Gluon perturbative QCD fragmentation function
considering the effects of heavy quarkonium mass
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Fragmentation is the dominant production mechanism for heavy-quark-antiquark bound states
with large transverse momentum. We analytically calculate the initial scale fragmentation functions (FFs) for a gluon to split into S-wave heavy quarkonium state using the perturbative QCD.
Our analytical expression of FF depends on the transverse momentum k T of the gluon, and contains most of the kinematical and dynamical properties of the process. The analyses of this paper
differ in that we present an analytical form of the transverse momentum dependent FF, using a
different approach (Suzuki’s model) in comparison with the numerical results presented in other
references where the Braaten’s model have been used. These k T dependent FFs are necessary
to calculate the differential cross sections d σ /dkT , for which there are experimental data. We
also incorporate, for the first time, hadron mass effects in our calculations to improve the FF at
the small z regions, where z is the fragmentation parameter. These effects modify the relations
between partonic and hadronic variables and reduce the available phase space and are responsible
for the low-z threshold.
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1. Introduction

dσ =

∑

Z 1

a,b,c 0

dxa

Z 1
0

dxb

Z 1
0

dz fa/A (xa , Q) fb/B (xb , Q)d σ̂ (a + b → c + Jet)DH
c (z, Q),

(1.1)

where a and b are incident partons in the colliding hadrons, f a/A and fb/B are the parton distribution
2
functions at the scale Q2 and DH
c (z, Q) is the FF with respect to the scale Q which can be obtained
by evolving from the initial FF DH
c (z, Q0 ) using the Altarelli-Parisi equations [2].
The particular importance of FFs is for model-independent predictions of the cross sections and
decay rates at the Large Hadron Collider (LHC) in which hadrons are detected in the outgoing
productions as the colorless bound states.
In [3, 4], we have calculated an exact analytical expression of the initial scale FFs for a heavy quark
and gluon to split into S-wave heavy mesons to leading order in the QCD coupling constant, by
applying a theoretical approach based on the Suzuki’s model [5]. In this elaborate model, Suzuki
calculates the heavy FFs considering the convenient Feynman diagrams and the wave function of
heavy meson, so the analytical expression of FFs depends on the transverse momentum k T of the
initial parton which appears as a phenomenological parameter. The transverse momentum dependent FFs show up explicitly in several semi-inclusive cross sections, especially in azimuthal asymmetries. In the calculation of QCD corrections for these cross sections, the inclusion of transverse
momentum dependent FFs is necessary. This is our main motivation to study the k T dependent FFs
using the Suzuki’s model.
Heavy quarkonia are the simplest particles when the strong interactions are concerned, so
that the perturbative QCD approximations to their FFs are well-defined in the nonrelativistic QCD
factorization framework [6, 7]. In high energy processes, the large contribution of quarkonium
production results from gluon fragmentation [8]. This is confirmed by the comparison between the
theoretical predictions and the experimental measurements of the heavy quarkonium cross sections.
In the present work, we review our previous work [4] and present an analytical form of the transverse momentum dependent FFs for a gluon to fragment into the heavy quarkonium at the leading
order of αs . Furthermore we, for the first time, impose the effect of finite meson mass on the perturbative QCD FF. We show that how this effect modifies the relations between hadronic and partonic
variables and reduces the available phase space.

2. Theoretical determination of FFs
In our previous work [4], we focused on the fragmentation of a gluon into the S-wave spinsinglet and spin-triplet heavy quarkonia considering the processes: g → η c (= cc̄) + g and g →
2
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Among all experiments, the production of heavy hadrons have always been interesting. They
can be studied to deepen our understanding of strong interaction dynamics. At sufficiently large
transverse momentum the production of heavy quarkonia occurs via fragmentation. Fragmentation
refers to the process of a parton which carries large transverse momentum so that subsequently
decays to form a jet containing the expected hadron and other partons [1]. The quantity which describes this process is the fragmentation function (FF). In order to properly estimate the production
rate of a specific quarkonium it is important to obtain the corresponding FF.
Generally, the scattering cross section of the process A + B → H(k T ) + Jet, can be expressed as
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Dg→Hc (z, µ ) =

Z

d 3~pd 3~kd 3~k0 |TM |2 δ 3 (~k0 +~p +~k − ~p0 ),

(2.1)

where |TM |2 is the average probability amplitude squared of the process and ~p0 , ~k0 , ~p and ~k refer to
the momenta of initial and final partons. Also, the probability amplitude (TM ) to split a parton into
the meson is expressed as the convolution of the hard scattering amplitude TH which is, in essence,
the partonic cross section to produce a heavy quark-antiquark (Q Q̄) pair with certain quantum
numbers, and the process-independent distribution amplitude Φ M , i.e.
TM =

Z

[dxi ]TH (xi , Q2 )ΦM (xi , Q2 ),

(2.2)

where [dxi ] = dx1 dx2 δ (1 − x1 − x2 ). The short-distance coefficient TH can be calculated as the
perturbation series in the strong coupling constant α s . The long-distance distribution amplitude
ΦM is the probability amplitude for a Q Q̄ pair to evolve into a particular heavy quarkonium state
and is related to the mesonic wave function Ψ M . By working in the infinite-momentum frame, a
simple nonrelativistic wave function is a delta function. The delta function form is convenient for
our assumption where we ignore the relative motion of quark and antiquark and thus the constituent
quarks are emitted collinearly with each other and they have no transverse momentum. Considering
the convenient Feynman diagrams and the Feynman rules, the transition amplitude is calculated
and, in conclusion, we obtain the fragmentation function as
Nz
Dg→Hc (z, µ0 ) =
F(z, kT2 )



z2 kT2 + M 2 (1 − z)2
− 3mc
Mz(1 − z)

2

− 21m2c



,

(2.3)

where,
F(z,

kT2

mc k 2 z
1
) = 2 + T2
+ −1
M M 1−z z


2 

2
kT2 z
1
+ −1 ,
M2 1 − z z

(2.4)

and N is proportional to (πCF αs fM )2 but it is related to the normalization condition [10]. Here, for
simplicity, we replaced the transverse momentum integration by its average value kT2 , which is a
free parameter and can be specified experimentally.
In general, the fragmentation function D g→Hc depends on both the fragmentation parameter z and
the factorization scale µ . The function (2.3) should be regarded as a model for the gluon FF at the
scale µ0 of order 2mc . For values of µ much larger than µ0 , the obtained FF should be evolved
from the scale µ0 = 2mc to the desired scale µ using the DGLAP equation [2]. In Fig. 1, the FF
3

PoS(EPS-HEP2015)446

c
J/ψ (= cc̄) + gg, and derived an exact analytical form of D H
g (z, µ0 ) using the Suzuki’s approach
which embeds most of the kinematical and dynamical properties of the process. Here, z refers
to the scaled energy variable and µ0 stands for the initial scale of energy. In our calculation, we
adopted the infinite momentum frame where the fragmentation parameter in the usual light-cone
form z = (E H + kLH )/(E g + kLg ) is reduced to a more popular form z = E H /E g . According to the
Lepage-Brodsky’s approach [9], we also neglected the relative motion of Q and Q̄ therefore we
assume, for simplicity, that Q and Q̄ are emitted collinearly with each other and they move along
the Z-axes. Indeed, the Fermi motion of the constituent quarks in the bound state is neglected. The
start point was with the definition of FF introduced in [5], as
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c
of g → Hc at the starting scale µ0 = 3 GeV is shown. The behavior of DH
g is shown for different
values of the transverse momentum of the gluon.
As a comparison, our result is in good consistency with the FF of Braaten’s approach presented
in Fig.
q 3 of Ref. [11] when the non-covariant definition of fragmentation parameter is applied, i.e.

z=

MH2 + (kLH )2 /E g = E H /E g , as we used.
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Figure 1: g → Hc FF as a function of z and kT at the scale µ = 2mc .

3. Gluon FFs considering mass effects
In this section, we show how to incorporate the effects of the quarkonium mass M into the relevant kinematic variables of g → Hc FFs, a topic with a very little attention paid to in the literature.
The FF depends on the fragmentation parameter z while there is some freedom in defining this
parameter when the hadron mass is considered. In Ref. [11], using the covariant and non-covariant
definitions of the parameter z authors analyzed the uncertainties induced by different definitions of
the momentum fraction z in the application of gluon to heavy quarkonium FF. Here, we review the
different definitions of the fragmentation parameter defined in the various Lorentz boost invariant
forms, i.e.
q
H
H
g
H
MH2 + (kLH )2
E + kL
k .k
a) z = g
,
b)
z
=
,
c)
z
=
,
(kg )2
Eg
E + kLg
q
MH2 + (kLH )2 + kLH
kLH
d) z =
,
e)
z
=
.
(3.1)
E g + kLg
kLg
In the above equations we take the Z-axis along the momentum of outgoing meson and E g , kLg , E H
and kLH are the energies and the longitudinal components (Z-components) of the four-momenta
of the fragmenting gluon and the produced heavy quarkonium H, respectively. The first definition
(3.1a) is the usual light-cone form and this definition along with the second definition are hard to be
employed in the application of the gluon FFs, because they involve the longitudinal momentum of
the resulting heavy quarkonium. Instead, usually the non-covariant definitions (Eqs. (3.1c)-(3.1e))
are used approximately, which are convenient for the finite momentum frame. In Ref. [11], authors
4
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KT = 30 GeV
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KT = 50 GeV
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η=

E H + kLH
P̄0 + P̄L
=
p0 + p L .
E g + kLg

(3.2)

Considering the infinite momentum frame where p 0 ≈ pL and the definition of the fragmentation
parameter in the absence of meson mass (z = E H /E g ), one has
q
zP0 + z2 P02 − M 2
η=
,
(3.3)
2p0
where M stands for the meson mass. At the fragmentation process with the sufficiently large transverse momentum, one can write m2g ≈ p0 2 −kT2 . Since the gluon is considered as an on-shell particle
then p0 = kT .
Now, to obtain the FF in the presence of quarkonium mass we start with the initial definition of
fragmentation [10], i.e. DQ→H (z) = 1/σ · d σ (z)/dz. As a generalization of the massless quarkonium case, we assume that the cross section which we have been computing is d σ (η )/d η which
is related to the measured observable d σ (z)/dz as d σ (z)/dz = d σ (η )/d η × d η /dz where one has
d η /dz = (1 − M 2 /(2η kT )2 )−1 . Our new scaling variable is related to the old one z as
r


z
M 2
η=
1+ 1−(
) .
(3.4)
2
zkT
Now the observable quantity Dg→H (z) is expressed as
Dg→H (z, µ ) =

1
2

1 − 4ηM2 k2

Dg→H (η (z), µ ).

(3.5)

T

Now, Dg→H (η , µ ) is the FF obtained in (2.3) by substituting z → η and the kinematically allowed
z ranges are M/kT < z ≤ 1. In Fig. 2 the behavior of g → Hc FF is shown for the massless and
massive meson taking mQ = mc = 1.5 GeV and M = mJ/ψ = 3096.916 ± 0.011 MeV [12]. As is
seen the effect of quarkonium mass increases the size of FF at low values of z and the peak position
is shifted towards higher values of z and it also creates a threshold at z = 0.155.

4. Conclusion
The dominant production mechanism for heavy quarkonium at the high transverse momentum
is fragmentation. In this work, we reviewed our previous work [4] and gave out an analytical form
5
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have showed that the FFs have strong dependence on the gluon momentum ~k, and when |~k| → ∞
these FFs approach to the FF in the light-cone definition (3.1a) and large uncertainties remain while
the non-covariant definitions of z are employed.
In our previous calculation we applied a custom definition of the fragmentation parameter as
z = E H /E g , a special choice which is convenient for the case of massless parton and hadron which
takes the values of 0 ≤ z ≤ 1. To incorporate the effects of the hadron mass into the fragmentation
function a suitable choice of scaling variable is the usual light-cone form (3.1a). This form of the
fragmentation parameter is invariant with respect to boosts along the three-axis. This axis was
considered as the flight direction of outgoing meson.
Considering the light-cone form of the fragmentation parameter (3.1a) and Fig. 4 of Ref. [4],
the scaling variable reads
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Figure 2: g → Hc FF at µ0 = 2mc as a function of z when M = 0 (solid line) and M 6= 0 (dot-dashed line)
taking kT = 20 GeV. Threshold at z = 0.155 is also shown.

for the initial FF of gluon to split into S-wave quarkonium states to leading order in α s , using the
nonrelativistic QCD factorization framework. Our result depends on the transverse momentum of
the gluon and is in good agreement with the result presented in Ref. [11] when one use the normal definition of the fragmentation parameter, i.e. z = E H /E g . We also studied, for the first time,
heavy quarkonium mass corrections on the perturbative QCD FFs and their theoretical uncertainty
due to the freedom in the choice of the fragmentation parameter. As it is seen these corrections are
responsible for the low-z threshold.
Finally, although the results presented in this work are schematically for charmonium, but they can
be directly applied to the S-wave bottomonium sate ϒ except that m c is replaced by mb and the
decay constant f M is the appropriate constant for the bottomonium mesons.
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