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In the frame of large-scale structure of the Universe, cogiays (CRs) can be considered as
a component of the intergalactic medium, which originate aocelerate inside galaxies, leave
them, fill the intergalctic space and have possibility toeemther galaxies and continue accel-
eration. Multiple repeating, this process may, in prinejgiroduce CRs with ultra-high energy.
To estimate characteristics of this process, we considiengle version, when a charged particle
falls on a plane layer of ISM and is reflected from it. As is kmowhe diffusion approximation
fails to get the time and path distributions, so we apply npoaper tools for calculations. The
time distribution is obtained via the analytical solutidrttee linearized Boltzmann equation, and
the acceleration process is calculated by solving the iategacceleration equation. In addition,
our analysis takes a fractal (turbulent) properties of 19 iaccount in frame of the nonlocal
CR transport theory. Numerical calculations show that GdRdtering and accelerating in other
galaxies get a more hard spectrum and for this reason maydialae for observation.
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1. Introduction

Considering the intergalactic space filled with cosmic ray® can suppose that the galaxies
may serves not only as generators of CRs but also as acoeterantering the galaxies and walking
in them, the CRs continue to raise their energy due to diggtbreaccelerations on SNRs [1]. This
phenomenon may play some role in solving such an importafigm as the origin of extragalactic
cosmic rays [2] or at least in estimation of CR spectrum irektiuster medium.

We are interested in energy (momentum) spectrum of CRsiegtatalf-space medium with
momentumpg and leaving it through the same surface after a while. Thelsish version of
the problem looks like a specific statement of the Milne peablell-known in the astrophysics
[3]: a particle enters the half-space with momentpgn= poQo and leaves it random time after
with momentump = pQ (Fig.1). As opposed to initial use of the model for investiga of light
propagation through planet atmospheres, we apply it torthidgm of reflection (albedo) CRs from
galaxies. Two principal specifics distinguish the secomidblam from the previous: acceleration on
SNRs and large-scale heterogeneity of turbulent intéasteiagnetic field. Our aim is to estimate
a distributed acceleration role in forming albedo spectafrgalaxies. We simplify the problem
reducing it to estimation of the albedo spectrum for serfiirite interstellar medium with a plain
boundary (that is we neglect by the curvature of the galaxfase and by exit of particles through
the side and opposite boundaries.

Solving a time-dependent problem is performed in two stést, we find the waiting time
distributionw(t). Here,w(t)dt is the probability that the time spent by the particle, sayraion,
in the accelerating half-spage> O falls betweert andt + dt. At the second step, we determine the
albedo spectrunfi(p|t) conditioned by a fixed time The total spectrum is represented by integral

f(p) = [ f(piwit)at. ®
0

N

]

Figure1: Schematic of the Milne problem.

2. One-velocity CR-transport model

Each of pdf's in right hand side of equality (1) obeys an ownatippn determining by the
model accepted for description of the process. The clasmisport model relating to the process
in auniformly homogeneous medthis term means the case when free paths of a walking particl
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are mutually independent and exponentially distributedilescribed by the integro-differential
Boltzmann equation [3].

The special kind of solution related to our problem has bdxtained in [4]. An instantaneous
isotropic point source acts at tinhe- 0 at the surfac& = 0, and the albedo current on the boundary
is observed:

0o 1
() = [ du [ duow(0, i o). @
-1 0
The resulting sought-for pdfi(t) is expressed via the modified Bessel functigix) as follows
w(t) = OOJXL) —t e 92| (gvt/2). (3)
Jo ix(t)dt

We use Monte Carlo (MC) method for further calculation. RAghows that its result are in agree-
ment with analytical representation (3).
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Figure 2: Distribution of escape times in case of random walk with egial distribution of free path
lengths.

3. Why not a simplediffusion

Observe that the problem of finding the albedo time distidlouhas no solution in frame of
the ordinary diffusion theory. The diffusion equation

op 0%p

ot P “)
results from the Boltzmann equation as a limit case o, | — 0 under conditiorvl /3 — D < co.
As easily to see, under this condition solution (3) becormaadunction:w(t) — &(t). Gaussian
solution of Eq. (4) seems to be quite acceptable but it dbesptesent trajectories in an explicit
form. Their patterns are revealed in frame of the Wienerasgmtation of the Brownian motion
which leads to some paradoxical conclusion: the particlegingoaccording to Eq. (4) changes its
motion direction infinite times during an arbitrarily shéirne interval. Starting its motion at the
point of the boundary it immediately leaves it going to ameothalf-space (Fig. 3). In order to find
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w(t), one should disavow the diffusion model and come back to tiez@ann level of transport
interpretation involving the finite velocity and free patinceptions.

In contrast to the diffusion approximation, this approacbdpces correlations between dis-
placements of a particle during non-overlapping time ek,

A\

Figure 3: Trajectories of the Brownian motion.

4. Why not the Boltzmann kinetics

Nevertheless, it is not enough for adequate descriptiomtefstellar transport even in the
guiding center approximation. The point is that operator

7] 0

appears in the case of absence of any correlations betweets @b scattering. This is quite
acceptable for propagation of particles through a rarefeesl @ molecules distributed in space
independently and uniformly. One can show that the free gatha particle between collisions in
this medium is distributed according to the exponential law

L

Prob(€ > x) = e (9/HX (6)

related to the operator (5). However, this distributionnsgavrong for the points of scattering

being located at special points of magnetic field lines. Assult, the scattering points are not
independent but linked via long correlations. Moreoveg fiocess takes place in a turbulent
medium, so the correlations are rather of inverse power lad than of exponential one:

Prob(§ >x)Ox %, a>0, x-— oo (7)

Observe that the first moment éfexists only fora > 1, and the variance only far > 2. Media
of such kind are known as fractal ones, and many astroplysiagree to consider that interstellar
medium belongs to this type [9]. First applications of thedeldo CR propagation problems were
made in [10] and [11].

Replacing pdf (6) by pdf (7) causes transformation of integjfferential equation into its
fractional counterpart [5], containing fractional diféettial operatot.? instead of (5). We solve
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Figure 4: Distribution of escape time (left panel) and number of sraty (right panel) in a semi-infinite
medium characterized by different distributions of fre¢hdangth.

it by the MC method. Fig 4 shows the results of these calariati In the exponential case, pdf
q(t) calculated by the MC method strictly coincides with analgtisolution (3). To retrace its
evolution with variation ofor, we represent timein terms of median value of free flight time. As
one can see from Fig. 4, the increase in heterogeneity of #ugum significantly enlarges the time
spent by particles in the accelerated medium. In case of aogeneous medium, would mean
acceleration up to higher energy, but this is not the case c@loulations show that the number of
events accelerating particles are distributed accordirigvierse power law as well, but its index
doesn't depend oxr (Fig. 4, right panel). For this reason, the distribution eém® number is a
more appropriate characteristics of ISM for calculatiohaazeleration than the time distribution.

5. Distributed reacceler ation

In contrast to the preceding problem, the reaccelerationgss concerns the behavior of par-
ticles in the momentum space. The Fermi model of successi®eaictions (collisions) of a charged
particle with more or less localized inhomogeneities ofrireggnetic field (magnetic clouds) was
generalized to strong shock waves in the supernovae remdizctissed by Berezhko and Krymsky
in review [6] and realized in [1]. From probabilistic poinft\iew, this process can be interpreted
as a sequence of instantaneous random jumps from one pdim aiomentum space to another
one at random times (random jump process). The monfmtacquired by the particle in these
collisions are random and, even for their isotropic disttidn, the point

p=po+Ap1+Ap2+Aps+...,

representing the particle in the momentum space moves awaythe point (momentum) of the
acceleration injectiopg similar to a Brownian particle; this behavior means thelfertacceleration
(reacceleration) of the particle. However, only a certaaction of the particles moving away from
the center are accelerated. This high-energy componensftire interstellar CR-field.
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The increment of the momentum in the multiplicative modednsportional (in the statistical
case) to the absolute value of the momenfiraf the particle coming into interaction,

Ap = pQ, / w(Ap;p)dAp O (p/p) Y, p— oo. (8)
|Ap[>p

On the assumption that the distribution of the random ve@ta independent of’, isotropic and
has the form

W(q;p’)dq = (1/2)V (q)dqdcos(q, p)
with
Vg =yg ¥t y>1 9)

the following equation approximates this process [1]:

%f(p!t) = GV{/vqylf(p/qt)dq/q f(pt)} +fo(P)O(1). (10)
1

In what follows, we assumé&(p) = d(p—1). Let us stress that this equation is derived on
assumption that the acceleration takes place at eachiaolisd the random distance between
consecutive collisions is distributed as in Eq. (6). Acdinmthe turbulent character of the inter-
stellar magnetic field by means of replacement of (6) by @J$ato a fractional version of Eg. (10)
obtained in [7].

For the reasons discussed above, we represent the solfitibe fvactional version through
the event number distribution(n) interpreting the latter as a continuous distribution,

f(p)= [ f(pmw(n)an 11
0

As one can understand from abo¥ép|n) is a pdf of random variablEl, = Q1Q;...Qp,
f(pln)dp=Prol(p <My < p+dp) (12

being none other than the product of mutually independemiaian variable€Q;,Qo,...Qp dis-
tributed according to the common law (9). At first glance, @ynseem that this random variable
obeys the lognormal distribution at large but it is not the case: the distribution bf, follows
the log-normal distribution only in the middle scale regiorhereas its large deviations relating
to cosmic rays preserve the inverse power tail up to a sloatying factor (see investigation of
this problem in [8]). Our calculations confirm this fact (Fi§). As a result, we obtain, that the
albedo-particles momentum spectra from a fractal haléspacelerating the particles have the pdf
of a power type with the index a little be more than 1 indepetlgeof the fractal indexa. This
pdf can be represented by a universal curve (Fig 6).

Finally, we investigated behavior of the process when the frath of the particles increases
with p asp® and saw that in this case the domain of this universalityowestto 1< a < 2 (Fig. 6).

As noted above, equations (2) and (10) describe the tranppmsess as if it took place in a
homogeneous medium where the random free paths betwedaratiom events have exponential
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Figure5: Distribution of the product ofirandom multipliers distributed according to the power lpw(x) =
axox %1 a=15.
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Figure 6: Momentum distributions in case of the exponential and padisributions of free path lengths,
andd =1/3 andd = 0.6.

distribution (6). In order to take into account the turbalEemomogeneous we should pass from (6)
to (7) in the momentum equation (10) as well, that is replaesfirst-order time-derivative by its
fractional-order analog. Seeking its solution in the forh{ld), we calculate the conditional pdf
(12) and number event distributian n) we found out:

1. In case of identical pdf of each free path, the distributign) is practically independent of
the fractal indexa € (0,2).

2. Under this condition, the momentum distribution is reprged by the universal power-type
curve with an index, a little exceeding 1.

3. In case when free path length increases proportionalpy fthe domain of this universality
narrows to I< a < 2.
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