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1. Introduction

At present there is still a lack of agreement on the nature of extragalactic sources that may
accelerate ultra-high energy cosmic rays (UHECRs) up to E ≥ 1019 eV. Following the argument
proposed in Ref. [1], it is possible to put some lower bounds on the source luminosity LCR. Indeed,
by requiring that, whatever the source is, it has to accelerate charged particles to energies∼ 1020eV,
one gets a lower limit on the source luminosity [1], LCR ≥ 1.6×1045Z−2β

( E
1020eV

)2 erg/s, where Z
is the atomic number and β is the dimensionless velocity of the accelerator in units of the speed of
light c. In case of relativistic sources the limit becomes LCR ≥ 1047Z−2Γ2

( E
1020eV

)2 erg/s where Γ

is the Lorentz factor. These lower limits indicate that extragalactic sources have to be very luminous
in order to accelerate UHECRs.
The diffuse flux of UHECRs produced by the whole source distribution depends on the product of
LCR and on the space density of sources ns. Therefore, by measuring comic ray (CR) spectra, it
is possible to estimate for example LCR as a function of ns and even estimating LCR if additional
information (such as small scale anisotropies) is available (see for instance [2]). Currently number
densities of the order of ns∼ 10−5 Mpc−3 (with a large uncertainty) are considered viable. The total
luminosity of the source depends rather drastically on whether the injection spectrum assumed at
the highest energies is extrapolated to low energies as well.

Even a source distribution which is perfectly homogeneous on average has fluctuations in the
local number of sources, as a result of Poisson noise in the spatial distribution. Such fluctuations
result in random dipole anisotropies in the arrival direction of CRs at any location in space, and
these anisotropies translate into an effective CR electric current pervading the intergalactic medium
(IGM), though in general the orientation of such current is random at different locations. Since the
local electric charge and total current must vanish, compensation currents (motion of electrons) are
induced in the background plasma, which may lead to plasma instabilities.

In this work we are interested in finding what are the conditions for the development of the
non-resonant modes of the streaming instability initially discussed in a different context [3]. To
achieve this goal, we first provide an estimate of the source anisotropy in §2 for typical values of
the source density, then we discuss the implications of the existence of the unstable modes for CR
propagation and generation of an intergalactic magnetic field (§3). We conclude in §4.

2. An estimate of CR anisotropy

Even in the presence of a homogeneous distribution of sources in the Universe, Poisson fluc-
tuations will induce a fluctuation in the number of sources in two opposite regions of the universe,
thereby inducing a dipole anisotropy in the flux of cosmic rays δ = ∆Ns/Ns, where Ns is the num-
ber of sources within one loss length at the given energy E of CRs. For simplicity we assume here
that all CRs are protons, so that the loss length is determined by adiabatic energy losses (at low
energy), Bethe-Heitler pair production at energies above the threshold for this process, and pho-
topion production on the photons of the cosmic microwave background (CMB) above ∼ 1020 eV.
We are interested in studying the propagation over cosmological distances of particles with energy
< 109GeV. Their energy loss length λloss is a constant, as shown in Fig. 1 where λloss is plotted as
a function of particle energy. Indeed, in this range of energies the process which dominates is the
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Figure 1: Energy loss length λloss as a function of the logarithm of particle energy.

Figure 2: Plot of the logarithm of δ as a function of the logarithm of particle energy for three different
values of ns: 10−6Mcp−3 black line, 10−5Mcp−3 red line and 10−4Mcp−3 blue line.

adiabatic expansion of the Universe, which means λloss = cτH = 4.34× 103 Mpc (where c is the
speed of light and τH = 1.4×1010 yr is the Hubble time). The number of sources which contribute
to the CR dipolar anisotropy are those contained into the volume Vloss = λ 3

loss.
We assume that these extragalactic sources follows a Poisson distribution. Therefore, the estima-
tion of the fluctuations is ∆Ns =

√
Ns. Then the expression for the anisotropy becomes

δ =
∆Ns

Ns
=

1√
Vlossns

. (2.1)

We plot the profile of log10 δ (E) in Fig. 2 for three different values of ns. For E < 109GeV the
value of δ is of the order of 10−3 in case the number density is ∼ 10−5Mpc−3.
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3. Conditions for CR non-resonant streaming instability

As pointed out in §1 even an homogeneous distribution of sources induces a dipolar anisotropy
in the CR distribution, due to Poisson fluctuations in the number of such sources. Consequently a
CR electric current JCR propagates into the IGM. The system made of this electric current and the
magnetized plasma of the IGM can be subject to a host of instabilities. The instability which grows
faster than all the others is the non-resonant streaming instability (also called Bell’s instability, see
Ref. [3]). The unstable modes induce an important amplification of the magnetic turbulence which
leads to an enhancement of particle’s scattering, which in turn leads to diffusive particle transport.
This phenomenon also occurs in the immediate proximity of the source, as discussed in Ref. [4].
We estimate the CR spatial density nCR by the diffusive flux measured on Earth (see for example
Fig.3 reported in Ref. [5]), obtaining nCR ∼ 4.8×10−8 (EGeV)

−2 cm−3. If the minimum energy of
particles in the current is E, JCR can be written as enCR(E)vd , where the drift velocity is vd = δ c.
We assume that the baryonic component of the IGM has a density nb ' 2.5× 10−7cm−3 and that
there is a cosmological magnetic field with a strength B0, even if there are only very low bound
limits on it. The corresponding Alfvén speed is vA = B0/

√
4πmpnb ≈ 44B0/(10−13G)cm/s.

A first condition to satisfy for the growth of these modes is that the energy density of CRs has to
be locally larger than the energy density of the cosmological magnetic field, i.e. JCRE/ce > B2

0/4π

(e indicates the proton charge). This condition can be expressed as

δ
nCR(E)

nb

(
c
vA

)2 E
mpc2 > 1 . (3.1)

Eq. (3.1) imposes a limit on particle energy. The system is in the CR current driven regime for
those particles which have their energy less than a critical value Ec1:

E < Ec1 = 9.1×1016
δ

(
B0

10−13G

)−2

GeV . (3.2)

In the range of energy we are interested in, E < 109GeV, δ ∼ 10−3 (see Fig. 2) which means
Ec1 ≥ 1013GeV. Therefore, the first condition is satisfied.
There is a more restrictive limit that comes from the fact that the non-resonant modes are required
to grow on time scales not longer than the age of Universe to be relevant. The growth rate of the
fastest growing mode is

γmax = kmaxvA =

√
4π

npmp
enCR(E) δ , (3.3)

where kmax is obtained by balancing the magnetic tension with the JCR×δB force, as explained in
Ref. [3]. Comparing γ−1

max with τH we obtain a second critical energy Ec2:

Ec2 = 2.4×108
δ

1/2 GeV . (3.4)

Only for those particles with E < Ec2 the non-resonant modes are able to grow. We rewrite Ec2 as
a function of ns.Thus, eq. (3.4) reads

E < Ec2 = 4.45×105 (ns)
−1/4 GeV . (3.5)
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The first effect we want to study is the amplification of the magnetic turbulence B. We assume
that the saturation regime is reached when the Larmor radius in the amplified field is bigger or of
the same order of the length scale over which the magnetic field grows, i.e. rL(B)∼ 1/(ξ k), where
the parameter ξ goes from 0 to 1 corresponding to the upper limit case (rL(B)∼ 1/k). The length
scale k is estimated by the comparison between the magnetic tension B0×Bk/2π and the JCR×B/c
force. Therefore, substituting k into the first condition we obtain the following expression for the
amplified magnetic turbulence:

B = ξ
√

4πnCR(E)Eδ . (3.6)

We note that this expression is independent of the background magnetic field B0. With this value
of B it is possible to estimate the effect on particle propagation over cosmological distances. As
mentioned before, there is an enhancement of particle’s scattering which leads to a diffusive prop-
agation of cosmic rays. In order to derive an estimate of D we assume Bohm diffusion in the
self-generated turbulence, that is (UHECRs are ultra-relativistic so their velocity is c)

D =
1
3

rL(B)c = 5.73×1032
ξ
−1 (ns)

1/4
(

E
106GeV

)3/2

cm2s−1 . (3.7)

We consider the diffusion of particles over a length scale d corresponding to the mean distance
between two sources, which is of the order of ∼ (ns)

−1/3. The particles for which the diffusion
time τd is shorter than the age of the Universe are able to propagate away from sources and are the
particles which contribute effectively to the CR electric current. Therefore, we calculate τd and we
compare it to τH . The diffusion time is estimated as d2/D, which reads:

τd = 5.24×108
ξ (ns)

−11/12
(

E
106GeV

)−3/2

yr . (3.8)

The comparison between τd and τH imposes a third condition on particle energy

E < Ec3 = 1.12×105
ξ

2/3 (ns)
−11/18 GeV . (3.9)

When eq. (3.5) and eq. (3.9) are satisfied in such a way that Ec3 < Ec2 particles produce non-
resonant modes and the self-generated magnetic turbulence forbids their propagation over distances
larger than (ns)

−1/3. Fig. 3 shows Ec2 and Ec3 as a function of ns for three different values of ξ . We
observe that the constraint Ec3 < Ec2 is satisfied only for a certain range of ns which changes with
ξ . In this range, the particles with E > Ec3 ∼ 107 GeV contribute effectively to the electric current
JCR because lower energy particles are self-confined within a distance n−1/3

s from the sources.
We can estimate the value of the magnetic field at saturation which corresponds to the expression
reported in eq. (3.6) calculated at E = Ec3, that is

Bsat ≈ 1.01×10−11
(

ns

10−4.5Mpc−3

)1/18(
ξ

1/30

)2/3

G . (3.10)

The length scale over which the saturation is established is rL(Bsat)∼ 107/(eBsat)∼ 1Mpc.
In the numerical simulations of Bell’s instability performed by Riqueleme and Spitkovsky [6], the
saturation regime is reached when the following condition is fulfilled:

knum rL(B) = 1 with knum = 2k

[(
B0

B

)2

+1

]−1

, (3.11)
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Figure 3: Plot of the two critical values Ec2 and Ec3 as a function of ns for three different values of ξ : (a) 1,
(b) 1/10 and (c) 1/30.

where k is the wavenumber of the amplified field when the magnetic tension is of the same order
of JCR×B/c force. The expression for the turbulence is

Bnum = B(ξ = 1)
(

18
B0

B(ξ = 1)

)1/3

(3.12)

where we have used the subscript num to distinguish the value obtained using numerical simulations
with respect to the theoretical one, B, reported in eq. (3.6). We note that the value of Bnum depends
on the cosmological magnetic field B0. As before, we estimate the diffusion coefficient assuming
Bohm diffusion

Dnum = 1.83×1033
(

E
106GeV

)4/3

(ns)
1/6
(

B0

10−13G

)−1/3

cm2s−1 . (3.13)

Then we calculate the diffusion time over a mean distance between two sources ∼ (ns)
−1/3, that is

τ
num
d = 1.65×108

(
E

106GeV

)−4/3

(ns)
−5/6

(
B0

10−13G

)1/3

yr . (3.14)

The comparison between the diffusion time and the age of the Universe gives a critical energy

Enum
c3 = 3.57×104(ns)

−5/8
(

B0

10−13G

)1/4

GeV . (3.15)

The condition Ec3 < Ec2 is satisfied when ns > 10−3Mpc−3 and the magnetic field at saturation is

Bnum
sat = 4.15×10−11

(
ns

10−3Mpc−3

)1/24( B0

10−13G

)1/4

G . (3.16)
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4. Conclusions

We consider a distribution of the extragalactic sources that is constant in space and time. Nev-
ertheless, there are statistical fluctuations in the number of the sources which induce a dipolar
anisotropy δ in the CR distribution. For the energies we are interested in, that is E < 109 GeV,
δ ∼ 10−3 and depends only on the number density ns. An anisotropic CR distribution generates an
electric current which propagates into the IGM and induces various plasma instabilities. The fastest
is the non-resonant streaming instability (also called Bell’s instability, see ref. [3]). There are two
important effects: the generation of a magnetic turbulence and a self-confinement mechanism for
particles with energy less than a critical value.
We estimated that the self-generated magnetic field is ∼ 10−11G over a length scale of the order of
1Mpc.
We have observed that particles with E > 107GeV are able to propagate over cosmological dis-
tances. Therefore, they contribute effectively to the CR electric current which induces the non-
resonant streaming instability. The self-generated magnetic turbulence enhances particle’s scatter-
ing and consequently reduces the diffusion coefficient in such a way that particles with E < 107GeV
remain confined over a distance comparable to the mean distance between two sources (∼ n−1/3

s ).
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