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1. Introduction

Recent developements made high performance calculations on graphic processing units (GPUs)
accessible. Since the introduction of Nvidia’s Compute Unified Device Architecture (CUDA) the
computation power of GPUs has been applied on problems in various scientific fields. The mas-
sively parallel design of GPUs leads to an increase of the run time performance of 10 up to 60
[Dunzlaff et al.(2015)] for problems which can be parallelized as, in this case, the solution of the
stochastic differential equation (SDE) formulation of Parkers transport equation.

Despite of the sufficient knowledge of the main processes, the values of the transport param-
eters are still under debate. Here, electrons originating from the Jovian magnetosphere are used
to investigate the solar wind speed uSW and the diffusion tensor κ̂ , including the ratio χ = κ⊥/κ‖
between the perpendicular and parallel diffusion coefficients.

With the code presented in the following we are given the opportunity to achieve a deeper and
more quantitative understanding of charged particle transport during solar quiet time conditions in
order to evaluate parameter sets for future modelling approaches.

2. The modelling approach

The transport of charged particles in the heliosphere can be described by the Parker equation
[Parker (1965)] as the evolution of a time dependent distribution function f . The actual differential
particle intensity j is linked to f via the particle rigidity P =

√
E(E +2 E0) as

j = P2 f . (2.1)

with E0 as the rest energy and E as the kinetic energy of the particle. Parker’s transport equation
(TPE) contains the relevant processes in the supersonic solar wind in four terms

∂ f
∂ t

= S︸︷︷︸+~∇ · (κ̂ ·~∇ f )︸ ︷︷ ︸−~uSW ·~∇ f︸ ︷︷ ︸+ 1
3
(~∇ ·~uSW )

∂ f
∂ lnE︸ ︷︷ ︸ , (2.2)

Source Diffusion Convection Adiabatic Energy Changes

Thereby the solar wind flow~uSW is assumed to be constant and directed radially outward:

~uSW = vSW ·~er, (2.3)

and the symmetric diffusion tensor κ̂ is defined according to [Burger et al.(2008)] in coordinates
aligned to the heliospheric magnetic field lines and transformed into the sun-centered spherical
coordinate system

κ̂ =

κ‖ 0 0
0 κ⊥r 0
0 0 κ⊥θ

 =⇒ κ̂sphere =

κ‖ cos2 ψ +κ⊥ sin2
ψ 0 sinψ cosψ(κ⊥−κ‖)

0 κ⊥ 0
sinψ cosψ(κ⊥−κ‖) 0 κ‖ sin2

ψ +κ⊥ cos2 ψ


with the Parker angle ψ between the field lines of the nominal Parker field and the radial direction
from the Sun, thus taking into account the geometric structure of the heliospheric magnetic field.
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The parallel diffusion coefficient κ‖ within the diffusion tensor is considered as

κ‖(r) =
vλ‖(r)

3
, (2.4)

with the particle speed and the mean free path λ‖(r), normalized to the value λ0 at r0 = 1 AU via

λ‖(r) =
λ0

2

(
1+

r
r0

)
. (2.5)

The relation between the parallel and the perpendicular diffusion coefficients is assumed to be
linear

κ⊥r/θ (r) = χκ‖(r). (2.6)

while the two perpendicular components κ⊥r and κ⊥θ are treated as equal.

2.1 Stochastic Differential Equations (SDEs)

Several methods to solve the TPE have been applied to model the transport of CRs in the he-
liosphere. Because analytical solutions are available only for a few and limited cases a numerically
approach is inevitable. The most commonly used numerical modulation models are based on finite-
difference numerical schemes. However, over the last decade the focus has shifted to alternative
algorithms, such as the method of stochastic differential equations (SDEs), which is numerically
stable and independent of grid size limitations. Furthermore SDEs can be solved both forward and
backward in time, depending on the scientific goal.

The SDE method as described in [Zhang (1999)] and [Kopp et al.(2012)] in detail, has already
been successfully applied to heliospherical objectives by [Strauss et al.(2013)]. In this method the
corresponding Langevin equation

dr = Adt +B ·dω (2.7)

is solved. In this generalized form with r = (~r,E) the convective terms (A) are taken into account
via the time-step dt whereas the diffusive terms (BTB = 2κ̂) contribute via the Wiener process
dω = η

√
dt with the vector η of Gaussian distributed random numbers, leading to a random walk

through the phase space. For the 3D time dependent TPE as it is investigated in this study, the
equivalent SDEs are, according to [Strauss et al.(2011a)]:

dr =
[

1
r2

∂

∂ r
(r2

κrr)+
1

r sinθ

∂κrφ

∂φ
−uSW

]
ds

+

√
2κrr−

2κ2
rφ

κφφ

dωr +

√
2κrφ

κφφ

dωφ

dθ =

[
1

r2 sinθ

∂

∂θ
(sinθκθθ )

]
ds+

√
2κθθ

r
dωθ

dφ =

[
1

r2 sin2
θ

∂κφφ

∂φ
+

1
r2 sinθ

∂

∂ r
(rκrφ )

]
ds+

√
2κφφ

r sinθ
dωφ

dE =

[
1

3r2
∂

∂ r
(r2uSW )ΓE

]
ds

with Γ =
E +2E0

E +E0

(2.8)
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Figure 1: Schematic sketch of the simulation
setup in the ecliptic plane. For a sample injec-
tion point at the Earth orbit, the four different
boundaries are shown: the Sun (blue trajec-
tory), the Jovian magnetosphere (marine), the
Heliopause (green) and the temporal bound-
ary, when the maximum backward time is
reached (red).
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Figure 2: The Jovian electron source spectrum
by [Ferreira et al.(2001)] used to weight the
trajectories which reached the corresponding
spatial boundaries of the phase space.

describing the adiabatic energy changes. The SDEs are implemented in their time-backward nota-
tion, with s as the backward time and the incrementing backward timestep ds instead of the forward
timestep dt used in Eqn. 2.7.

2.2 The General Setup

The SDEs are solved using the Euler-Maruyama scheme. Because of better statistics, the time-
backward approach is adopted for the simulation setup. In this approach, the differential intensity
j is obtained at the initial phase space point (r0,E0), which could be also called the "observational
point", at the backwards time s = 0.

Via the backward timestep ds the evolution of the initial phase space point for s > 0, is cal-
culated iteratively until a spatial (rexit) or temporal (sexit) boundary is reached. As illustrated in
Figure 1 three spatial boundaries are possible in the simulation setup. Besides the Sun, there is
the Jovian magnetosphere and the heliopause at RHP. Due to the backward integration in time,
the pseudo-particle does gains instead of losing energy while performing its random walk from
the "observational point" to its "source". Thus, the injection energy E0 can be interpreted as the
particle energy when it hits a detector at the injection point, whereas the exit energy Eexit is the
energy the particle left its source with, for instance the Jovian magnetosphere.

To obtain j(E0,r0) requires good statistics and, thus, a large number of pseudo-particle trajec-
tories. Figure 2 shows the Jovian source spectrum by fJov(E) [Ferreira et al.(2001)] which is used
to weight the phase space trajectories, according to the source spectrum Eexit via

j(r0,E0) =
P2

0
N

N

∑
k=1

fJov(Eexit
k ) (2.9)
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Figure 3: Histogram of the energy distri-
bution for an injection point arbitrary well
connected to the Jovian magnetosphere. In
blue the percentage of trajectories in each bin
is shown without weighting with the source
spectrum, in red with the weighting method
applied. Only trajectories of energies between
6 and 10 MeV contribute substantially to the
weighted differential intensity.
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Figure 4: The trajectory counts (red) and the
weighted differential intensity j(E0,r0) over
the full Earth orbit, divided into hundred sin-
gle injection points. The spectral weighting
smoothes out the influence of the actual tra-
jectory counts and therefore takes the proba-
bilities of the trajectories into account.

with the particle rigitiy P0 at the injection point and the total amount of trajectories N. In Figure
3 the effect of this spectral weighting on the pseudo-particle counts is shown for the Jovian exit
position, while Figure 4 shows how j jov(E0,r0) depends on the spectrum.

If the simulated differential electron intensities are to be compared with spacecraft data, the
temporal resolution of the data has to be in agreement with the propagation time of the simulated
pseudo-particles, due to the changing relative position and magnetic connection of Jupiter’s mag-
netosphere.

Similar as explained for j(E0,r0), also the propagation times of the trajectories are weighted
with the source spectra in order to obtain the correct value:

τ(r0,E0) =
∑

N
k=1 fJov(Eexit

k )sexit
k

∑
N
k=1 fJov(Eexit

k )
(2.10)

Figure 6 shows, in contrast to Figure 5, the weighted propagation times in relation to the corre-
sponding energies the pseudo-particles gained, above the injection energy of 6 MeV. Accordingly,
the main part takes not more than two days to cover the distance between the Earth orbit and
Jovian’s magnetosphere. Related to that, without diffusive effects the pseudo-particles’ mean prop-
agation time along the Parker spiral was identified as ca. 0.7 days.

3. Simulated Jovian Electron Intensities

The simulation setup considers the heliopause only as an outer boundary of the parameter
space, as this study focuses on electron fluxes in the inner heliosphere. Although, different radii
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Figure 5: Histogram showing the number of
trajectories in relation to their propagation
time and gained exit energy. To compare
the distribution rather than the actual counts,
the histogram is normalized to hundred at the
maximum bin.
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Figure 6: Similar histogram to Figure 5 but
with respect to the propagation time weighted
with the Jovian source spectrum jJov(Eexit).
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Figure 7: Mean propagation times τ(r0,E0)

over a full Earth orbit, simulated with varying
Heliospheric radii RHP from 10 up to 120 AU.
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Code Parameters
∆t =                                           0.62 min
# Particles =                                100000

Physical Parameters
vSW =                                        400. km/s
E0  =                                        0.006 GeV
λ0  =                                               1.0 AU
κ /κ  = χ =                                     1e-02

Jovian Flux via Ferreira et al. (2001)  
   for rHP = 10.0 AU
   for rHP = 20.0 AU
   for rHP = 30.0 AU
   for rHP = 40.0 AU
   for rHP = 50.0 AU
   for rHP = 60.0 AU
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Figure 8: Differential intensities j(E0,r0), ob-
tained similar to τ(r0,E0) in Figure 7.

RHP of this outer boundary were investigated to identify their influence on the simulated Jovian
electron fluxes. Figures 7 and 8 show the weighted mean propagation time and the differential
intensity of the simulated Jovian electrons as a function of the distance of the outer boundary RHP.
Both the mean propagation time and the Jovian intensity variation converge for RH p > 50 AU,
indicating that only trajectories reaching out to this extend statistically contribute to the simulated
Jovian electron intensity composition.

The influence of the solar wind speed uSW is shown in Figure 9. The longitudinal shift of
the intensity peak due to the best magnetic connection with the Jovian source is caused by the
changing curvatures of the spiral Parker field lines with higher uSW . Furthermore, the intensity
variation between trajectory points of good and bad magnetic connection is smoothed out with
decreasing solar wind speed because the longer field line combined with slower convection increase
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κ /κ  = χ =                                     1e-03

Jovian Flux via Ferreira et al. (2001)  
   for  uSW = 200.0
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Figure 9: Differential intensities j(E0,r0) sim-
ulated with solar wind speed values of uSW =

200 to uSW = 900 km/s. The κ⊥ to κ‖ ratio is
assumed as χ = 0.001 and λ0 = 1 AU accord-
ing to Eqn. 2.5.
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Figure 10: Differential intensities j(E0,r0)

simulated with κ⊥ to κ‖ ratios of χ = 0.0001
to χ = 1.0. The solar wind speed is assumed
as uSW = 500 km/s and κ̂ is defined via λ0 =

1 AU as for Figure 9
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Figure 11: Differential intensities j(E0,r0) sim-
ulated for different scaled κ̂ via λ0 = 0.08 AU
to λ0 = 1.2 AU. Similar to Figure 10 the solar-
windspeed is assumed as uSW = 500 km/s and
χ = 0.01 is set as in Figure 9.

the possibility of perpendicular diffusion.

A similar effect can be seen in Figure 10 where the ratio χ = κ⊥/κ‖ is varied. With a constant
solar wind speed of uSW = 500 km/s the intensity peak does not change its longitudinal position
but only its shape, and smooths out due to the increasing influence of perpendicular diffusion.

In contrast the Variation of the strength of the diffusion via the mean free path λ0 as depicted
in Figure 11 should not effect the shape and position but the absolute value of the intensity distri-
bution, spreading over three orders of magnitude. The weak variation in φ can be interpreted as an
effect of the backward time-step ds and its influence on the diffusive processes.
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4. Summary And Conclusion

We presented the first results of a newly developed, GPU-accelerated SDE code to simulate
Jovian electron densities in the inner heliosphere. The variation of uSW , χ = κ⊥/κ‖ and λ0, as
shown in the Figures 9, 10 and 11, shows reliable results, comparable to preliminary studies by
[Strauss et al.(2011b), Strauss et al.(2013)].

For future work our code offers the possibility of extensive parameter studies, in order to
investigate the transport parameters qualitatively and quantitatively. For instance, the opportunity
to simulate electron intensities for arbitrary injection points, allows to compare data of several
spacecraft with parameter studies, covering the same trajectory. Furthermore, we are able to use
spacecraft data as input parameters, such as the solar wind speed uSW measured at the particular
injection point.
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