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We analyse a flavour model for a lepton sector which is based on type I seesaw mechanism, a
Z2 symmetry for lepton flavours, a µ–τ interchange symmetry and a CP symmetry. This model
fits well the data of neutrino mass squared differences and oscillation angles. The model predicts
an overall neutrino mass scale for normal and inverted neutrino mass hierarchy and the effective
mass mββ , which is used in the neutrinoless double beta decay.
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1. The model

In addition to the family-lepton-number symmetries we have three symmetries in the model. The
first one ensures that only φ3 has Yukawa couplings to the electron family:

Z(e)
2 :

DeL → −DeL , φ3 → −φ3 .

(1.2)

The second symmetry is the µ–τ interchange symmetry

Z(int)
:
2

DµL ↔ DτL , µR ↔ τR , νµR ↔ ντR , φ2 → −φ2 .

(1.3)

Notice that φ2 changes sign under Z2 . If ϕ20 acquires a vacuum expectation value (vev) v2 , the
µ–τ interchange symmetry gets broken. The third symmetry is the CP symmetry
(int)


T

 DeL (x) → γ0CD̄eL (x̄)
DµL (x) → γ0CD̄TτL (x̄) ,


DτL (x) → γ0CD̄TµL (x̄)
CP : 
T

 νeR (x) → γ0Cν̄eR (x̄)
T (x̄) ,
νµR (x) → γ0Cν̄τR


T (x̄)
ντR (x) → γ0Cν̄µR


T

 eR (x) → γ0CēR (x̄)
µR (x) → γ0Cτ̄RT (x̄) ,


τR (x) → γ0C µ̄RT (x̄)

∗

 φ1 (x) → φ1 (x̄)
φ2 (x) → −φ2∗ (x̄) ,

 φ (x) → φ ∗ (x̄)
3
3

(1.4)

where x = (t,~r) and x̄ = (t, −~r). Notice that CP interchanges the µ and τ lepton flavours and that
φ2 changes sign under CP.
Majorana masses of the right-handed neutrinos are generated at the (very high) seesaw scale
and are given by


T
ν̄eR


1
 T 
LMajorana = −
(1.5)
ν̄eR , ν̄µR , ν̄τR MR C  ν̄µR
 + H.c.
2
T
ν̄τR
where MR is a 3 × 3 symmetric matrix. These mass terms violate the family lepton numbers softly,
(int)
but they are not allowed to violate neither Z2 nor CP. MR has a typical µ–τ symmetric form with
real numbers.
The Yukawa couplings have the dimension four and must conserve the family lepton numbers.
They are real because of the CP symmetry and together with the vevs produce the Dirac mass terms
2
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Using the ideas of ref. [1] we modify the model of ref. [2]: we get neutrino masses by the
type I seesaw mechanism and restrict the Lagrangian with a Z2 symmetry for each lepton flavour
and a CP symmetry incorporating the interchange of two lepton flavours.
We take the lepton sector with three right-handed neutrinos and impose the three family lepton
numbers Le , Lµ , and Lτ . Therefore, the lepton sector comprises the multiplets DeL , DµL , DτL , eR ,
µR , τR , νeR , νµR , and ντR . The scalar sector of the model includes three doublets:
!
!
∗
ϕk0
ϕk+
, φ̃k =
, k = 1, 2, 3.
(1.1)
φk =
ϕk0
−ϕk−
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of the leptons



νeL
eR




 
M`  µR  − ν̄eR , ν̄µR , ν̄τR MD  νµL  + H.c.
ντL
τR




LDirac = − ēL , µ̄L , τ̄L



(1.6)

Llight ν mass =

1
T
ναL
(Mν )αβ νβ L + H.c.,
2 α,β ∑
=e,µ,τ

(1.7)

Mν ≈ −MDT MR−1 MD .

(1.8)

where
The symmetries of the model,
ments of Mν :

Z(int)
and CP, lead to the following constraints on the matrix ele2

2
2
,
= Mν,33 Mν,12
Mν,22 Mν,13


∗
∗
2
∗
∗
2
arg Mν,11
Mν,22
Mν,12
= arg Mν,11
Mν,33
Mν,13
= 0 or π,

(1.9a)
∗
∗
2
arg Mν,22
Mν,33
Mν,23
= 0. (1.9b)



This corresponds to one condition on the moduli and three conditions on the phases of the neutrino
masses and mixings. The conditions (1.9b) mean that Mν is real.

2. Numerical analysis
We write the neutrino mass matrix as

Mν = U ∗ diag m1 , m2 e−iα21 , m3 e−iα31 U † ,

(2.1)

where the mk (k = 1, 2, 3) are the neutrino masses, which are real, and α21 and α31 are the Majorana
phases. The unitary matrix U is parameterized like the PMNS mixing matrix [3] which contains
three oscillation angles θ12 , θ13 , θ23 and one CP violating Dirac phase δ .
Since the neutrino mass matrix Mν is real, the phases α21 , α31 , and δ may be either 0 or
π. We make eight separate numerical fits to the experimental data [4], according to the distinct
values of the phases, listed in table 1. Both normal and inverted hierarchies of the light neutrino
masses are considered. If the Majorana phases fulfil the condition eiα23 = eiα31 = −1 (cases 4 and
8), acceptable fits cannot not be obtained, but other cases yield good results.
We use the 3σ intervals for the experimental values of θi j , for mass-squared difference ∆m221 =

m22 − m21 , and for ∆m2 = m23 − m22 + m21 2 as given in ref. [4]. We impose an upper limit on
the sum of the neutrino masses: m1 + m2 + m3 ≤ 1 eV.
The plots in figs. 1, 2 and 3 present the results of numerical scans. The distributions of the
neutrino masses for the cases 1, 2, and 3 look very similar to the distributions of the cases 5, 6,
and 7 (according to the pattern of the Majorana phases), for both normal and inverted hierarchies.
3
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In this model M` = diag xe , xµ , xτ , and MD = diag a∗e , a∗µ , a∗τ . The charged-lepton masses are
mα = |xα |, where α = e, µ, τ.
Using the fact that MR is at a much higher scale than MD , we may use the see-saw formula to
obtain the effective light-neutrino mass terms
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case

1

2

3

4

5

6

7

8

eiα21

+1
+1
+1

+1
−1
+1

−1
+1
+1

−1
−1
+1

+1
+1
−1

+1
−1
−1

−1
+1
−1

−1
−1
−1

eiα31
eiδ

Table 1: Values of eiα21 , eiα31 , and eiδ for different cases of fits.

Therefore in fig. 1 we present the probability distributions of the neutrino masses only for the first
three cases. Due to a small value of ∆m221 the distributions of the first and the second neutrino mass
overlap in most cases with an exception for the case 2 assuming normal hierarchy.
The oscillation angles sin2 θ12 and sin2 θ13 fill our scatter plots uniformly, however, the values
of sin2 θ23 have specific probability distributions in each case of table 1. They are presented in
fig. 2 for normal and inverted hierarchies.
Another quantity that we can predict is the effective mass mββ = |Mee |, which is related to
4
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Figure 1: Distributions of the neutrino masses for the cases 1, 2, and 3 of table 1. Normal and inverted
hierarchies of the neutrino masses (NH and IH) are analysed and shown on the left and right, respectively.
The curves of blue, purple, and yellow colors represent the masses of the light neutrinos, m1 , m2 , and m3 ,
respectively. The green color indicates the distribution of ∑ mi .
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the neutrinoless double beta decay. Figure 3 shows the relations between the sum of the neutrino
masses and |Mee |. The scatter plots for the cases 1, 2, and 3 look very similar to the plots of the
cases 5, 6, and 7, for both normal and inverted hierarchies. We present only the first three cases.

3. Summary
The model with the symmetries Z2 and CP fits well the phenomenological data for the
lepton mixing angles and for the neutrino mass-squared differences. The model predicts an overall
neutrino mass scale for normal and inverted neutrino mass hierarchies. When the Majorana phases
are eiα21 = +1 and eiα31 = −1 (the cases 2 and 6 of table 1), the neutrino mass scale is quite low
and fulfills the majority of the current cosmological bounds. The Majorana phases have a greater
influence to the studied distributions than the Dirac phase. The effective mass mβ β has its median
in the interval (0.01 − 0.33) eV, but the statistical majority of its values are distributed in the range
of 0.01 − 0.1 eV. The distribution of mββ is different in each analysed case.
(int)
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Figure 2: Distributions of the oscillation angle sin2 θ23 for different cases of table 1. The case is indicated
by a number in parantheses. Normal and inverted hierarchies of the neutrino masses (NH and IH) are shown
on the left and right, respectively. The blue, red, and green colors of the background represent the 3σ , 2σ ,
and 1σ intervals of the experimental data.
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Figure 3: Plots for the sum of the neutrino masses ∑ mi vs. mββ = |Mee | for the cases 1, 2, and 3 of table 1.
Normal and inverted hierarchies of the neutrino masses (NH and IH) are analysed. The blue, red, and green
colors of dots represent the 3σ , 2σ , and 1σ intervals of the experimental data. The yellow curve represents
the distribution of mββ . Detailed views of the densely distributed points are shown separately in the insets.

