not define a Lie algebra in that the Jacobi identity is not satisfied. The
non-trivial ‘Jacobiator’ as well as the ‘anomalous’ symmetric part in (2.9) are, however, of the form
AM = gMNK 5 Xk, for some explicit function y, and one can verify that due to the section constraint
the Lie derivative vanishes for this parameter. Hence, the Jacobi identity does hold acting on fields
satisfying the strong constraint (see [53] for more details), but the non-vanishing Jacobiator has
important consequences, upon taking into account the external coordinate dependence.

So far we have defined the generalized internal diffeomorphisms by generalized Lie deriva-
tives. We will refer to a tensor structure as transforming ‘covariantly’ iff its transformation is
governed by the generalized Lie derivative (of some weight) and call such objects generalized ten-
sors. Since all fields are functions of internal and external coordinates Y™ and x*, respectively, we
now need to set up a calculus that allows us to differentiate w.r.t. x*. Indeed, as all fields and pa-
rameters in the full theory, A¥ = AM(x,Y) depends on the external x* and therefore the derivative
du of any tensor field is not covariant in the above sense. In order to remedy this we introduce
a gauge connection .Q%HM , of which we can think as taking values in the ‘E-bracket algebra’, and
define the covariant derivatives

Dy = dy—Ly, . (2.10)

The covariant derivative of any generalized tensor then transforms covariantly provided the gauge
vector transforms as SAMHM = DuAM , where the gauge parameter A carries weight A, = % Next,
we would like to define a field strength for duM . Naively, one would write the standard formula
for the field strength or curvature of a gauge connection, but with the Lie bracket replaced by the E-
bracket (2.8). However, since the E-bracket does not satisfy the Jacobi identity the resulting object
does not transform covariantly and also does not satisfy a Bianchi identity. Since the failure of the
E-bracket to satisfy the Jacobi identity is of the form d¥VX gy yx we can repair this by introducing
two-forms %,y yr with appropriate gauge transformations and adding the term dMNkK dx By to the
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field strength. This defines (the beginning of) the so-called tensor hierarchy, originally introduced
in gauged supergravity [54,55]. Using (2.8) we thus obtain the field strength

,gﬂivM = 28[“&7\,]]” — 2527[“[(8[(527\/]1” + lOdMKRdNLR fSMLuN aKJZ{V]L
+10a"K o By - 2.11)

This tensor transforms covariantly under the appropriate gauge transformations of .7 and % given
in (2.15) below. The presence of the 2-form in (2.11) also ensures that this field strength satisfies a
modified covariant Bianchi identity

3Dy Ty = 10" ok Ao (2.12)

giving rise to the 3-form curvature of the 2-form. The 3-form field strength %}, is defined by
this equations as

Hvpm = 3D PBypiy — 3durr " )" + 2k Ay A," Op.aly)"
— 10dyxrd" ™ drno «Qf[uKﬂva ap%]Q +-- (2.13)

where 2 carries weight 2 = %, up to terms that vanish under the projection with d”VKgg. Now
in turn we can establish a Bianchi identity for 7#, which reads

4D Hpom = —3duro Ty Fpo®+ - (2.14)

again up to terms annihilated by the projection with dMVX g,

We close this section by collecting the complete bosonic gauge transformations. The external
and internal metric g,y and .#y transform under internal generalized diffeomorphisms as a scalar
density of weight % and a symmetric 2-tensor of weight zero, respectively. Recalling that o7 carries
weight A = % and noting that Z carries weight A = %, the gauge transformations then read

SAM = DA™ — 10" KBy @.15)
A%;WM = 2D[y3v]M + dMKLAKjuvL + ﬁuvM s .
where we defined

AByyN = Sﬁqu +dNKLle[uK SWV]L . (2.16)

Here we also specified the gauge transformations under the new parameter Z;), of weight % asso-
ciated to the 2-form, and we note that the gauge transformations are so far only determined up to
yet unspecified terms 0,y satisfying

d"™ Ko CGyyy = 0. (2.17)

This corresponds to the gauge redundancy of the next form in the tensor hierarchy, but it turns out
that this ambiguity drops out of all terms in the action and equations of motion.
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We finally give the form of the exfernal diffeomorphisms of the x*, which are generated by a
parameter E# = EH(x,Y),

556“0 = évae‘Lla +D‘u€veva 5
8¢ Mun = & Dyt
55427#1” — gvg;vuM +z///MNguv aNév 7
Ag%livM == %mépeeﬂvpgfﬁarN%MN . (218)
Let us note that they take the same form as standard diffeomorphisms generated by conventional Lie
derivatives, except that all partial derivatives are replaced by gauge covariant derivatives. Moreover,
in 0.%7, there is an additional .#-dependent term and in A%,y the naively covariant form &P 77}y,

has been replaced according to a duality relation to be discussed momentarily. We will discuss
these external diffeomorphisms, in particular their gauge algebra, in more detail in sec. 2.4 below.

2.2 Eg(g) covariant dynamics

Let us now define the dynamics of the Eg) EFT by giving the unique action principle on the
extended space, which decomposes into the five terms

Serr = SEH + Ss¢ +SvT + Stop — V. (2.19)

The first term formally takes the same form as the standard Einstein-Hilbert term,
Sen = / dxd¥’Y eR = / Lxd”Y ee e By (2.20)

except that in the definition of the Riemann tensor all partial derivatives are replaced by <7, co-
variant derivatives and one adds an additional term to make it properly local Lorentz invariant,
Ruv®™ = Ryy® + F M ePladye,?). The second term is the ‘scalar-kinetic” term defined by

1
L = % eg" Dy Myn Dy ™ | (2.21)

with e = 1/|g|. The third term in (2.19) is the kinetic term for the gauge-vectors, written in terms
of the gauge covariant curvature (2.11),

1
Ar = —ZeﬁuvMﬁ“VN My - (2.22)

The fourth term is a Chern-Simons-type topological term, which is only gauge invariant up to
boundary terns. It is most conveniently defined by writing it as a manifestly gauge invariant action
in one higher dimension, where it reduces to a total derivative, reducing it to the boundary integral
in one dimension lower. Using form notation it reads

Stop = / dxd*'Y Lop

= 1V10 / d¥’y / (dung FYNTFNNFE —20d"NE Sy Ny tx) . (2.23)
M
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Under a general variation of &7 and % the topological Lagrangian varies as

The final term in the action is the ‘scalar potential’ that involves only internal derivatives dy; and
reads

V =— Z—Z%MNQM//ZKL8N///KL+ %//ZMNQM//ZKLQL//ZNK

1

(2.25)
_ 1 _ _ 1
—5¢ 'Oy g oy.a™MN — Z///MNg 'ongg 'ovg — Z'//MNaMguvaNguv :

Its form is uniquely determined by the internal generalized diffeomorphism invariance (up to the
relative coefficient between the last two terms in the second line that is, however, universal for all
EFTs).

The field equations of the Eg) EFT follow by varying (2.19) naively w.r.t. all fields. For now
we focus on the field equations for the two-form only, because they will be significant below. The
2-form vy does not enter with a kinetic term, but appears inside the Yang-Mills-type kinetic
term, c.f. the definition (2.11), and the topological term (2.23). Therefore, its field equations are
first order and read

1
dMVK ok <e///NLﬁ“VL +¢ V10 e“VP“%';,MN> = 0. (2.26)

These equations take the same form as the standard duality relations in five dimensions between
vectors and two-forms. However, here they appear only under a differential operator, which thus
leads to different sets of duality relations for different solutions of the section constraint.

2.3 Fermions and Supersymmetry

The bosonic sector of exceptional field theory is uniquely determined upon imposing invari-
ance under generalized diffeomorphisms in the internal and external space-time. Supersymmetry
has not been imposed in order to determine the interactions; however, as expected the bosonic
action (2.19) can be embedded into a supersymmetric theory [36]. The fermions of the theory
are those of the maximal five-dimensional theory [2], however, living now on the full (5 + 27)-
dimensional space-time (subject to the section constraint). In particular, they are SO(1,4) sym-
plectic Majorana spinors spinors and we refer to [56] for our spinor conventions.! With respect to
the R-symmetry group (or generalized internal Lorentz group) USp(8), the fermion fields fall into
irreducible representations with the gravitino fields I;IL transforming in the fundamental 8, and the
spin-1 fermions x*/* transforming in the totally anti-symmetric, Q-traceless 42

xl]k _ x[[z]k]] = xl]k _ 5 Q[ka]mngmn ’ (2.27)

where Q;; = €;;; denotes the symplectic invariant tensor. Here and in the following we use the
notation of double brackets [...] to denote the projection of an USp(8) tensor onto the Q-traceless

Just for the conventions for the Levi-Civita density we follow [13, 36], with the two conventions related by

312. . — . . . . .
elefl,%,géM] = ftethgGl:/ 042173] Accordingly, y-matrices satisfy y2cde = jeabede

10
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part. With respect to generalized internal diffeomorphisms (2.5) the fermionic fields transform as
weighted scalars of weight Ay, = é, Ay = —é .

Coupling of the fermions requires the introduction of frame fields underlying the external and
internal metric,

guv = ep’ev Nap , Mun = " ij (2.28)
with the fiinfbein e, and the pseudo-real 27-bein
{7 Vaaij = )" = 1"} (2.29)
satisfying %"/ = ¥3,11/] . The inverse 27-bein is defined as
VN = SV | T HM = o — %Qijgk17 (2.30)

with conventions 5,;{ = %(SIfSIj — 51"5,5 ) and Q;Q/* = Sij . The 27-bein is an Eq group-valued
matrix, which is encoded in the structure of its infinitesimal variation,

5 = =28 % + 8 p M Vi (2.31)
with §¢;/ and p'/* spanning the 36 and 42 of USp(8), respectively, i.e.
8qi = —8q/ Q" spH = §plikl (2.32)

and corresponding to the compact and non-compact generators of ¢q(g), respectively.
The full SO(1,4) x USp(8) covariant derivatives are then defined as

. | a i [ i
Dy’ = u‘lfl‘FZwu " Yo W' — 2y v/ =Ly, v,
. 1 . o
Dy’ = aMl//'+ZwMahYab v — 2y, (2.33)

with spin connections @, 2 defined in terms of the bosonic frame fields and the Lie derivative L
taking care of the weight of ¥’ under generalized diffeomorphisms. From the spin connections the
Christoffel connections I'y,”, [ynX, can be defined by the generalized vielbein postulates

0 = V‘ueva == .@“eva - F/va epa - D'ueva + a)'uabevb - F'uvp epa 5 (234)
0 = Vi = Du " —Tun® 9% = o9 + 2 Danilitn ™ — Ty 947

declaring covariant constancy of the frame fields. In turn, the spin connections are defined by
properly generalized vanishing torsion conditions. For the SO(1,4) connection a),ﬂb the absence
of torsion takes the familiar form

Dy =Dyey +opPey, =0 = Ty =0, (2.35)

describing a deformation of Riemannian geometry by the fact that the derivative D, is covariantized
w.r.t. internal generalized diffeomorphisms (2.10), under which the flinfbein e,“ transforms as a

11
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weighted scalar. For the internal sector on the other hand, vanishing torsion translates into the
projection condition [28]

Tun®| =0, (2.36)
351

for the generalized Christoffel connection, decomposed into irreducible Eq () representations. More
precisely, by its definition (2.34) the Christoffel connection I'y;nX is algebra valued in its last two
indices

Tan® = Tu® (te)n [y*~27078=273035101728 , (2.37)

and (2.36) indicates that I'y,* only has non-vanishing components in the 27 & 1728 . Explicitly,
parametrizing the USp(8) connection as

Duj' = amj + I Q" i jm » (2.38)
with gkrij = gy, ij)» €quations (2.36) translate into

1

Qktmn = —DPripim Vn)g QP4 — 7 VP Dt i Rt — P pgi(m Qnpie)
+ % Tt (Ve Ryt = Vi Qi) + kit oun (2.39)
with
aui’ = %%‘kNaMA//Njky pu M = oy RN (2.40)
and uy; n, satisfying
Ukt jm = UG (jm) » Udomin = 00 Uit jm QY =0, (2.41)

dropping out from equations (2.36). Vanishing torsion thus determines the USp(8) connection
(and thereby the Christoffel connection) up to a block uy; , transforming in the 594 of USp(8),
which drops out of all field equations and supersymmetry variations [28,29,36,57]. The Christoffel
connection gives rise to covariant derivatives

3
VMXN = 8MXN — FMNKXK — Z AXFKMKXN s (242)

where Ax denotes the weight of Xy under generalized diffeomorphisms, and the trace part in the
Christoffel connection is fixed by demanding

4
Ve =0 — T = ge*laMe. (2.43)

The remaining connections in (2.33) finally are determined by demanding that the gl(5) © ¢4 ()
algebra-valued currents

Iu™ = e Dolyes”, I = WM, 2" (2.44)

12
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of the frame fields live in the complement of the Lorentz algebra so(1,4) @ usp(8), specifically

@ = i =0. 2.4
/M s0(1,4) 0, %“kl usp(8) 0 (2.45)

They give the explicit form
. 1 .
o = e oye,tl 9,7 = 3 %Dy T (2.46)
of the respective spin connections and give rise to the definition of the coset currents
jMab =y = my@) /umni jokmoin — @#i Kl _ P, Lijkl] (2.47)

Moreover, it turns out that the Lagrangian and supersymmetry transformation rules are conve-
niently given in terms of the modified internal spin connections

1
0P = oy + 5 My Fuy" e’ (2.48)

shifted by the non-abelian field strength (2.11), and we denote the corresponding covariant deriva-
tives by 27+ .

The different curvatures of these spin connections are the building blocks for the bosonic La-
grangian and field equations [25,29,36], once projected onto the components such that the unde-
termined part (2.41) drops out. Some of the relevant curvatures are obtained from the commutators

. 1 ~ .2 ) ) .
(D, 2] € = 1 Buv™ Yap € + 3 Pluitin Py kgl — F M Vel
. . 1 .
+ Vi Zu (IS = i TN ) € = =V T

~ . 1 .
VM (Vi Du) € = 5 VIM Pt P €™ + Z’@M“ab Yap € (2.49)

. . . 1 . .
VM N Vi, V)€l + <47/’kM7/ij + o™ 55‘) VY€’
1 . | ;
= 77/sz4yij%MNab Yab P2 ——7 ¥
4 16
Explicitly, the curvature tensors read

g?,uvub — 2D[/J a)v]ab _|_2w[“uc wv]cb —|—y#vM a)Mab ’

Pry ™ = O 0y — Dy 0
1
%MNab _ _Ee'u[aeb]ngTVMg“GVNgVT ’ (2.50)

of which the first two enter the Einstein and the vector field equations, respectively. The curvature
scalar Z is related to the scalar potential from (2.25) as

1
A=V + ZJ/ZMNVMgquNg”V + V", (2.51)
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up to boundary terms VI .
The full supersymmetric extension of the bosonic action (2.19) can be given in very compact
form in terms of the above spin connections. It reads

e L = Lo — Wit Doy + 2V 211 i (79 )
4 N
—3 iV Dux 7+ 8V 21 Y™ QP 2o Vi ™
4i . . v -
+§<@uukl%ijk7v?’”‘lfv Qi + V2V M 3V (2.52)

up to quartic fermion terms. The latter are expected to coincide with the quartic terms of the D =5
theory [2]. The Lagrangian (2.52) is invariant up to total derivatives under the following set of
supersymmetry transformation rules

. . 3 1
Syl = Jue' —iv2y M <V1_w(?’u£k) -3 Yuvfﬁk) Qiji

Sk = % PR, PHem 4 v yliiM g gkl (2.53)
for the fermionic fields, and
1 . y o
Beey = JEY' W, I = 4iQ"Q " Qo Zimn "
el M = V2 (iQikékv/uj +EW xl‘f") HM
1 il -
AeBuvm = _ﬁ Tt (2 ‘l’i[uyv]gkgjk‘f‘l?(ijk'}/uvek) ) (2.54)

for the bosonic fields. Equations (2.53) depict the Killing spinor equations of the theory. It is
remarkable, that in the supersymmetry transformation rules all explicit appearance of the field
strength ﬂth can be entirely absorbed into the shifted spin connection @~ form (2.48) whereas
the Lagrangian (2.52) carries both @™ and @~ .

2.4 Algebra of external and internal generalized diffeomorphisms

The algebra of internal generalized diffeomorphisms is governed by the E-bracket and has
been discussed extensively in the literature. The algebra of the external diffeomorphisms, which
acts in a more subtle way due to the field-dependent modifications in (2.18) compared to stan-
dard diffeomorphisms, has been determined in [32] (for the SL(3) x SL(2) EFT, but the results
generalize immediately). Here we use the opportunity to complete the literature by discussing the
off-diagonal part of the total gauge algebra, i.e., the algebra of external and internal generalized
diffeomorphisms. This will be important below, when we show that, upon solving the section
constraint, the internal and external conventional diffeomorphisms indeed close according to the
10- or 11-dimensional diffeomorphism algebra, implying the full diffeomorphism invariance of the
resulting supergravities.

For simplicity, let us first consider a pure Eq () tensor 7' (whose indices we suppress) that is an
external scalar, i.e., does not carry external indices U, V,... (an example is the generalized metric
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AMyn)- We then compute for the gauge algebra

(67, 8:]T = SA(E*DUT) — 8 (LaT)
= SHLA(DuT) —LA(G*DyT) (2.55)
= —LAE"D,T.

Here we used in the second line that the covariant derivative transforms covariantly. Moreover,
recall that the gauge parameter E* is not to be varied in the gauge algebra. Thus, we have closure

[60,8:] = 8, &M = —La&M = —AVonEH, (2.56)

which defines the effective (A-transformed) &E# parameter. Next, we inspect the (external) vielbein
ey, which is slightly more involved because it carries a vector index. With (2.18) we compute

[5,\,65}6”“ = Oa(E"Dyey” +Dy&Vey") — 8¢ (Laey”)
= OA(EYDyey +Du&Vey ) —La(EYDyey” + Dy EVey?)
= _(LSAMpgv)eva—LAgvaeua—LA(Duév)eva
= —DHAN<9N§VeV” —LAEYDyey“ — AND” (dnEY)ey”
= —LAEY Dyey” — Dy (AVINEY ey
= &"Dyey+DyE%e, " .

(2.57)

Here we used again, in the third line, the covariance of the covariant derivative, due to which
various terms cancelled and that & is a scalar with respect to internal diffeomorphisms. We thus
established closure according to the same parameter as in (2.56).

Let us now turn to the gauge vector ,%M , whose transformation in (2.18) is .#/-dependent. In
order to simplify the discussion, we first consider the minimal variation without this term,

seaM = &Y.y M. (2.58)

Although this transformation rule is insufficient for the complete gauge invariance of EFT, it does
lead to a consistent gauge algebra, as we discuss now. In order to prove closure of the gauge algebra

we have to compute
[, 82] ™ = 8A(8Y Fyu™) — 82 (DuAM) 59
— ngAﬁvuM+L52%AM. '

For the second term we find
Ly N = Levz, A = EVLg, A — k&Y Fy AT+ 10dnr a9 EY Fy P AY L (2.60)

which follows by writing out the Lie derivative and collecting the terms where the derivative dy,
hits the gauge parameter . The second term in here is the required &’ transformation, so that we
have shown

[6r,82] ™ = 88.,™ + &Y (LaFuu™ + Lz, AY) + 10dyr d" RO &Y 7y AN . (2.61)
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The second term in here is the symmetrized Lie derivative that in turn is ‘trivial’ and given by (2.9),
LaZvu™M + Lz, A = 10ding d" R 0x (Fy " AV) . (2.62)

Inserting this in (2.61) above, we finally obtain
[0, 82] 7™ = 88, ™ +10dn1r d Rk (&Y Ty AN) . (2.63)

Comparing with the general gauge transformations of MMM in (2.15) we infer that the additional
term on the right-hand side can be interpreted as a field-dependent gauge transformation for the one-
form parameter £ corresponding to the two-form potential in the hierarchy. We thus established
closure according to

[0n,80) ™ = (88 +82) ™, By = —dwkrE" T A (2.64)

We see once more that the higher forms of the tensor hierarchy and their associated gauge symme-
tries are essential for the consistency of EFT.

Let us now return to the full gauge transformations of <7, w.r.t. ¥, including the extra term
that we denote in the following by & M= #MNg,,dyEY. We collect the additional contribu-
tions in the gauge algebra and find

[5/\7 55},52%””[ = .4 6A(%MNg#v)8N§V —l—]Lgéy{uAM

(2.65)
_ '-‘—i—LA(%MNguv)aNév+]L/%.Ngll‘/aNéVAM’

where the dots indicate the terms already computed in the previous paragraph. The second term on
the right-hand side can be written as

L yovg anevAY = —La (M gy onEY) +10d" R dprrog (A" guydpEYA") ,  (2.66)
where we used again the identity (2.9). Using this in (2.65) we obtain
[8n,8: | ™ = — ™ gy LA (INEY) +10a" R dp ok (Mg dpEV AT) . (2.67)

Recalling that £V is a scalar, Ly (dy&Y) = dyv(ILa&Y) and so the first term becomes the &’ trans-
formation defined in (2.56). The second term can be interpreted as an additional field-dependent
contribution to the effective one-form parameter Z’. Thus, in total we learned

[6r,8z] = 8+ 6z, (2.68)

where
EM = —AVoNER By = —dunk(EY F + ¥ gy 9 EV)NK (2.69)

We leave it as an exercise for the reader to verify closure on the two-form, which can only be
established up to unknown terms corresponding to the gauge symmetry of the three-form.
For completeness we record here that the algebra of external generalized diffeomorphisms is
given by
[551 s 551] = 5512 + 5/\12 +---, (2.70)
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with effective parameters

&l = et -,

2.71)

The dots in (2.70) indicate possible gauge transformations corresponding to higher forms entering
the tensor hierarchy, see [32] for more details.

3. Type IIB solution and embedding of diffeomorphisms

In this section we will show, for the type IIB solution of the section constraint, how the fields
and symmetries of EFT are related to those of the standard formulation of supergravity in which
ten-dimensional diffeomorphism invariance is manifest.> To this end we show in the first subsec-
tion how, upon solving the section constraint, the standard diffeomorphism algebra is generically
embedded in the gauge algebra of EFT (in particular the E-bracket), illustrating this with a sim-
ple toy model. In the second and third subsection we turn to the specific solution of the section
constraint for type IIB and show how the coordinates and tensor fields decompose. In the final
subsection we return to the external diffeomorphisms of EFT and supergravity (that, we recall, are
not manifest symmetries), which in the following section will be shown to match precisely, thereby
proving that EFT leads to a 10-dimensional theory with full diffeomorphism invariance.

3.1 Embedding of standard diffeomorphisms into E-bracket algebra

We now discuss how to embed the standard diffeomorphisms into the E-bracket algebra of
EFT. More precisely, we will show that the external and internal diffeomorphisms in EFT close in
the same way as those of a D = 10 gravity theory, implying that there is a ‘hidden’ 10-dimensional
diffeomorphism symmetry in EFT upon choosing a D = 10 solution of the section constraint.

Before focusing on type IIB supergravity, let us start from a generic theory of Einstein gravity,
coupled to some matter, and inspect the action of the diffeomorphism group under a Kaluza-Klein-
type decomposition. To this end we split the ten-dimensional world and tangent space indices,
here and in the following indicated by a hat, according to I = (u,m) and 4 = (a, &), respectively,
where 4 =0,...n—1,and m=1,...,d, with n+d = 10, and similarly for the flat indices. Cor-
respondingly, we decompose the tensor fields and symmetry parameters of the theory according to
this n + d split. For instance, the ten-dimensional frame field encoding the metric is written as

R —)/e a A m o
By — <"’ N “(Pmi’" ) , 3.1)
where ¢ = det(¢,,*) and y= le Here we employed a gauge fixing of the ten-dimensional Lorentz

group SO(1,9) to SO(1,n— 1) x SO(d). We next perform an analogous decomposition of the
remaining gauge symmetries, i.e., of the ten-dimensional diffeomorphisms x# — x# — E% and local
Lorentz transformations parametrized by A4 4» acting on the vielbein as

SE" = "B + 9 B + AT (3.2)

2For the M-theory solution we refer the reader to [13].
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Specifically, we decompose the diffeomorphism parameter as
éﬂ = (5#7 Am) ) (3.3)

and refer to the diffeomorphisms generated by £# as ‘external’ and those generated by A™ as ‘in-
ternal’. Inserting (3.1) into (3.2) we read off the following action of the internal diffeomorphisms,

oney” = N"Ipey +v9uA" e, ,
oAPn® = N'0y0n* + N 9,* | (3.4
A" = IuAN" — A" A" + NI AL™

We will also use the notation . for the conventional Lie derivative of the purely internal space,
acting in the standard fashion on tensors (of weight zero). Thus, the above transformations read

5A€ua = gAe“a_'_,}/amAmeua’ 6A¢ma = gA(Pma,

3.5)
SAAum - auAm_gA”Am = 8HA’"+.$AA“’".

Note that here we employ the convention in which the density term is not part of the Lie derivative.
Analogously to the discussion in EFT, we can define derivatives and non-abelian field strengths
that are covariant under these transformations,

Dy = Ou—La, —AonAy™ . Fuy = 20,A,— [Au, AV, (3.6)

where A is the density weight, e.g., A = 7y for the external vielbein, and [, | the conventional Lie
bracket. Sometimes we will use the notation DﬁK = dy — £, for the part of the covariant derivative
without the density term.® Specifically, for (3.4) we have

.@EKevu == aueva _A’u'mameva — ’yanAun eva 5
D" On® = Ouhn™ — A" 0nn” — A" 6 , 3.7
F‘uvm = aﬂAv’n - 8vAum _A#nanAvm +Avn&nAle .

Let us now turn to the external diffeomorphisms. These are obtained from (3.2) by inserting
(3.1), switching on only the £ component, and adding the compensating Lorentz transformation
with parameter A“g = —q)V(pﬁmBmé" ey“, which is necessary in order to preserve the gauge choice
in (3.1). For instance, on the Kaluza-Klein vectors this yields

SEAL" = VDAL + duEY A — AL 0 EV A+ 0TI G gy D, EY (3.8)

where G™" = ¢ 9*", and we specialized to n = 5, corresponding to the 5+ 5 split of type IIB
that we will analyze momentarily. This gauge transformation can more conveniently be written in
the form of ‘improved’ or ‘covariant’ diffeomorphisms by adding an internal diffeomorphism (3.4)
with field-dependent parameter A™ = —&VA,™. The gauge-field-dependent terms then organize
into the covariant field strength in (3.7),

SeAL" = EVFu + 9 3G gy 0,8 . (3.9)

3We emphasize that this is introduced for purely notational convenience. In general, acting with DZK is not a
covariant operation.
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We infer that this is of the same structural form as the external diffeomorphism transformation
of the EFT gauge vector in (2.18), and we will verify below that they can be matched precisely
upon picking the type IIB solution of the section constraint. Similarly, these improved external
diffeomorphisms act on the internal and external vielbein as

Seey = ‘g"’.@ﬁ'(eu”—i—gﬁkévev”,

3.10
S on® = EY D" ou” G0

again in structural agreement with the corresponding transformations (2.18) in EFT.

Next, we inspect the algebra of diffeomorphisms under this decomposition. Since the internal
diffeomorphisms (five-dimensional in the case we are interested in) act on the fields via standard
Lie derivatives w.r.t. the internal space, see (3.4), they close according to the standard Lie bracket,

[Oa1,00] = Sans Ay = [Ao,A1]" = ASOAT — AjOAS . (3.11)

This is embedded in the E-bracket algebra (2.8) by solving the section constraint and restricting to
the five ‘lowest components’ of the generalized diffeomorphism parameter.

The mixed algebra between internal and external diffeomorphisms is straightforwardly com-
puted in the form of improved diffeomorphisms (3.9), (3.10). In fact, in this form every term on the
right-hand side of the gauge variation is covariant w.r.t. the Lie derivative .Z, with all derivatives
entering via covariant derivatives or field strengths.* We thus compute, for instance, on the vector

(60,82 JAL" = Sa(EVFun + 9 TG guy0,EY) — 8 (QuA” + ZaA™)

) B ) (3.12)
=£& .i”AFw’"—i—,ZA(q) 3Gm”guv)8n§ —gA(ééA“m).

Here we used the covariance of the expressions in ¢A ™. Thus, the terms in 55 6z A agree precisely
with those in 8 GpA, except that &, being a parameter and not a field, is not varied in the former
but appears under the Lie derivative in the latter. These correspond to the left-over terms that do
not cancel and that can in turn be interpreted as external diffeomorphisms with a parameter & that
is ‘rotated’ (with the opposite sign) by the internal diffeomorphisms. Hence, the gauge algebra is
given by

(67, 8:] = &, EH = —LEH = —AN"9,E" . (3.13)

The same conclusion follows for the external and internal vielbein. This algebra is embedded in
the corresponding part of the gauge algebra of EFT, see (2.56).

Finally, we turn to the gauge algebra of external diffeomorphisms with themselves. Using
again the improved diffeomorphisms (3.9), (3.10), an explicit computation shows

[551’652] = 6512+6A|2’ (3.14)
where
&h = 28558, AL = G &R 20 1G™ g 50,8y (3.15)

“4The variation of the gauge vectors in (3.9) contains the partial derivative term 9,&", but £ has to be viewed as a
scalar w.r.t. internal diffeomorphisms, hence its partial derivative is a covariant vector.
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This is of the same structural form as the corresponding part of the gauge algebra (2.71)° and,
together with our results below, implies that the full ten-dimensional diffeomorphism algebra is
embedded in the gauge algebra of EFT.

So far we discussed the decomposition of fields and symmetries for pure (Einstein) gravity,
but in supergravity there are additional matter fields, typically with associated gauge symmetries,
which have to be decomposed similarly. Before turning to the specific field content of type IIB,
let us consider a toy model, which exhibits already all essential features. We consider an abelian
gauge vector éﬂ (such as the RR one-form in type IIA) with gauge symmetries

Séﬂ = 8ﬂx+§08\7§ﬂ+8ﬁ§°é¢,, (3.16)

for abelian parameter y. Next we decompose the components as in (3.1) and redefine

A

B, = B, )
ne . (3.17)
Bl”' = Bp“ _A'u,an .

(In terms of the notation introduced in sec. 4 this corresponds to the action with the ‘bar operator’,
B — B.) For these redefined fields the abelian gauge symmetry becomes

8,By = D,°x = ux —Au"Onx ,
Bu u X uX —Au OmX (3.18)

and for the diffeomorphisms

5Bm = gvngm-i-amngv +gABm 5 (3 19)
OBy = Z\By + LBy — A" n& By — ‘P_%Gmang,uvangv ) '

where .Z; denotes the standard Lie derivative w.r.t. EH (with partial derivatives). Adding now
field-dependent gauge transformations as above, with A” = —£VA,™ and )y = —&VB,, this can be
written more covariantly as

8eBw = EYDyBy = EY(OyBy—Za, By —0mBy) (3.20)
for the internal components, and as
8:By = £ Gyy— 9 3G gy, 3.21)

where
Guv = 24"By— 2y By . (3.22)

Note that due to the non-commutativity of covariant derivatives this is not an invariant field strength.
Rather, G transforms as

51t should be noted that, in general, in EFT there are higher-form transformations on the right-hand side of the
gauge algebra, corresponding to the higher forms in the tensor hierarchy, which are not present here. As these are
needed because of the anomalous ‘Jacobiator’ of the E-bracket, which vanishes on solutions of the section constraint,
this is perfectly consistent with the embedding of the conventional diffeomorphism algebra.
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We could define a fully y-invariant field strength by setting (_}#v = Gyuy + Fyy" By, but it turns
out that the match with EFT requires the (analogue of the) above form. In fact, in EFT a slightly
more general notion of covariance is appropriate: the gauge parameters analogous to A™ and y will
be components of the generalized diffeomorphism parameter AY, and the field strengths Gpy and
Fyy™ correspond to components of the EFT field strength ffu\,M , so that transformations such as
(3.23) originate from the covariant transformation governed by the full generalized Lie derivative
of EFT, 8o ZuyM = Lo Z M.

We finally note that it is straightforward to verify that the transformations (3.21) and (3.23)
close according to the gauge algebras (3.13) and (3.15), encoding the full diffeomorphism algebra.
Conversely, starting with component fields By, B, and gauge symmetries closing according to
the above algebra (3.13), (3.15), we can reconstruct the form with manifest (say ten-dimensional)

diffeomorphism invariance.

3.2 Type IIB solution of section constraint

We now turn to the specific solution of the section constraint that will be shown to lead to a
formulation that is on-shell equivalent to type IIB supergravity. To this end we have to break Egg)
to GL(5) x SL(2), embedding the residual group according to

GL(5) x SL(2) C SL(6) x SL(2) C Eg) - (3.24)

In this case, the fundamental and the adjoint representation of Eg () break as
27 — (5,1)44+(5,2)41 +(10,1) 2+ (1,2) 5 , (3.25)
78 — (5,1)_6+ (10',2) 3+ (1 +15+20)y + (10,2) 43+ (5", 1) 46 , (3.26)

with the subscripts referring to the charges under GL(1) C GL(5). An explicit solution to the
section condition (2.1) is given by restricting the Y dependence of all fields to the five coordinates
in the (5,1).4. Explicitly, splitting the coordinates Y and the fundamental indices according to
(3.25) into

{YM} — {ym; Ymo s )’mn7 )’a} ’ (327)
with internal indices m,n = 1,...,5 and SL(2) indices o0 = 1,2, the non-vanishing components of
the d-symbol are given by

dMNK . dmn(x,[)’ _ \/% 6;:180‘[3 , dmnk(x,l[)’ _ % 512?"! Eap » dmn,kl,p — \/%T)gmnklp ’

dMNI( . dmna’ﬁ = %0 8,:11806[3 s dmnka’lﬁ = % 6:,(11” e(xﬁ y dmn,kl,p = \/%*0 gmnklp ) (328)

JMNK _ J(MNK)

and all those related by symmetry, . In particular, the GL(1) grading guarantees

dmnk

that all components vanish. It follows that the section condition (2.1) indeed is solved by

restricting the coordinate dependence of all fields according to
{0"*A=0,9A=0, 9% =0} —  AMYM) — AR YY) . (3.29)

Indeed, the section constraint then reduces to "9, ® oy, = 0, for which all relevant components
of the d-symbol simply vanish.
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3.3 Decomposition of EFT fields

In this subsection we analyze various objects of EFT, e.g., the generalized metric and the gauge
covariant curvatures, in terms of the component fields originating under the above decomposition
of Eg(), together with their gauge symmetries. This sets the stage for our analysis in sec. 4, where
we start from type IIB supergravity and perform the complete Kaluza-Klein decomposition in order
to match it to the fields and symmetries discussed here. Thus, here we split tensor fields and indices
according to (3.25)—(3.28), assuming the explicit solution (3.29) of the section condition.

To begin, let us consider the p-form field content of the Eq(s) EFT under the split (3.25). This
yields

th{/JIW : {JZ/#m’,Q{“ma’,qukmn’,qua} ’ @,LLVM : {%uvaa@pvmnaﬁpvma7%uvm}(3~30)

where we have defined %7, jn, = %gkmn pq@uP? . However, the EFT Lagrangian actually depends on
the two-forms only under certain derivatives,

{ OnBuv® , O Bipvimn)» OBy } (3.31)

introducing an additional redundancy in the two-form field content, which will be important for
the match with type IIB. As discussed above, the vector fields <7, will be identified with the IIB
Kaluza-Klein vector fields, which transform according to (3.4) and in particular close according
to the standard Lie bracket of five-dimensional diffeomorphisms, see (3.11), embedded into the
E-bracket (2.8).

Let us now work out the general formulas of the Eg)-covariant formulation with (3.28) and
imposing the explicit solution of the section condition (3.29) on all fields. We then obtain, by
inserting (3.28) into (2.11), the following covariant field strengths of the different vector fields in
(3.30),

yuvm - 28[#42{‘/}’” - %ungnﬂvm + szvngn%“m 5
yﬂvm(x = 2DKK%\/]ma +8ocﬁ am@llvﬁ )

[w
yﬂ‘/k”m = ZDI[(;‘%V]kmn -3 \/Egaﬁﬂ{[u [k\a\amdv]n]ﬁ +3 a[l&@?|/¢v|mn] ’
gz,uvoc = 2DI[<§¢Q{V]0¢ - 2(81&27[#]() Mv]a - \/EvQ{[ymnan%v]ma
- ﬁ%u‘,,la‘&nﬂv]mn —&ap 8](:%3#\/]([3 s (3.32)

with the redefined two-forms
Buv® = V10 By, — e o, 5

f@,uvmn =V 1Of%,uvmn"f_ff(y[,ukéZ{v]kmn )

Bt = V10 B + % ot F ot (3.33)
Here all covariant derivatives are DﬁK =dy — .Z%, covariantized w.r.t. to the action of the five-

dimensional internal diffeomorphisms reviewed above. The corresponding vector gauge transfor-
mations, obtained from (2.15), are given by

5=Qf,umoc = DEKAmoc +$A42{uma - 805[3 ami/.lﬁ )
Bd,ukmn = DzKAkmn "‘ZAMﬂkmn - 3\[2806[3 a[k%y\m\(x\/\n]ﬁ - 3a[ki\y\mn] ) (3.34)
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with

[}

W= V10 — e ANy p . Epn = VI0E g+ A At - (3.35)
For the vector fields %7, o we observe that its gauge variation contains the contribution
Sya = +Eup hELP . (3.36)

This implies that it can entirely be gauged away by the tensor gauge symmetry associated with
the two-forms %uvkﬁ. Consequently, it will automatically disappear from the Lagrangian upon
integrating out 8k<%’uvkﬁ . The remaining two-form field strengths in turn come with gauge trans-

formations
§Buv® = D[ E )+ LnBuv® — € Np T + O
§ By — 2D <:,,,+ éeaﬁ ﬂvmaA,,,Q TR
+ LN Byvmn — \k Apmia) O By + Ak Fun'*
+ % €% Frvma Mg + Oy - (337)
where
O™ = V100,,* (3.38)

ﬁuvmn = V10 ﬁuvmn + am (ZAk ’@ank + \fz%pna Eva + \fZSaB dpna¢vkﬁ> .
Finally, the associated three-form field strengths are obtained from (2.13) and read

Huvp® = V10 H0p® = 3D By +36P Fyu " pp (3.39)
c%;ﬁvpmn = m%vpmn

More precisely, this holds up to terms that are projected out from the Lagrangian under y-derivatives.
The expressions on the r.h.s. in (3.37)—(3.39) are understood to be projected onto the corresponding
antisymmetrizations in their parameters, i.e. [mn], [uVv], [uvp], etc.

It is also instructive to give the component form of the Bianchi identities originating from
(2.12) and (2.14). From the latter we obtain the components

4D Ay = 6P T, Fpoiup - (3.40)

After a straightforward but somewhat tedious computation one finds
4DI{TE%pG]mn —1—4\6427“”1“8,,%1)6“ = _6y[uvkgpc]kmn - 3\68‘”} <g~[,uv|moc|¢g\pcr]n[3
+ 3\/58,” (S(Zﬁ e@uvaane%?pcﬁ> - lzam <yuvk@pgkn)

—6V2 0 ,szfu,,as“ﬁ%pk%kﬁ) . (3.41)
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Again, the indices m,n and i, v, p, G in here are totally antisymmetrized, which we did not indicate
explicitly in order not to clutter the notation.

Let us now move to the scalar field content of the theory. In the EFT formulation, they
parametrize the symmetric matrix .#);y . We now need to choose a parametrization of this ma-
trix in accordance with the decomposition (3.26). In standard fashion [58], we build the matrix as
Myn = (V¥ T)yn from a “vielbein® ¥ € Eg(¢) in triangular gauge

¥V = exp ghlmnp ¢ t(+6) p} exp [b,,m“t(ﬁ)'&l"} Vs Vaexp [Cbt(o)] . (3.42)

Here, g) is the E¢s) generator associated to the GL(1) grading of (3.26), 73, 75 denote matrices
in the SL(2) and SL(S5) subgroup, respectively, parametrized by vielbeins vz, vs. The 7, ) refer to
the Eq () generators of positive grading in (3.26), with non-trivial commutator

mn

H3)01(43)F KImnp g e p - (3.43)

= &up €

All generators are evaluated in the fundamental 27 representation (3.25), such that the symmetric
matrix .#y takes the block form

%km %kmﬁ '//k,mn '%kﬁ
//k(xm //Zk(x,mﬁ %kamn j/ka,ﬁ

My = (3.44)
Mg M Mg AP
MOy MO My MO
Explicit evaluation of (3.42) determines the various blocks in (3.44). For instance,
%mn,kl = 6243/3 My (M|, + 235@/3 bmnabklﬁ My (3.45)
while the components in the last line are given by®
///ocﬁ _ 6549/3 mocB 7 ///ocmn _ \665@/3 maﬁgﬁybmnY )
1 1
%a,mﬁ _ - 65®/3 maysyé gmklpq bklﬁbpqa - ﬁ65‘113/3 maﬁ gmklpq Chipg »
2 1
Mo =3 &3 my,, gkPars <bmk[“bpqﬁ]b,57 +3 %P Y cpq,s) : (3.46)

with the symmetric matrix m*? = (v)%,(v,)P* built from the SL(2) vielbein from (3.42). We will
also need the following combinations of the matrix entries of .#jy (that emerge after integrating
out some of the fields),

My = My — My (AP P (3.47)

5The explicit expressions (3.46) and (3.48) for the matrix components of .Zy and My correct some typos in
equations (5.22) and (5.24), respectively, in the published version of [13].
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for which we find

20/3
%mn,kl = 2%/ My kM)

- 1
f%mnka = —= 6243/3 gmnPQrmkpmqumrvbuVa )
V2
- 1
%mmk _ _6\7 eZ<D/3 cwpqr MMy (Ckpqr — 6806!3 bkpabqrﬁ>
%mamﬁ _ e—<1>/3 mmnmaﬁ +2€2<I>/3 mkp (mmnmlq _ zmmlmnq> bklabpqﬁ , (3.48)

etc., with m,,;,, = (Vs)ma(V5)na.

Next, we can work out the covariant derivatives of the various ‘scalar components’ of the
generalized metric. Using (3.28) we find for the covariant derivatives of the matrix parameters in
(3.44)

KK 4 k
Dyiyn = DEK Mypn + % 8k.5zfukmmn ,

-@ubmna = D/.KiKbmna - gaﬁa[mﬂ{n}ﬁu )

@ucklmn = DEK Cklmn +4\/§a[k°<z{lmn]u + 12b[kl(x am%] au s (3.49)
where we recall that DﬁK denotes the covariant derivatives w.r.t. <7, (that below will be identified
with the Kaluza-Klein vector A,™) without the density terms, which here have been indicated
explicitly, thereby defining the weight of all fields. The form of these covariant derivatives implies
in particular that we have the following gauge symmetries on these fields,

8P = L0 —LoA",
OMpn = LNMpyn — % akAk Mynn
5bmnoc = gAbmna +8aﬁa[mAn]B ’
Sckimn = LnCiimn — 4V 2 A — 1211 ” Oy - (3.50)
We close this section by giving some relevant formulas for the decompositions of various

terms in the action upon putting the solution of the section constraint. The scalar kinetic term
(2.21) yields

;IDMJZMND“///MN = —% Dy @I + % Dumgp P*m®P + % DMy PH ™
—e® .@ubmna.@“bklﬁ mmkm"lmaﬁ
— % 2® .@“ c/dmn.@“cpqmmkpmlqmm’m’” , (3.51)
where we defined
Dutimn = DuCrimn + 12605 bir® DubmaP - (3.52)

The ‘scalar potential’ (2.25) takes the form
V =323 by ‘xc?lbpqﬁ mklm’"pm"qmaﬁ

5
+ & 310¢/3 Xklmanqrstumkqmlrmmsmmmpu + Vd> (akq); 8k”nmn) ) (353)
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where the last term combines all contributions with the internal derivative acting on @ and m,,
and

Xitmnp = OClmmp] + 12 €ap bt Onby)® - (3.54)
Finally, we give the topological term (2.23) in this parametrization,

1 klmnp (ﬁ

1
Liop = 2 ghvPate 6 %P yu\/magzpdnﬁ Arpk+ — y/.thanquATklp

6
V2 1.
- 7 gaﬁ A/.LmaanAVpBFquA’rqu + 5 apBuanFquA’rqu

+v2e% ApumaDyvApnp apBO"Ckl - \ﬁAumagngvpa apéa’tkl
2 .
+ 3 P AumaanAvkﬁAplyapBory — g% 8y6AumaanAvkﬁAplyDoArp6

V2

2 ~ - - 2 ~ ~
+ 7 amjﬁ,wpOCAcfnozA‘Eklp - Dqup mnapBG‘Ekl - g 8(1[5 jﬁtvpﬁachr‘L'kOC
+ ﬁ’(AW)) . (3.55)

3.4 External diffeomorphisms

Let us finally turn to the action of the external diffeomorphisms (2.18) under the type IIB de-
composition. On the external vielbein e, this symmetry reduces to that found in the Kaluza-Klein
decomposition in (3.10), because on scalar-densities such as e, * and {# the gauge-covariant deriva-
tive of EFT simply reduces to the Kaluza-Klein covariant derivative w.r.t. 27,”. For the internal
generalized metric .#yn the external diffeomorphism transformations on the various components
in (3.44) are read off from (2.18), with the EFT covariant derivatives written out in (3.49).

Next, we consider the external diffeomorphism transformations of the vector fields, which are
more subtle due to the presence of the term involving the inverse of the generalized metric ./ .
From (3.46) we determine the relevant components of the matrix .#" MN

m,n 4D/3  mn
MM = AP

%mmn = 264q>/3 Eap mnkbkml3 ,

2
%mn,k _ _\lg e4<1>/3 £mnpar mks (Cpqrs - 6806[3 bpqabrsﬁ> ' (3.56)

This in turn determines the following gauge variations of the vector field components in (3.30),
ngg{um — éVﬁvum+%m,ng#vanév ,
5§ eQ{umoz = évcojvuma + «///moc,nguvanév ) (3.57)

1 \% 1 s \%
sé‘ﬂymnk — jsmnkpqé Cé%fvupq"’j'gmnkpq-%pqnané s

with the field strengths given in (3.32). As a first check that EFT subjected to this solution of the
section constraint is equivalent to type IIB supergravity, we infer from the first variation in here
that 27, has the same external diffeomorphism variation as the Kaluza-Klein vector, c.f. (3.9),

6§e52{“m = é‘/ﬁv‘um"_gb_%Gmng‘uvanév, (358)
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therefore justifying the identification of both fields. Indeed, the fields strength components .7,
reduce to the Kaluza-Klein components Fy;,", see (3.32) and (3.7), and the metric-dependent terms
coincide upon identifying

e4‘1>/3 P - ¢72/3Gmn ’ (3.59)

which relates the matrix m"™" € SL(5) and the scale factor @ to the metric G™" with dynamical
determinant ¢2. (This relation can be fixed, for instance, by noting with (3.50) that both sides
transform in the same way under internal diffeomorphisms.) The precise match for the remaining
vector field components will be the subject of the following sections.

4. Type IIB supergravity and its Kaluza-Klein decomposition

In this section, we review ten-dimensional IIB supergravity and bring it into the form that
allows a convenient translation of its field content into the various components of the EFT fields
identified above.

4.1 Type IIB supergravity

Denoting ten-dimensional curved indices by f,V, ..., the type IIB field content is given by

A

E/fld y Mo, Cﬂf/a ) éﬂVf)fY ) avﬁ =1,2, 4.1)
i.e., the zehnbein, the two SL(2)/SO(2) coset scalars parametrizing the symmetric SL(2) matrix
Mep, & doublet of 2-forms and a 4-form. The 2-forms combine RR 2-form and the NS B-field, with
the abelian field strengths given by
The Chern-Simons (CS)-modified curvature of the 4-form is given in components by

N N

A 5 A
Fpyps =5 a[ﬂlcﬂz---ﬂs] 2 €ap C[ﬂlﬂzaFMﬂMS}ﬁ ) (4.3)
such that they satisfy the Bianchi identities

A A

6 a[ﬁl Fpo s puisp) = 2 gaﬁﬂﬂlﬁzﬂsaFﬁmsﬁe]B ) 4.4)

and transform as

o Aﬂoa = 28“1%]“ ,
R T (4.5)
0Cavps = 49phope)+ 5 €apia“Fopel” -

under tensor gauge transformations. The IIB field equations have been constructed in [59-61].
They can be described by a pseudo-action which in our conventions is given by

) o i 1. U
S = /dlox\/@ <R+ Zaﬂm(xﬁaum“ﬁ —EFﬂlﬂ2ﬂ3aF“1“2“3ﬁmaﬁ
1 o~ an e
_ %Fﬂlﬂ2ﬂ3ﬂ4ﬂ5F”1#2#3ﬂ4ﬂs> (4.6)
1 . PO N .
—or | 4% eap e POCh o, P, * Fastofo”
864
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and which after variation of the fields has to be supplemented with the standard self-duality equa-
tions for the 5-form field strength

1 N
AAAAA - ./ ooaann A on o~ o~ rHIH2H3H4 s
FMVPGT - 51 ‘G| EI-lVPGTM#zmMHs F ’ (4-7)

with |G| = |detGgy| = |det Eg?
the self-duality equations together with the Bianchi identities (4.4) coincide with the second-order

2 It is straightforward to verify that the integrability conditions of

field equations obtained by variation of (4.6). Our SL(2) conventions can be translated into the
SU(1,1)/U(1) conventions of [60], by combining the real components of the doublet F;,% into a
complex F

F’a‘;p = F[L{/ﬁl +i Aﬂ{/pz 5 (48)

and parametrizing the symmetric SL(2) matrix myg in terms of a complex scalar B as

_ o1 1=B)(1=B") i(B—B")
map = (1 =B5°) l( i(B— B (1+B)(1+B*)> | e

In terms of the complex combinations

Guop = f(Faop—BFjyp), Pu = f0pB,  with f=(1-BB*)""2  (4.10)

charged under the U(1) C SU(1, 1), the kinetic terms of (4.6) translate into those of [60] with

mapFpop®FPPP = GpgpGIYP
1 A L
Zaﬁmo,ﬁa“m‘”ﬁ = —2P;P". 4.11)

In the following, we will perform the standard 5+ 5 Kaluza-Klein redefinitions of the IIB fields but
keeping the dependence on all ten coordinates.
4.2 Kaluza-Klein decomposition and field redefinitions

We now split the the coordinates according to a 5 45 Kaluza-Klein decomposition into
X = (xH ym) (4.12)

and similarly for the flat indices @ = (a, o). The u and g indices range from 0, ...,4 and respec-
tively represent the curved and flat indices of what we will refer to as the external space. Similarly,
the indices m and o range from 1,...,5 and are associated with the internal space. After partial
fixation of the Lorentz gauge symmetry, the vielbein may be brought into triangular form (3.1)

- ¢71/3 e“g Aumq)mg
Eyl— ( o). 4.13)

parametrized in terms of two 5 by 5 matrices ¢, and ¢,,* with ¢ = det(¢,,%), and the Kaluza-
Klein vectors A,™. We stress again that all fields depend on all ten coordinates, such that we are
still describing the full IIB theory. The result of the ten-dimensional Einstein-Hilbert term in the
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parametrization (4.13) has been given in [13] and in particular features the non-abelian Kaluza-
Klein field strength

Fiy™ = 294" — Ap"9,A,™ +A," 9, A" . (4.14)

In order to describe the Kaluza-Klein decomposition of the p-forms, we introduce in standard
Kaluza-Klein manner the projector P#V =E M”EH‘A’. It converts 10-dimensional curved indices into
5-dimensional ones such that the resulting fields transform covariantly (i.e. according to the struc-
ture of their internal indices) under internal diffeomorphisms. We denote its action by a bar on the
corresponding p-form components,

Cu=P'Cy,  etc., (4.15)

such that the IIB two- and four-form give rise to the components

A

o o
mn :Cmn ’
o A A Ao
um’ = Cum"” —ApPCpm”
a_ A o A o Ao

A

al ol a

mnkl = Cinnki »

Cunkt = Cuntt — Ap”Cpnia (4.16)
Cuvir = Cuvit — 241"yt +Au"AvICpqui |

Cuvpt = Cuvp1 = 31 Clpjvp)1 +3A1PAVIC g o)1 — AuPAVIAL C g |

Cuvpo = Cuvpo —4A1u"Clpjvpo] + 641" AVIC g 0] — 441 AVIAY gl
+AuPAVIAY A* Cpgrs -

Al

The same redefinition applies to field strengths and gauge parameters. The redefined fields now
transform covariantly under internal diffeomorphisms. Indeed, separating ten-dimensional diffeo-
morphisms into E# = (E#, A™), we find together with (4.5)

aémna = 28[m)Ln]°‘ + D%Aémna 5

8Cum®™ = D An®™ — OuApy® + LnCun® 4.17)
56#\/‘1 — ZDF:IV](Z + Fuvkxka + f/\é#va 5

for the transformation behaviour of the redefined 2-forms under gauge transformations and internal
diffeomorphisms. As in the previous section, derivatives DﬁK are covariantized w.r.t. the action of
internal diffeomorphisms, i.e.

D An® = uAn® — A" 0ndn® — OAu"An*,  etc.. (4.18)

In contrast to D = 11 supergravity for which these redefinitions and covariant gauge transforma-
tions have been explicitly worked out in [13], the presence of Chern-Simons terms in the IIB field
strengths (4.3) requires a further redefinition for the components of the 4-form in order to establish
the dictionary to the fields of EFT. This is related to the fact that tensor gauge transformations for
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the EFT p-forms that we have discussed in the previous section do not mix these forms with the
scalar fields of the theory. This motivates the following and final field redefinition’

Cklmn = 6klmn ’
_ G 3. F o ag P
Cukmn = C,ukmn 3 eaﬁcy [k Cmn] )
_ 1 _ _
Cu\/mn = C#an_ggaﬁcﬂvacmnﬁ7 (419)

_ B

_ 3 _ _
C/.vam = Cuvpmfgeaﬁc[uvacp]m >

Cuvpc = Cuvpc~

For the components of the two-form C,,%, etc., there is no further redefinition, so for simplicity of
the notation, we will simply drop their bars in the following

Con® =Cpip®* , Cum® = Cun®, Cuv* =Cuw”. (4.20)

Although we have not seen the 3-form and the 4-form in the tensor hierarchy of the E¢ ) EFT,
we will show later that is possible to test their expressions by comparing the reduced D = 10 self
duality equations (4.7) to the first order duality equations (2.26) from EFT. The redefined 4-forms
(4.19) continue to transform covariantly under internal diffeomorphisms with their total gauge
transformations given by

_ 3 _
8Cnkt = 40\ A + 5 €ap I AnCia)P + LrConia ,
6C,u kmn — DEKIkmn - 3a[kx|u|mn] + g/\cu kmn
3 _ _
+ 5 €ap (Ak“OnClun = I A ) (“21)

5Cuvmn = ZDFJIV] mn Za[mzn]pv + vakkan + gACuvmn

1 _ _ _
+ g Cap (-28[mCW]"‘/lv’3 + Fuvin“ A — ;L[maan]cuvﬁ) :

We see that after the redefinitions (4.19), the variation of §C; gy, and 8Cyymn no longer carry any

scalar fields C,,,* and are thus of the form to be matched with the fields and transformations of

EFT. The field strengths appearing on the r.h.s. of (4.21) are the Kaluza-Klein field strength (4.14)
and the modified three-form field strength

Fu\/na = fu\/na - Fuvkckna )
= 2D[“Cv]ma + amcuva ) (422)

again redefined such that the scalar contribution is split off. For completeness we also give the
remaining components of the three-form field strength

kana = kana = 3a[kan]a )

Fumn® = Fum® = Dy Cun® = 20,Clun® (4.23)
— KK k
Fuyp® = Fuvp® = 3D[“ Cvp]a_3F[uv Cp]ka’

7Similar redefinitions have been discussed in [62] in order to recover part of the Eﬁ(ﬁ) tensor hierarchy structure
from the IIB supersymmetry variations.
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as well as the properly redefined components of the five-form field strength, expressed in terms of
the components (4.19) according to

— 5 —
Fmpqrs = Fmpqrs =5 a[mcpqrs] - Z Eap C[mpanrs}ﬁ )
Fupars = Fupars

KK 3 3
= DL Cpars =49, Clulars ~ 3 €apClog“Fluirs” + 5 €apCipg“OrCluis”
— 3 — 3
F[.kamil = F‘uvkmn - Z gaBFuv[kaCmn]ﬁ - Fuvp(cpkmn - g 8aﬁc[kmac\p|n]ﬁ)

3
KK
= 2D[/.L Cv]kmn +38[kc\pv\mn] ) glxﬁc,u[kaamqv‘”]ﬁ ’

_ 1 _
F[vamn = F,I.vamn - ZgaﬁFuvp(menﬁ

. KK f
= 3D[li Cvp]mn — 2a[mc|/.tvp|n] - 3F[/4v Cp]kmn

3
— 5 €ap (OnCiuv “Cop” + Cupy “DvCppa”)

Fuvpcm = F;vacm

KK
- 4D[ﬂ Cvpc]m + amCIJVPC’ + 6F[.UVPCPG}P’”

3 3
3 €ap Fluv" Colm “Coli” — 1 €apCluv“NniCpo)” + €ap Cuun™ Fupa® .
_ , 15
Fuvpor = Fuvpor = 5D} Cuvpo] = 10F " Cpelm — " €apCluv Dy Coa . (4.24)

4.3 External diffeomorphisms

In the previous subsection we have decomposed the IIB fields according to a 5+5 Kaluza-
Klein split (without giving up the dependence on the 5 internal coordinates) and spelled out their
transformations under internal diffeomorphisms and tensor gauge transformations after suitable
redefinitions of the various components. Before fully establish the dictionary to the fields in the
EFT basis, we will in this section compute the behaviour of the redefined IIB fields under external
diffeomorphisms #, whose parameter may in general also depend on all 10 coordinates.

Above, we have already discussed the transformation of the KK vector fields under external
diffeomorphisms

VA" = EVFy" 973G g uEY (4.25)

c.f. (3.9), which is in agreement with the EFT gauge vector transformations reduced to this com-
ponent. Let us now test the remaining vector components from the IIB p-forms. For Cy,,,%, as
redefined in (4.16), a straightforward calculation gives

6§C[J,ma = g& Cﬂma - (Pi% GnkCnmaguvaké v
+ & AV Cun® — AL 0, EY Cyn® + &V Cuv® (4.26)
under external diffeomorphisms. The origin of the second term is the corresponding variation of

the Kaluza-Klein vector (4.25) which enters the redefined fields in (4.16). As for the Kaluza-
Klein vector field, it follows that the last three terms are eliminated by field dependent gauge
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transformations with parameters (parameter redefinition)
A" = —EVA" D An® = —EYCw”, A% = —EVCyY, 4.27)

which render the action of the diffeomorphism manifestly gauge covariant. Together, the variation
takes the form
5 Cun® = EVFyun® — 971G Crn gy HEY . (4.28)

Note in particular that the field strength entering this formula is the one defined in (4.22) which
does not carry any scalar contributions. This is the form of variation that we will be able to match
with the corresponding variation for the fields in the EFT basis.

Next let us consider the variation of the 4-form component Cy,. After standard Kaluza-Klein
redefinition (4.16), some straightforward calculation yields

Sgéumnk = fv (ZDKKEp]mnk + 3a[m6|vu|nk]) +$§‘/Avéumnk

v
+DZK (gvé\/mnk) -3 a[m(évéwmnk]) + (P_%Glp Connki g,uvapév ) (4.29)

for the variation under external diffeomorphisms in terms of the redefined fields. In the first term
we recognize the covariant field strength Fy . from (4.24) up to its bilinear contributions. These
will be completed once we consider the variation of the redefined four form

= 3 3
O Cumnk = O Cpumnk — g £ap 8 Cm“Crp? — g €ap Cuim ™8 Coi? (4.30)
with the second term obtained via (4.28), and the third term carrying
5§Cmna = ngana + 28[,,1 (g VCM,,] oc) + ggvAVCmna . 4.31)

Combining all these contributions and supplementing the variation by the gauge transformations
with parameters (4.27), we arrive at the final form

_2 3
5govcumnk = gv Fvymnk + (P 3 Glp <Cmnkl + g SaﬁCl[maan]'B> g,uvapév : (4.32)

In the next section, we will provide the complete dictionary between the Kaluza-Klein re-
defined fields of type IIB supergravity and the fundamental fields in the E¢) EFT. In particular,
matching the EFT equations against the IIB self-duality equations (4.7), we will explicitly recon-
struct the remaining 4-form components Cyypm, Cuvpo -

5. Embedding of type IIB into E¢ ) Exceptional Field Theory

In this section, we provide an explicit dictionary between the Kaluza-Klein redefined fields of
type IIB supergravity and those of the Eg ) exceptional field theory after picking solution (3.29) of
the section constraint. We first show that the fundamental EFT fields can be identified among the
redefined IIB fields on a pure kinematical level by comparing the transformation behaviour under
diffeomorphisms and gauge transformations. We then show that the equivalence also holds on the
dynamical level by reproducing the IIB self-duality equations (4.7) from the EFT field equations.
In particular, this will allow us to obtain explicit expressions for the remaining 4-form components
Cuvpms Cuvps Which do not show up among the fundamental EFT fields, but whose existence
follows from the EFT dynamics.
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5.1 Kinematics

Before identifying the details of the IIB embedding, let us first revisit the resulting field content
of EFT after picking solution (3.29) of the section constraint. With the split (3.25), (3.26), the full
p-form field content of the E¢() Lagrangian in this basis is given by (3.30)

{ﬂumaﬂumaaﬂukmmdua} ) {%uvaw%,uv;nnw@uvma} ) (51)

where, more precisely, the Lagrangian depends on the 2-forms only under certain contractions with
internal derivatives, c.f. (3.31). The EFT scalar sector is described by the fields parametrizing the
Eg(6) generalized metric .y (3.44)

{q)ammmbmnaacklmn} . (5.2)

Comparing the index structure of these fields to the field content of the Kaluza-Klein decomposition
of IIB supergravity given in the previous section allows to give a first qualitative correspondence
between the two formulations. With the discussion of section 3.1 in mind, it appears natural to
relate the field <7, to the IIB Kaluza-Klein vector field A,™, and the scalars ®, m,,,, to the
remaining components of the internal IIB metric (4.13).

According to their index structure, the fields {0y, %, ymeo, Buv®} from (5.1), (5.2) will relate
to the different components of the SL(2) doublet of ten-dimensional two-forms. Similarly the
fields ciimn, i kmn s PBuvmn Will translate into the components of the (self-dual) IIB four-form. The
remaining fields %7, o, %y descend from components of the doublet of dual six-forms. The
two-form tensors %,y , that complete the two-forms in (5.1) into the full 27 %,y of Eg(6) do not
figure in the Eq () covariant Lagrangian. They represent the degrees of freedom on-shell dual to the
Kaluza-Klein vector fields, i.e. descending from the ten-dimensional dual graviton.

Recall that in the EFT formulation, all vector fields in (5.1) appear with a Yang-Mills kinetic
term whereas the two-forms couple via a topological term and are on-shell dual to the vector fields.
In order to match the structure of IIB supergravity, we will thus have to trade the Yang-Mills vector
fields .7, o for a propagating two-form %,,,*. Let us make this more explicit. The a-component
of the EFT duality equations (2.26) yields

1 ~
el Ty = — €T Aol — ey T (5.3)
where we have introduced the index split
{x"} — {x*.Xa} . (5.4)

With the two-form fields @”vkﬁ entering %, g on the Lh.s. of (5.3), this duality equation then
allows to eliminate all @kaﬁ from the Lagrangian. The gauge symmetry (3.36) shows that in the
process, the vector fields 7, o also disappear from the Lagrangian.® We infer from (5.3) that the

8Strictly speaking, equation (5.3) only holds up to an x-dependent ‘integration constant’ EHV*(x), since it enters
under y-derivative. To fix this freedom, we have to combine the equation with the vector field equations,

1
Dy (w//aMngﬂM) = 1P P T g (5.5)

and the Bianchi identity (3.40), leaving us with D, %*Y* = 0. In the following we will directly set "% = 0.
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kinetic term for the remaining vector fields changes into the form
1 ~
e L1 = ~1 FuM TN (5.6)

with .Z)y from (3.47). At the same time, the two-forms E#v“ are promoted into propagating fields
with kinetic term

_ 1 i i
e Linn = —3¢ B g A VPP (5.7)

After this dualization, the remaining field content thus is given by
{cbammnabmnaaCklmmdlimvdﬂmavdukmnw@uvaw%ﬂvmn} ) (58)

with all except for the last field representing propagating degrees of freedom. In contrast, the
two-form v, is related by a first order duality equation (2.26) to .%7; ks, remnant of the IIB
self-duality equations (4.7). In the following, we will make the dictionary fully explicit.

5.2 Dictionary and match of gauge symmetries

Having established the match of degrees of freedom between IIB supergravity and EFT upon
choosing the IIB solution of the section condition, we can now make the map more precise by
inspecting the gauge and diffeomorphism transformations on both sides. After Kaluza-Klein de-
composition and redefinition of the IIB fields, as described in section 4.2, the resulting components
turn out to be proportional to the EFT fields in their decomposition given in section 3.3 above.
Specifically, comparing the variation of the EFT vector and two-form fields (3.34), (3.37), to the
corresponding transformations in (4.17), (4.21), allows to establish the dictionary

A/Jm = *Qfl.Lm ) C/Jma = _eaﬁdpmﬁ ) C/.lva = @,uva )
Vi V2 V2
C,uvmn = T uvmn s Cykmn = Tdukmn = ?gmnkpq %upq s (59)

respectively. The corresponding gauge parameters translate with the same proportionality factors,
and also the redefined IIB field strengths (4.22), (4.24) precisely translate into the EFT analogues

V2
Fuvm = 9“\/’” y F“Vma = —Saﬁg\uvmﬁ s Fuvkmn = TLO}\,uvkmn : (5.10)
This dictionary may be further confirmed upon comparing the action of external diffeomor-
phisms on both sides. Indeed, the variations calculated in (4.25), (4.28), (4.32) above, precisely
reproduce the EFT transformation law (2.18) for the vectors JZ{HM , provided we identify the com-

ponents of the scalar matrix .#Z™" (3.56) with the IIB fields according to
(P_%Gmn = "B ) Con® = —2bgn” Conkl = —4 Cmnki - (5.11)

This last identification is precisely compatible with the gauge transformation behaviour (3.50) as
compared to the scalar components of (4.17), (4.21). Let us also note, that with this dictionary the
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EFT covariant derivatives (3.49) for the scalar fields precisely translate into the components of the
IIB field strengths

1
g,ubmna = _EF,umnaa

-@ucklmn = —4F,uklmna (5.12)

with @“cklmn from (3.52). Similarly, we have the identification

4__
a[kclmnp] + 1280([3 b[klagmbnp]ﬁxklmnp = _g Fklmnp ) (5.13)

with X/, from (3.54).

We have thus identified the elementary EFT fields among the Kaluza-Klein components of the
IIB fields. So far, the identification has been solely based on the matching of gauge symmetries
on both sides. We will in the following show that the embedding of IIB into EFT also holds
dynamically on the level of the equations of motion.

5.3 Dynamics and reconstruction of 3- and 4-forms

In this section, we will show how the full IIB self-duality equations (4.7) follow from the EFT
dynamics. Along the way, we will establish explicit expressions for the remaining components of
the ten-dimensional 4-form, thereby completing the explicit embedding of the IIB theory. To begin
with, it is useful to first rewrite the various components of the IIB self-duality equations in terms
of the Kaluza-Klein decomposed fields introduced in section 4.2 above. With the IIB metric (4.13)
given in term of the EFT fields as

Gro — /6 guv+ M#md‘/n Oun e P2 Micn M,uk (5.14)
av = e ®2m . o,k e®2m, J :
the IIB self-duality equations (4.7) split into the following three components

— 1 —
Fuvp mn — ﬁ 62(13/3 vV —8 guvporgmnklp FGTqrs mkqmlrmpq ’ (515)
— 1 —
F[.vacfm = _ﬂeZCD V _gguvpormmngnklquTklpq ) (516)
— 1 —
Fuvper = @31043/3 V _gguvpargmnklp Fonkip - (5.17)

On the r.h.s. all external indices are raised and lowered with the metric gy, and both &-symbols
denote the numerical tensor densities. All explicit appearance of Kaluza-Klein vectors .27, from
(5.14) is absorbed in the redefined F’s. We will now reproduce these equations one by one from
the EFT dynamics.

Let us start from the [mn] component of the EFT duality equations (2.26) which can be inte-
grated to

- 1
Fvpmn + Omnpvp = Eeg,uvpcr///mn,MyorM ) (5.18)
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where the 0, uvp keeps track of the integration ambiguity and satisfies
a[kﬁmn}u\,p =0 - ﬁmnuvp = 8[m§nva (locally) . (5.19)

Eliminating .%,y o on the r.h.s. of (5.18) by means of (5.3), turns .#jy into My, such that upon
using the explicit expressions (3.48), we obtain

—

Ir ycr

2P /3 ki
a[mgn]uvp = / €Euvpot€mnkipm Im" " mP’ grs

E e
- <%’iivpmn - \fzgaﬁ bmna%vpﬁ ) (520)
with
— 1
g,uvklm = g,uvklm + 3\/§b[kla<%uv\m]a + 3\/5806[3 bn[kablm]ﬁyuvn + B \fzcklmn <g./.tvn .
= 2V2F yviim » (5.21)

where the last identity is easily confirmed upon using the dictionary of field strengths (4.24), (5.10)
and scalars (5.11). Together, the relation (5.20) then gives rise to

1 _
20/3 kg, 1 ot
B — 2%/ e EuvporEmnkipm” Im m F (5.22)

1 —
Fyvpmn - Z gaﬁ CmnaF/va 12

and thus precisely reproduces (5.15) if we identify the 3-form component Cy;yp ,, from (4.19) as

1
Cuvom = —g V2Euvpm - (5.23)

We have thus reproduced the first of the components of the IIB self-duality equations and along the
way identified one of the missing components (5.23) of the IIB four-form, that is not among the
fundamental EFT fields. It is defined by the first order differential equations (5.22) in terms of the
EFT fields up to a gradient

corresponding to a gauge transformation in the IIB theory.
Let us continue towards the other components (5.16), (5.17), of the self-duality relations. Con-
sider the external curl of (5.18), which reads

4Dy A spotm + 4Dl Oupoimn = 2€€arjupo Dy (M FH) (5.25)

K
u]
and use the Bianchi identity (3.41) to find
40 (Dﬁf 5vpc]n) = 6 1" Fpotiomn +3V2™ Fiuy ina) Fpoinp
V200 A vy Fojna — e€uvpor DI (M FV)
~3V200 (€ap Puv O Bper” ) +120m (F* Bpojia)

+6V20h (6% A ot Fup Tajip) (5.26)
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where both, left and right hand side are supposed to be explicitly projected onto their part antisym-
metric in [mn] .

In order to simplify the second line, we make use of the equations of motion obtained by
varying the Lagrangian (2.19) w.r.t. the vector fields «7,”" and using the duality equation (5.3) in
order to eliminate .7,y

= _7\[3 (e my) ‘@HCqugkpqm) +DKK (///mn,Myv'UM)

+ 8 \fzg,uvpo'r a[me%Mn]w%Gra - E \fzg,uvpar oy [m\oc\an]%%mra

V2

3 V2 Z
3 euvpor (V2 5 oinlal O s ) (5:27)

1
4 Saﬁ ﬁ\/pmaﬁcf”ﬁ + gﬁvpmnpgﬁfp —'—

_l_

Together we find for (5.26)

40, (D/.KLK van) = _2174 ﬁeepvpo'/l Om (62c1>mnk A@lcpqrsskpqm>
— 3\68,,, <€aﬁ @uvaan@poﬁ> + 128m (yuvk@pokr1>
£ 6V20 ( (ina€%B ok Gkﬁ) 20 (ynaHups®) , (5.28)

again, projected onto the antisymmetric part [mn]|. The entire equation thus takes the form of an
internal curl and can be integrated to

1 ~
_ﬁ \fzeguvpc/l 62<I>mnk .@)chqrsé‘kpqm 4DKK évpc + 3\[805[3 '@uv 8|,,‘%pc]

— 12Fu* Bpoiin — 6726 T ) jna Foip
+ V2 Ay naHlops® + 0nuvpo (5.29)

up to an internal gradient d,&,vps. Applying the dictionary (5.9), (5.10) to translate all fields into
the IIB components, this equation becomes

1 —2 —_ 1
_ﬂ eeuvpc,,lé‘kpqm ez(bmnkF pgrs — Fuvpcm - an (Cuvpo + Sﬁéuvpo> ) (5.30)

i.e. reproduces equation (5.16), provided we identify the last missing component of the 4-form as
1

We have thus also reproduced the second component of the IIB self-duality equations and along

the way identified the last missing components (5.31) of the IIB four-form, that is not among the

fundamental EFT fields. It is defined by the first order differential equations (5.29) in terms of the

EFT fields up to an additive function

CIJ'VPG _> Cuvp(; "‘Au_vpg(.x) ) (532)
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which we will fix in the following. In order to find the last component (5.17) of the self-duality
equations, we take the external curl of (5.29)
1 ~ ~
—anD][(: gvpcm] = 120 zesuvpm'D;K (ezq)mnk -@lcpqrsgkpqrs) +2ﬁj[uv|na\f%?)or]a
+4 " (Hporgin+ uporin) +2V2€0p0n By’ Hpo®
—2V2€4p Ay * O Bov) —6 V26" TN ) 1oy Fouug

+6vV2e"P Ay 1y Fup* Foepp —3V20, (gaﬁ @[uvaDp@cf]ﬁ>

29, (ﬂ[uvkgpm]k) , (5.33)

which after using the equations of motion for ¢y, turns into a full internal gradient and can be
integrated to the equation

> ; V2
D[[(: évpor] + 3\@8055 @[vp aDw@or}ﬁ - zy[uvképor]k = m eeuvpargklmnp 610(1)/3 Xklmnp )
(5.34)

with X from (3.54), up to some y-independent function. The latter can be set to zero by properly
fixing the freedom (5.32). After translating (5.34) into the IIB fields, we thus find

15 - _ 1
5D} Cypor — - €ap Clup “Dy Coqf =107/ Cpoa = 0 e€uyporlMP ¢10%/3

m Fklmnp .

(5.35)

Thereby we find the last missing component (5.17) of the IIB self-duality equation. We have thus
shown that the full IIB self-duality equations (4.7) follow from the EFT dynamics, provided we
identify by (5.23), (5.31) the remaining components of the IIB 4-form. Together with the dictionary
established in section (5.2), this defines all the IIB fields in terms of the fundamental fields from
EFT.

5.4 Complementary checks

We have in the preceding sections established the full dictionary between the IIB theory and
the EFT fields upon choosing the explicit solution (3.29) of the section constraint. In particular,
we have defined all the components of the IIB fields (4.1) in terms of the fundamental EFT fields
and shown that the EFT dynamics implies the full IIB self-duality equations (4.7). Via integrability
this also implies the IIB second order field equations for the 4-form. The remaining equations of
motion of the IIB theory can be verified in a more straightforward manner, similar to the analogous
discussion for the embedding of D = 11 supergravity [13], by using the explicit dictionary.

As an example, let us collect the contributions to the kinetic terms for the IIB two-form doublet
¢ 29%. According to their Kaluza-Klein decomposition, these contributions descend from different
terms of the EFT Lagrangian: the kinetic terms (3.51), (5.6), (5.7), and the scalar potential (3.53),
giving rise to

e ' D jorm = —€® Qubmnag“bklﬂ m*"m" Mepg — % e~ 3 Mg ﬂ’”vmaﬂ’“vnﬁ
L e/ Map Aoy @ AHYPE 307013 8[kb,,1n}a81bpqﬁ Mep mF ™

12
(5.36)
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Upon translating these fields into the IIB components via (5.10)-(5.12), the Lagrangian takes the
form

1
L form = —E \/@(3Fumn(XF,umnB +3FuvmaF’uva
+FuvpaF#VP5 +kanakanﬁ)mal3 ’

where now all indices on the r.h.s. are raised and lowered with the full IIB metric (5.14). The
result thus precisely agrees with the corresponding kinetic term of the IIB (pseudo-)action (4.6).
Similarly, we find from collecting all the EFT contributions to the 5-form kinetic term

1
Zs-tom = 1 V1G] (FamnpF"™ +5 Futam """ 410 FuyianF*7) - (5.37)

which reproduces half of the components of the corresponding term in the pseudo-action (4.6),
with the other half doubling the contribution due to the self-duality equations (4.7).°

6. Generalized Scherk-Schwarz compactification

The manifestly covariant formulation of EFT described in the previous sections has proven a
rather powerful tool in order to describe consistent truncations by means of a generalization of the
Scherk-Schwarz ansatz [63] to the exceptional space-time [39]. This relates to gauged supergravity
theories in lower dimensions (in this case to D = 5 supergravities), formulated in the embedding
tensor formalism. Via the explicit dictionary of EFT to D = 11 and type IIB supergravity, this
ansatz then provides the full Kaluza-Klein embedding of various consistent truncations.

The generalized Scherk-Schwarz ansatz in EFT is governed by a group-valued twist matrix
U € Eg), depending on the internal coordinates, which rotates each fundamental group index. For
instance, for the generalized metric the ansatz reads

Mn(x,Y) = UpE (V) UNE(Y ) Mg (x) (6.1)

where My becomes the Eq)-valued scalar matrix of five-dimensional gauged supergravity. This
ansatz is invariant under a global E¢(g) symmetry acting on the underlined indices. Indeed, gauged
supergravity in the embedding tensor formalism is covariant w.r.t. a global duality group (Eg)
in the present case), although this is not a physical symmetry but rather relates different gauged
supergravities to each other. In addition to the group valued twist matrix, consistency requires that
we also introduce a scale factor p, depending only on the internal coordinates, for fields carrying a
non-zero density weight A, for which the ansatz contains p —>*. We thus write the general reduction
ansatz for all bosonic fields of the E¢g) EFT (1.2) as [39]

Myun(x,Y) = U™ (Y)UNH(Y ) Mg (x)
guv(xY) = p2(Y) guv(x)
dMxY) = p (AL ) (UMY,
%)uvM(xvY) =p ( VUnr (Y)B#vﬂ(x)- (6.2)

9 Again, it is important that the self-duality equation (4.7) is to be used in the pseudo-action (4.6) only after deriving
the field equations by variation. Strictly speaking, our proof of equivalence holds on the level of the field equations.
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We will call the above ansatz consistent if the twist matrix U and the function p factor out
of all covariant expressions in the action, the gauge transformations or the equations of motion.
If this is established, it follows that the reduction is consistent in the strong Kaluza-Klein sense
that any solution of the lower-dimensional theory can be uplifted to a solution of the full theory,
with the uplift formulas being (6.2). Let us explain the required consistency conditions for the
gauge transformations under internal generalized diffeomorphisms, for which the gauge parameter
is subject to the same ansatz as the one-form gauge field,

A(xY) = p () UM (Y) () . (6.3)

We start with the field g, that transforms as a scalar density of weight A = % Consistency of the
ansatz (6.2) requires that under gauge transformations we have

Saguv(x.Y) = p 2 (Y)Saguv(x) , (6.4)

where the expression for g,y is Y-independent and can hence consistently be interpreted as the
gauge transformation for the lower-dimensional metric. The variation on the left-hand side yields,
upon insertion of (6.3),

Saguv = ANvguv + 2 vAYguy
= p (U)K W I (pPguv) + 3 (P (U )K" )W p gy 6.5)
=3p7° [aN(U_l)KN —4WU K" p onp (W gy .
If we now demand that
WU K" =4U K" povp = 3p Bk, (6.6)
where ¥k is constant, then the ansatz (6.4) is established with
Saguyv = 210y g,, . (6.7)

This corresponds to a gauging of the so-called trombone symmetry that rescales the metric and the
other tensor fields of the theory with specific weights. Here, U is the embedding tensor component
for the trombone gauging, as introduced in [64]. An important consistency condition is that (6.6)
is a covariant equation under internal generalized diffeomorphisms. Treating the (inverse) twist
matrix as a vector of weight zero, its divergence dy (U ~!)y/" (recalling that the underlined index is
inert) is not a scalar. Indeed, a quick computation with (2.6) using the section constraint shows that
it transforms as a scalar density of weight A = — % except for the following anomalous term in the
transformation

AX (DU yY) = =Fan(2-A)(U Y. (6.8)

This contribution is precisely cancelled by the anomalous variation of the second term in (6.6),
provided p is a scalar density of weight A(p) = —%. Then both sides of (6.6) are scalar densities
of weight A = —% and the equation is gauge covariant.

Let us now turn to the consistency conditions required for fields with a non-trivial tensor
structure under internal generalized diffeomorphisms, as the generalized metric. In parallel to the
above discussion we require that the twist matrices consistently factor out, i.e.

BA.//MN(X,Y) = UMK(Y)UNL(Y)(SAM@(X) . (69)
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Using the explicit form of the gauge transformations given by generalized Lie derivatives (2.6) one
may verify by direct computation that this leads to consistent gauge transformations

SAMyy (x) = 25(x) (OL% + 3 O (1%)L%) (to) " My)p(x) , (6.10)

provided we assume the consistency conditions
(U™ (U kUL 35y = 4P Ou ()", ©.11)

where the constant ®y,* is the embedding tensor encoding conventional (i.e. non-trombone) gaug-
ings, and the left-hand side is projected onto the 351 sub-representation. Specifically, writing the
derivatives of U in terms of

2uv® = (U " U N kUK = 2u* (ta)n™ (6.12)

where we used that since U is group valued, U~'9U is Lie algebra valued (in the indices N, K),
so that we can expand it in terms of generators as done in the second equality, the projector acts as

(c.f. eq. (4.13) in [65]),
[ 2u®] (Past)u*Yp 21"

= L 2w =6 (") 1p)u” 23" + 3 (1) (19)e" 2P )

- (6.13)

Also the condition (6.11) is covariant under internal diffeomorphisms. This can be explicitly veri-
fied in the same way as the covariance of the torsion tensor (2.36), which lives in the same repre-
sentation. Let us emphasize that solving the consistency equations (6.6) and (6.11) for U and p in
general is a rather non-trivial problem. It would be important to develop a general theory for doing
this, which plausibly may require a better understanding of large generalized diffeomorphisms, as
in [66—69].

The consistency conditions (6.6) and (6.11) can equivalently be encoded in the structure of a
‘generalized parallelization’, see [70]. To this end, the twist matrix U and the scale factor p are
combined into a vector of non-zero weight,

O " =p U (6.14)

Since p carries weight —% this is a generalized vector of weight %, the same as for the gauge param-
eter, so that the generalized Lie derivative w.r.t. U~! is well-defined. Both consistency conditions
(6.6) and (6.11) can then be encoded in the single manifestly covariant equation

Lo Oy' = ~Xun Ug" (6.15)
with Xyv& constant and related to the D = 5 embedding tensor as
Xun® = (On® + 3 OL(t*)n") (ta)w™ — " O . (6.16)
as we briefly verify in the following. In particular, equation (6.15) implies that

Lgip = —up. (6.17)
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The left-hand side of (6.15) reads
(Lot Ox ) = (07w o (0" = 6 (1)1 5 (ta)o” ap(T ) (T )"
+30p(U " (U5

Expressing this in terms of U and p, writing the derivatives of U in terms of (6.12), and multiplying

(6.18)

both sides by UxK, a quick computation yields
U™ (L. O = —p(ta)n® (3@“ —6 (ta)ﬂg(tﬁ)ﬂgf%gﬁ) — 30" 2o "
+ (6 (W ()2 (U )" =5 U " 5MK>P_29PP :

Next, the form of the projector (6.13) onto the 351 allows to rewrite the terms in parenthesis in the
first line of (6.19). One finds

Ok (L Oy")" = =507 [ 2 sy + 507" Sx" (9 (U )" —4(U )" ")
- %Pfl(ta)MK(ta)MQ(ap(Ufl)QP—4(U71)2Pp719PP) )

(6.19)

(6.20)
Finally inserting (6.6) and (6.11), we obtain

(/J\KK (Lﬁﬂ;l ﬁ&l)K = —@Ma(l‘a)ﬂ&—‘r 5MKl9M— % (Za)MK(Ia)MQ‘&Q, (6.21)

which implies (6.16) for the structure constants defined in (6.15), thereby verifying the equivalence
with (6.6), (6.11).

It is straightforward to verify that subject to (6.15), the gauge transformations of all bosonic
fields in (6.2) reduce to the correct gauge transformations in gauged supergravity. Let us illustrate
this for a vector of generic weight A, for which the Scherk-Schwarz ansatz reads

VM Y) = p UM () V) = p IO M () V) (6.22)
Using (6.15) and (6.17), its gauge transformation then takes the form

SAVM = L.KL’/\EI (p73’1+1(l771)ﬁM) VN

= W (304 1) (L p)p (O WM 4™ g (D7) VY (6.23)
= p (G M ((3/1 _ 1)-5195\&—-5)(@%4) ,
from which we read off, inserting (6.16),
SV = —wE (Ok” + 3 0p(t*)kE) (te) LY VE+3AWE O VI (6.24)

This is the expected transformation in gauged supergravity with general trombone gauging and in
particular is compatible with (6.10) and (6.7) for A = 0 and A = % respectively. As the covari-
ant derivatives and field strengths are defined in terms of generalized Lie derivatives (or its anti-
symmetrization, the E-bracket), it follows immediately that also these objects reduce ‘covariantly’
under Scherk-Schwarz, e.g.,

Dugvp(x.Y) = p 2 (du— AN On) gup (6.25)
DMy (x,Y) = Up"Uy2 (‘%MQ — 24, (OL% + 5 0 (1%).%) (ta)(MBMM)B) :
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In addition, the covariant two-form field strength reduces consistently,
Fu"(x,Y) = p7 (U)W M (x) (6.26)
with the D = 5 covariant field strength FMVN given by
Fuy™ = 20, Ay M + X M A KA+ d X VB (6.27)

and similarly for the three-form curvature. Finally, one can verify that internal covariant derivatives
Vu, whose connection components are only partially determined in terms of the physical fields,
reduce covariantly under Scherk-Schwarz reduction for those contractions/projections that are fully
determined. To this end one may start from the vielbein postulate that relates the Christoffel-
type connections to the USp(8) valued ‘spin-connections’ and use the covariant constraints that
determine projections of the Christoffel connection, e.g., the generalized torsion constraint (2.36).
The latter then determines, via (6.11), the corresponding projections of the spin connection in terms
of the embedding tensor. The general analysis proceedes in complete parallel to the discussion in
[39]. In particular, with the geometric definition (2.49) of the curvature scalar, which is independent
of undetermined connections, it follows that the potential reduces consistently and thus yields the
scalar potential of five-dimensional gauged supergravity, whose form is uniquely determined by
supersymmetry.

Let us finally discuss the fermions 1//,} and x“*, which transform under the local Lorentz
group USp(8) and are scalar densities of weight é and —é, respectively. Accordingly, the Scherk-
Schwarz ansatz simply reads

Wy, 2 xy) = p2 (1) 27 (). (6.28)

=

W' (x,Y) = p-

Note in particular that the ansatz does not involve a ‘rotation” of the USp(8) indices by Killing
spinors, in contrast to conventional Kaluza-Klein compactifications. This is in accord with the fact
that such a rotation is a USp(8) transformation, which in the context of EFT is a gauge symmetry,
and so would correspond to a deformation that is pure gauge and hence irrelevant. By the above
discussion, the supersymmetry variations (2.53), (2.54) reduce consistently under Scherk-Schwarz.
In particular, the terms in the fermion variations of (2.53) depending on the internal covariant
derivatives V,;, whose connection components are fully determined, reduce to the projections of
the embedding tensor (more precisely, the ‘flattened” embedding tensor often referred to as the
“T-tensor’) that determine the tensors A; and A, defining the fermion shifts in gauged supergravity.

To summarize, the reduction ansatz (6.2), (6.28) describes a consistent truncation of E¢) EFT
to a D =5 maximal gauged supergravity, provided the twist matrices satisfy the consistency condi-
tions (6.6) and (6.11). It is intriguing, that the match with lower-dimensional gauged supergravity,
does in fact not explicitly use the section constraint (provided the initial scalar potential is written
in an appropriate form) [25, 39, 45]. Formally this allows to reproduce all D = 5 maximal gauged
supergravities, and it is intriguing to speculate about their possible higher-dimensional embedding
upon a possible relaxation of the section constraints that would define a genuine extension of the
original supergravity theories. For the moment it is probably fair to say that our understanding of
a consistent extension of the framework is still limited. If on the other hand the twist matrices U
do obey the section constraint (2.1), the reduction ansatz (6.2), (6.28) translates into a consistent

43



Exceptional Field Theory

truncation of the original D = 11 or type IIB supergravity, respectively, depending on to which
solution of the section constraint the twist matrices U belong. With the explicit dictionary between
EFT and the original supergravities, given above for type IIB and in [13] for D = 11, the simple
factorization ansatz (6.2), (6.28) then translates into a highly non-linear ansatz for the consistent
embedding of the lower-dimensional theory.

7. Summary and Outlook

We have reviewed the Egg) exceptional field theory and established the precise embedding
of ten-dimensional type IIB supergravity upon picking the corresponding solution of the section
constraint. Given that as shown here, the resulting theory admits the full ten-dimensional diffeo-
morphism invariance, maximal supersymmetry and the global SL(2,R) S-duality invariance, its
equivalence to type IIB supergravity is guaranteed on general grounds. It is nevertheless useful
to work out the explicit embedding. We have done so in this review by first matching the gauge
symmetries on both sides. On the type IIB supergravity side, this requires a number of field re-
definitions, which are largely analogous to those needed in conventional Kaluza-Klein compacti-
fications. On the exceptional field theory side, this requires a suitable parametrization of the Egg)
valued ‘27-bein’. We have then given the explicit dictionary from the various components of the
IIB fields to the EFT fields after solution of the section constraint. We also established the on-
shell equivalence of both theories and in particular showed how the three- and four-forms of type
IIB, originating from components of the self-dual four-form in ten dimensions, are reconstructed
on-shell in exceptional field theory in which these fields are not present from the start.

Having determined the precise embedding of type IIB into Eq ) exceptional field theory, we
can use the results of [39] on generalized Scherk-Schwarz compactifications in exceptional field
theory to give the explicit embedding of various consistent Kaluza-Klein truncations of type IIB.
The details will appear in [52]. In particular, this establishes the Kaluza-Klein consistency of
AdSs x S in type IIB and, more importantly, gives the precise embedding formulas. This requires
the precise interplay between various identities whose validity appears somewhat miraculous from
the point of view of conventional geometry but which find a natural interpretation within the ex-
tended geometry of exceptional field theory.
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