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1. Introduction

2. Description of N-jettiness subtraction
We review here the salient features of the jettiness-subtraction scheme for NNLO calculations,
which was recently introduced in the context of the NNLO computation of W + boson and Higgs
boson production in association with a jet [5, 6, 7]. We begin with the definition of N-jettiness, TN ,
a global event shape variable designed to veto final-state jets [9]:


2pi · qk
TN = ∑ mini
.
(2.1)
Qi
k
The subscript N denotes the number of jets desired in the final state, and is an input to the measurement. For the Higgs + jet, W + + jet and Z+ jet processes considered here, we have N = 1. Values of
T1 near zero indicate a final state containing a single narrow energy deposition, while larger values
denote a final state containing two or more well-separated energy depositions. The pi are light-like
vectors for each of the initial-state beams and final-state jets in the problem, while the qk denote
the four-momenta of any final-state radiation. The Qi are dimensionful variables that characterize
the hardness of the beam-jets and final-state jets. We set Qi = 2Ei , twice the energy of each jet.
The cross section for TN less than some value TNcut can be expressed in the form [11, 12]
"
#
Z
σ (TN < TNcut ) =

N

H ⊗B⊗B⊗S⊗

∏ Jn

+··· .

(2.2)

n

The function H contains the virtual corrections to the process. The beam function B encodes the
effect of radiation collinear to one of the two initial beams. It can be written as a perturbative
2
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Run I of the Large Hadron Collider (LHC) was marked by the discovery and initial characterization of the Higgs boson. The comparison of Standard Model (SM) predictions with data from
Run I of the LHC was limited by the statistical precision of the experimental data. This will no
longer be the case during Run II, and systematic errors will dominate. The largest systematic error
currently hindering our understanding of Higgs properties is the theoretical precision of the SM
predictions. This is the case for the well-measured di-boson modes [1] which dominate the overall
signal-strength determination. The theoretical uncertainties must be reduced in order to sharpen
our understanding of the mechanism of electroweak symmetry breaking in Nature. Calculations
through next-to-next-to-leading order (NNLO) in perturbative QCD have become increasingly necessary to match the precision of LHC measurements. In particular improvements in both the overall
production rate of the Higgs boson and in the modeling of its kinematic distributions are needed to
match the expected experimental precision of Run II.
NNLO calculations for scattering processes with final-state jets at hadron colliders possess
a complex singularity structure. Partial results for 2 → 2 processes such as inclusive jet production [2] and Higgs+jet production [3, 4] are available. More recently complete results for Higgs+jet
production [5], W + +jet production [6] and Z+jet production [7] were achieved using N-jettiness
subtraction method [6, 8, 9, 10]. The purpose of this contribution is to summarize the method and
the results achieved for these two processes.
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3. Numerical Results
We now present some numerical results for Higgs, W + and Z production in association with a
jet. For validation checks on the results presented here we refer the reader to the detailed description
in [5, 6]. We focus on 8 TeV proton-proton collisions. Jets are reconstructed using the anti-kT
algorithm [20] with R = 0.5. For the Higgs+jet process we show results using the NNPDF [21]
parton distribution functions (PDFs), for the W + +jet we use CT10 PDFs [22] while for Z + jet
we use CT14 PDFs [23]. We use the perturbative order of the PDFs that is consistent with the
partonic cross section under consideration: LO PDFs with LO partonic cross sections, NLO PDFs
with NLO partonic cross sections, and NNLO PDFs with NNLO partonic cross sections. We set
the renormalization and factorization scales equal to
qthe mass of the Higgs boson, µR = µF = mH

for Higgs+jet, µ = MW for W + +jet and µ = µ0 = m2ll + ∑(pTjet )2 for Z + jet. In the latter scale
choice the sum is over the transverse momenta of all final-state jets, and mll is the invariant mass
of the di-lepton pair arising from the Z-boson decay. To estimate the residual theoretical error, we
3
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matching coefficient convoluted with a parton distribution function. S describes the soft radiation,
while Jn contains the radiation collinear to a final-state jet. The ellipsis denotes power-suppressed
terms which become negligible for TN  Qi . Each of these functions obeys a renormalizationgroup equation that allows logarithms of TN to be resummed. If this expression is instead expanded
to fixed-order in the strong coupling constant, it reproduces the cross section for low TN . The
derivation of this factorization theorem in the small-TN limit relies upon the machinery of SoftCollinear Effective Theory [13].
The basic idea behind jettiness subtraction is that TN fully captures the singularity structure
of QCD amplitudes with final-state partons. This allows us to calculate the NNLO corrections to
processes such as Higgs + jet, W + + jet and Z + jet in the following way. We divide the phase
space according to whether TN is greater than or less than TNcut . For TN > TNcut there are at least
two hard partons in the final state, since all singularities are controlled by jettiness. This region of
phase space can therefore be obtained from, for example, a NLO calculation of Higgs production
in association with two jets. Below TNcut , the cross section is given by the factorization theorem of
Eq. (2.2) expanded to second order in the strong coupling constant. As long as TNcut is smaller than
any other kinematic invariant in the problem, power corrections below the cutoff are unimportant.
All ingredients of Eq. (2.2) are known to the appropriate order to describe the low TN region
through second order in the strong coupling constant. The two-loop virtual corrections for the
processes discussed here are known [14, 15]. The beam functions are known through NNLO [16,
17], as are the jet functions [18, 19] and soft function [8]. It is therefore possible to combine this
information to provide the full NNLO calculation of Higgs + jet and W + /Z+ jet.
A full NNLO calculation requires as well the high TN region above TNcut . However, a finite
value of TN implies that there are actually N + 1 resolved partons in the final state. This is the
crucial observation; TN completely describes the singularity structure of QCD amplitudes that
contain N final-state partons at leading order. The high TN region of phase space is therefore
described by a NLO calculation with N + 1 jets. We must choose TNcut much smaller than any
other kinematical invariant in the problem in order to a void power corrections to Eq. (2.2) below
the cutoff.

Radja Boughezal

NNLO phenomenology using N-jettiness subtraction

0.16
0.12

dσ/dpTH [ pb/GeV ]

dσ/dpTjet [ pb/GeV ]

0.10

LO
NLO
NNLO

0.14
0.10
0.08
0.06
0.04

NLO
LO
NNLO
NLO

40

60

80

100

120

pTjet [ GeV ]

140

160

180

Figure 1: The transverse momentum of the leading jet for the Higgs+jet process at LO, NLO, and
NNLO in the strong coupling constant. The lower
inset shows the ratios of NLO over LO cross sections, and NNLO over NLO cross sections. Both
shaded regions in the upper panel and the lower inset indicate the scale-variation errors.
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Figure 2: The transverse momentum of the Higgs
boson at LO, NLO, and NNLO in the strong coupling constant. The lower inset shows the ratios
of NLO over LO cross sections, and NNLO over
NLO cross sections. Both shaded regions in the
upper panel and the lower inset indicate the scalevariation errors.

vary these scales simultaneously around the central value by a factor of two. We set the mass of the
Higgs boson as mH = 125 GeV. We impose the following cuts on the final-state jet: pTjet > 30 GeV,
|η jet | < 2.4 for Higgs+jet and |η jet | < 2.5 for W + +jet. For the Z + jet process we show a plot for
the dependence of the ratio σNNLO /σNLO on the power corrections as a function of τ1cut and refer
the reader to the corresponding paper for more phenomenological studies [7].
We begin by showing few distributions in the Higgs plus jet production case. In Fig. 1 we
show the transverse momentum distribution of the leading jet. There is a shape dependence to the
corrections, with the K-factor decreasing as pTjet is increased. This trend is visible when going
from LO to NLO in perturbation theory, and also when going from NLO to NNLO. We note that
the NNLO result is entirely contained within the NLO scale-variation band. The shape dependence
and magnitude of the NNLO corrections for the pTjet distribution are in agreement with the results
of Ref. [4], obtained using sector-improved residue subtraction scheme [25, 26]. In Fig. 2 we show
the transverse momentum of the Higgs boson. The NLO corrections range from 40% to 120%
near pH
T = 60 GeV, depending on the scale choice. The magnitude of this correction decreases as
the transverse momentum of the Higgs increases. The NNLO corrections are more mild, reaching
only 20% at most for the central scale choice µ = mH . They also decrease slightly as the transverse
momentum of the Higgs increases. The shape dependence and magnitude of the NNLO corrections
for the pH
T distribution are in agreement with the results of Ref. [4]. We note that we have combined
the two bins closest to the boundary pH
T = 30 GeV to avoid the well-known Sudakov shoulder
effect [24].
In Fig. 3 we show the transverse momentum spectrum of the leading jet for W + + jet at
LO, NLO and NNLO in perturbation theory. The ratios of the NLO cross section over the LO
result, as well as the NNLO cross section over the NLO one, are shown in the lower inset. The
shaded bands in the upper inset indicate the theoretical errors at each order estimated by varying
4
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Figure 3: The transverse momentum spectrum of
the leading jet for W + + jet at LO, NLO and NNLO
in perturbation theory. The bands indicate the estimated theoretical error. The lower inset shows
the ratios of the NLO over the LO cross section,
and the NNLO over the NLO cross section. Both
shaded regions in the upper panel and the lower inset indicate the scale-variation errors. The dashed
and solid black lines in the lower inset respectively
show the distribution for T1cut = 0.05 GeV and
T1cut = 0.07 GeV, for the scale choice µ = 2MW .
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Figure 4: The transverse momentum spectrum of
the W + -boson at LO, NLO and NNLO in perturbation theory. The bands indicate the estimated theoretical error. The lower inset shows the ratios of
the NLO over the LO cross section, and the NNLO
over the NLO cross section. Both shaded regions
in the upper panel and the lower inset indicate the
scale-variation errors. The dashed and solid black
lines in the lower inset respectively show the distribution for T1cut = 0.05 GeV and T1cut = 0.07 GeV,
for the scale choice µ = 2MW .

the renormalization and factorization scales by a factor of two around their central value, as do the
shaded regions in the lower inset. In the lower inset we have shown the results for both TNcut = 0.05
GeV and TNcut = 0.07 GeV, for the scale choice µ = 2MW , to demonstrate the TNcut independence
in every bin studied. The NLO corrections are large and positive for this scale choice, increasing
the cross section by 40% at pTjet = 40 GeV and by nearly a factor of two at pTjet = 180 GeV. The
scale variation at NLO reaches approximately ±20% for pTjet = 180 GeV. The shift when going
from NLO to NNLO is much more mild, giving only a percent-level decrease of the cross section
that varies only slightly as pTjet is increased. The scale variation at NNLO is at the percent level and
is nearly invisible on this plot.
The transverse momentum spectrum of the W -boson is shown in Fig. 4. The NLO corre ctions
are again 40% for pW
T ≥ 50 GeV with a sizable scale dependence, while the NNLO correction s
are flat in this region and decrease the cross section by a small amount. The phase-space region
pW
T < 30 GeV only opens up at NLO, leading to a different pattern of corrections for these
transverse momentum values. The instability of the perturbative series in the bins closest to the
boundary pW
T = 30 GeV is caused by the well-known Sudakov-shoulder effect [24].
Finally, in Fig. 5 we show the dependence of the sum of the cross sections above and below
the N-jettiness cutoff TNcut and the effect of power corrections. The validation is done for the ratio
σNNLO /σNLO in 13 TeV proton-proton collisions. We have checked that the NLO cross section obtained with N-jettiness subtraction agrees with the result obtained with standard techniques. These
cross sections are obtained using CT14 PDFs at the same order in perturbation theory as the par5

PoS(RADCOR2015)054

10-1
2.2
1.8
1.4
1.0
0.6

K

K

dσ/dpTjet [ pb/GeV ]

NNLO phenomenology using N-jettiness subtraction

Radja Boughezal

NNLO phenomenology using N-jettiness subtraction

tonic cross section, and contain the following fiducial cuts on th e leading final-state jet and the two
leptons from CMS [29]: pTjet > 30 GeV, |η jet | < 2.4, plT > 20 GeV, |ηl | < 2.4 and 71 GeV < mll <
111 GeV. The ATLAS analysis is similar but with slightl y different cutsq[?]. We reconstruct jets
using the anti-kT algorithm [20] with R = 0.5. A d ynamical scale µ0 = m2ll + ∑ pTjet,2 is chosen
to describe this process, where the sum is over the transverse momenta of all final-state jets, and
mll the invariant mass of the di-lepton pair arising from the Z-boson decay. In this validation plot
we have set the renormalization and factorization scales to µR = µF = 2 × µ0 ; since the corrections
are larger for this scale choice, it is easier to illustrate the important aspects of the T1cut variation.
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Figure 5: Plot of the NNLO cross section over the NLO result, σNNLO /σNLO , as a function of T1cut , for the
scale choice µ = 2 × µ0 . The vertical bars accompanying each point indicate the integration errors.

A few features can be seen in Fig. 5. First, in the region T1cut < 0.2 GeV the result becomes
independent of the particular value of the cut chosen within the numerical errors. The NNLO
correction for µ = 2 × µ0 corresponds to a +3% shift in the cross section. The plot makes clear
that we have numerical control over the NNLO cross section to the per-mille level, completely
sufficient for phenomenological predictions. We observe an approximately linear dependence of
σNNLO on ln (T1cut ) in the region 0.2 GeV < T1cut < 0.5 GeV, indicating the onset of the neglected
power corrections. These power corrections have the form (TN /Q) lnn (TN /Q), where n ≤ 3 at
NNLO [10] and Q is a hard scale such as pTjet .

4. Conclusions
We have presented in this proceedings the complete NNLO calculation of W + /Z + jet and
Higgs boson production in association with a jet in hadronic collisions. To perform this computation we have used a new subtraction scheme based on the N-jettiness event-shape variable TN .
We will further study the phenomenological impact of our NNLO result in future work, including
the prediction for the exclusive one-jet bin, where an intricate interplay between various sources
of higher-order corrections was recently pointed out [27]. We will in addition use the full NNLO
result to improve upon the resummation of jet-veto logarithms that occur when Higgs production
is measured in exclusive jet bins. Previous work has indicated that this resummation has an important effect in reducing the theoretical uncertainties that plague the predictions for exclusive jet
multiplicities [28].
6
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