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A short overview of the current status of describing spacetime evolution of the hot matter created
in relativistic nuclear collisions with fluid dynamics and of determining the transport coefficients
of strongly interacting matter is given. The comparisons with the experimental data and the
fluid dynamical models suggest that a small droplet of fluid with a very low viscosity is created
in these collisions. However, there are still challenges in describing these events, especially in
constraining the temperature dependence of the transport coefficients, and in understanding the
applicability limits of the fluid dynamical approaches.
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One of the fundamental questions in high-energy physics is what are the properties of strongly
interacting matter at high temperature and density. In sufficiently high temperature or density one
expects a transition from hadronic matter to a deconfined state, quark-gluon plasma (QGP), where
the degrees of freedom are quarks and gluons, instead of their bound states hadrons.

Experimentally the properties of such systems can be studied in relativistic heavy ion colli-
sions, where it is believed that small amount of nearly thermalized strongly interacting matter is
created. Currently, there are two major colliders: RHIC at BNL and the LHC at CERN that are
providing a wealth of experimental data, giving detailed constraints on the properties of QGP. In
the future, the FAIR experiment will give more information about the behavior of the matter at high
baryon density.

A natural theoretical framework to investigate the properties of nearly thermalized matter is
that of fluid dynamics, which is a limit, where the dynamics of the system is completely determined
by a few macroscopic properties like viscosity (transport coefficients), and equation of state. Fluid
dynamics is also a convenient framework to use in constraining the transport properties, as the
transport coefficients and equation of state are direct inputs to the models. However, applying fluid
dynamics also requires a separation between the microscopic and macroscopic time and space
scales, usually characterized by their ratio, the Knudsen number. For system as small as those
created in the heavy ion collisions it is not at all trivial that the Knudsen number is sufficiently
small. However, the system is also strongly interacting, and the predictions of fluid dynamical
models are in an extremely good agreement with the experimental data, suggesting that indeed a
small droplet of fluid is created in these collisions. For recent reviews, see Refs. [1]

1. Fluid dynamics

Basic equations governing the fluid dynamical evolution are the conservation laws ∂µT µν = 0
and ∂µNµ

i = 0, where T µν is the energy-momentum tensor and Nµ

i are the possible additional
conserved currents (charge, baryon number, etc.) In general T µν can be decomposed w.r.t. fluid
4-velocity uµ , defined for example in the Landau frame e0uµ = T µνuν , as T µν = e0uµuν−P∆µν +

πµν , where e0 is the local energy density P = P0 +Π is the isotropic pressure (sum of equilibrium
pressure P0 and bulk viscous pressure Π), and πµν is the shear-stress tensor.

The conservation laws are obviously always fulfilled, but they alone do not provide enough
constraints to determine the evolution. The fluid dynamical limit is essentially realized by pro-
viding the closure relations that give the evolution of the dissipative quantities like πµν . For ex-
ample, in the simplest Navier-Stokes (NS) approximation the shear-stress tensor and bulk viscous
pressure are directly proportional to the gradients of velocity, i.e. πµν = 2η(T,{µi})∇〈µuν〉 and
Π = −ζ (T,{µi})∇µuµ . The microscopic properties of the matter then determine the transport
coefficients η(T,{µi}) and ζ (T,{µi}), which in general depend on the temperature T and the
chemical potentials {µi} associated with the conserved charges.

The problem with the relativistic NS theory is that even the hydrostatic equilibrium is unstable
under small perturbations [2, 3]. This follows essentially from the fact that in the NS theory the
signal propagation speeds are not bounded by the speed of light, and consequently the theory is
not causal. This makes the relativistic NS theory unusable for the full dynamical description of the
system, and therefore it is necessary to use approximations going beyond the simple NS theory.
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The most of the analyses of heavy ion collisions are based on the Israel-Stewart type of theo-
ries [4], where part of the microscopic transient dynamics is taken into account, i.e. the dissipative
quantities relax towards the NS values given by the gradients and the viscosities, within a charac-
teristic relaxation time τ and not instantaneously like in the NS theory. For example, by neglecting
the bulk viscosity and heat conductivity, the evolution equations of the shear-stress tensor can be
written as

τπ

d
dτ

π
〈µν〉+π

µν = 2η∇
〈µuν〉+ c1π

µν
∇

αuα + c2π
〈µ
α σ

ν〉α + c3π
〈µ
α ω

ν〉α + c4π
〈µ
α π

ν〉α . (1.1)

Similar equations can be written for the other dissipative currents as well, in which case there are
several new terms in the equations that couple the different dissipative currents. For more details,
see e.g. Refs. [5, 6]. These equations together with the conservation laws are the basic equations
governing the evolution of relativistic fluids. Thus, in the fluid dynamical limit the evolution can
be solved in terms of T µν and the charge currents Nµ

i alone, provided that their initial values are
given together with the transport coefficients and the equation of state.

The viscosity obviously modifies the spacetime evolution of macroscopic fields T µν and Nµ

i ,
but these fields cannot be observed directly. What actually is observed, are the final momentum
spectra of hadrons, and in fluid dynamical models of the heavy ion collisions it is necessary to
know how the macroscopic field are translated into the local momentum distributions. This is
usually done by using the so called 14 moment approximation, where for example the viscous
corrections to the equilibrium distribution function f0 due to shear viscosity are written as δ f ∝

f0 pµ pνπµν , where pµ is the 4-momentum of the particle. The momentum dependence of the 14
moment approximation is not unique, but it should be considered as one of the contributions to the
full moment expansion [5]. Currently, the momentum dependence of δ f corrections is one of the
major uncertainties in the fluid dynamical models, see e.g. Refs. [7, 8].

2. Viscosity and flow coefficients in fluid dynamical models

The most direct observable that limits the possible values of the transport coefficients is the az-
imuthal structure of the hadron transverse momentum spectra. The azimuthal part of the spectrum
is usually characterized in terms of the flow coefficients vn, defined through the Fourier expansion,

vneinΨn(pT ,y) = 〈einφ 〉φ/〈1〉φ , (2.1)

where the angular brackets 〈· · ·〉φ denote the average
∫

dφ dN/dyd p2
T dφ (· · ·), and Ψn is the event-

plane angle that gives the direction of the deformation. In fluid dynamical models the vn depends
on the magnitude of the initial spatial deformations, and on how effectively they are converted to
the final momentum-space asymmetries during the evolution. This efficiency then depends on the
properties of the matter.

On the average the “elliptic flow” coefficient v2 is the largest of the vn coefficients, due to the
average nuclear overlap geometry, and it gives the most direct constrain for the shear viscosity to
entropy density ratio η/s. Several different model calculations [9, 10, 11] suggest that this ratio
has to be small in order to describe the data. For example in Ref. [11] a limit 1 < 4π η/s < 2.5
was obtained, with the main uncertainty coming from the uncertainty in the initial conditions. A
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simultaneous description of all the vn coefficients give tighter constraints to the possible initial
conditions, e.g. in Ref. [12] it was shown that dissipative fluid dynamics with the IP-Glasma initial
conditions can reproduce the measured vn coefficients both at RHIC and the LHC energies. How-
ever, it was also found that description of the RHIC data requires smaller η/s∼ 0.12 than the LHC
data that requires η/s∼ 0.20. A similar conclusion was obtained in Ref. [13]. In these estimates it
was assumed that η/s is a constant independent of temperature. In reality, η/s can have a strong
temperature dependence, and a constant η/s should be thought as an effective η/s integrated over
the whole evolution history. In practice, by assuming that η/s has a minimum around the QCD
phase transition temperature, the constant η/s estimates give the maximum value of minimum η/s.

At one collision energy it is possible to construct many different temperature dependencies of
η/s(T ) that give an equally good description of the vn data [14, 15], but simultaneous description
of the collision at different energies give more tighter constraints, as different temperature regions
are weighted differently at different energies [16]. Moreover, besides the vn values themselves,
the event-by-event correlations between vns and their phases Ψn give an additional independent
constraint to initial conditions [17] and η/s(T ) [15]. A simultaneous analysis of vns and their
correlations at the top RHIC and LHC energies can be used to rule out several possible η/s(T )
parametrizations [15]. More constraints can be obtained from the lower energy collisions, and so
far it has been demonstrated that a fluid dynamical model coupled to the UrQMD hadron cascade
can also give a good description of the flow data [18] in these collision energies.

There is no reason to expect that bulk viscosity is negligible, especially near the QCD phase
transition, and recently it was found [19] that a non-zero bulk viscosity can help to explain certain
features of the data better. Particularly, because large bulk viscosity helps to reduce the average
transverse momentum of the hadrons. Constraining bulk viscosity is also important in finding the
limits for η/s, as non-zero bulk viscosity causes also similar suppression of the flow coefficients
as the shear viscosity, see e.g. Ref. [20].

The details of the initial density profiles remain a significant background in the extraction of
the transport coefficients, and it is essential that they are constrained simultaneously. The ratio
v2/v3 [21], and the event-by-event v2 fluctuations [22] provide such constraints that are more inde-
pendent of the details of the fluid dynamical evolution. For example, both the v2/v3 ratio and the
v2 fluctuation spectra can be described simultaneously with the QCD based initial conditions IP-
Glasma [23] and EKRT model [15]. Moreover, the fluctuations of vn in the longitudinal direction
are providing more constraints for the rapidity dependence of the initial conditions [24, 25].

3. Small systems and applicability of fluid dynamics

Recently, large flow coefficients have also been observed in much smaller systems, e.g. in
proton-nucleus, and even in high-multiplicity proton-proton collisions. At least some of these
measurements can be described fluid dynamical models [26, 27, 28, 29, 30, 31], but it is not yet
clear whether fluid dynamics is truly applicable in these systems. It is not trivial to fulfill the
condition of small Knudsen number even in heavy-ion collisions, and the situation is even less
trivial in smaller collision systems [32, 33].

It has become evident that the large vn coefficients alone should not taken as the direct evidence
of a fluid dynamical behavior, but e.g. parton cascades with perturbative QCD cross-sections can
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generate such signals [34, 35]. One of the fundamental features of fluid dynamics is that the
dynamics of the system is controlled by the equation of state and the transport coefficients alone,
i.e. the rest of the microscopic details play no role. Thus, in the future, the important step in
demonstrating fluid dynamical behavior (or lack of it) will be to demonstrate that all the different
collisions systems and energies that are expected to show such behavior can be described by a
single set of (temperature and chemical potential dependent) transport coefficients and equation of
state, as those are the fundamental properties of thermalized matter and should not depend how the
system was created, but only on the local state of the matter. It is also clear that such approach
becomes computationally very expensive.

A practical way to perform such a global statistical analysis is through emulators, that es-
sentially interpolates between the pre-calculated full model runs [36, 37, 38]. Through these ap-
proaches the computational cost can be reduced, and simultaneously they give a more systematic
way to extract the properties of the matter itself.
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