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We apply a subtracted dispersion relation (DR) formalism with the aim to improve predictions for
the two-photon exchange (TPE) corrections to elastic electron-proton scattering observables at
small momentum transfers. We study the formalism on the elastic TPE contribution in comparison
with existing data for unpolarized cross sections.
We extend the general formalism of TPE to elastic scattering with massive lepton and perform
a numerical estimate of the muon-proton scattering at low momentum transfer in view of the
upcoming muon-proton scattering experiment (MUSE).
We study the influence of the double-virtual Compton scattering (VVCS) subtraction function on
the unpolarized lepton-proton scattering cross-section. We show that the resulting TPE correction
is negligible in the electron-proton scattering and smaller than planned uncertainties of the MUSE
experiment for the subtraction functions evaluated in chiral perturbation theory.
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Two-photon exchange corrections in elastic lepton-proton scattering Oleksandr Tomalak

Elastic electron-proton scattering in the approximation of the exchange of one-photon provide
fundamental information on general properties of the proton. The electric and magnetic form fac-
tors of the proton are extracted from the unpolarized elastic ep cross-section data by the Rosenbluth
separation, see Ref. [1] for the modern extractions. The measurement of the electric over magnetic
form factor ratio with polarization transfer from the electron beam to the proton gave strikingly
different results [2]. TPE contributions have been proposed as a plausible solution to resolve the
puzzle. The mysterious discrepancy, often referred to as "the proton radius puzzle", has been ob-
served in the measurement of the proton charge radius from the energy spectrum of the muonic
hydrogen compared to the usual hydrogen result and electron-proton scattering. TPE estimates
at small momentum transfer can decrease the uncertainties of the electron-proton scattering data.
Their estimates have strong model dependence in the region of the small momentum transfer. For
the TPE contribution from the proton intermediate state, that is expected to be the largest TPE
effect, we compare the model independent DRs approach [5] with the hadronic model of TPE eval-
uation [6]. In order to avoid the model dependence in the definition of the off-shell photon-proton
vertex and with the aim to suppress the contribution of intermediate states with larger invariant
masses we use the subtracted DR for one of three independent invariant TPE amplitudes. We make
estimate of the leading proton intermediate state TPE correction for the upcoming muon-proton
elastic scattering experiment [7]. We study the contribution of the VVCS subtracted function in
elastic lepton-proton scattering and reevaluate it in MUSE kinematics.

1. General formalism of TPE corrections in elastic lepton-proton scattering

Elastic lepton-proton scattering is completely described by 16 helicity amplitudes Th′λ ′,hλ with
arbitrary h,h′,λ ,λ ′ =±, the sign corresponds to the sign of helicity, see Fig. 1. The QCD and QED
discrete symmetries (parity and time-reversal invariance) leave just six independent amplitudes:
T1 = T++,++, T2 = T+−,++, T3 = T+−,+−, T4 = T−+,++, T5 = T−−,++, T6 = T−+,+−.

Figure 1: Elastic lepton-proton scattering.

Helicity amplitudes can be expressed by the sum of six different tensor structures coming to-
gether with the invariant amplitudes, that are functions of two kinematic variables. We use the
momentum transfer squared Q2 = −(k− k′)2 and the crossing symmetric variable ν , that is ex-
pressed in terms of the s-channel squared energy s = (k+ p)2 and the u-channel squared energy
u = (k− p′)2 as ν = (s−u)/4. This variable changes sign with s↔ u channel crossing.

It is convenient to divide the amplitude into a part without the flip of lepton helicity T nonflip,
and the part with lepton helicity-flip T flip [8]. The expression for the helicity amplitude is given by
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(where the T matrix is defined as S = 1+ iT ):

T nonflip =
e2

Q2 ū(k′,h′)γµu(k,h) · ū(p′,λ ′)
(

GMγ
µ −F2

Pµ

M
+F3

γ.KPµ

M2

)
u(p,λ ), (1.1)

T flip =
e2

Q2
m
M

ū(k′,h′)u(k,h) · ū(p′,λ ′)
(

F4 +F5
γ.K
M

)
u(p,λ )

+
e2

Q2
m
M

F6ū(k′,h′)γ5u(k,h) · ū(p′,λ ′)γ5u(p,λ ), (1.2)

with P = (p+ p′)/2, K = (k+ k′)/2, the lepton (proton) mass m (M) and the unit of charge e.
In the one-photon exchange (OPE) approximation only two amplitudes GM and F2 are non

zero. The helicity amplitude is expressed in terms of the Dirac F1 and Pauli F2 FFs as:

T =
e2

Q2 ū(k′,h′)γµu(k,h) · ū(p′,λ ′)Γµu(p,λ ), (1.3)

Γ
µ = γ

µF1(Q2)+
iσ µνqν

2M
F2(Q2). (1.4)

It is customary in experimental analysis to work with Sachs magnetic and electric FFs:

GM = F1 +F2, GE = F1− τF2, (1.5)

where τ = Q2/(4M2). The exchange of more than one photon gives corrections of order O(α),
with α = e2/(4π)' 1/137, to all six amplitudes.

The leading TPE correction to the unpolarized elastic lepton-proton scattering cross-section is
given by the interference between the OPE diagram and the sum of box and crossed-box graphs
with two photons. We define the TPE correction δ2γ through the difference between the cross
section with account of exchange of two photons σ and the cross section in the 1γ-exchange ap-
proximation σ1γ by:

σ = σ1γ

(
1+δ2γ

)
. (1.6)

The leading TPE correction is expressed in terms of the TPE structure amplitudes as:

δ2γ =
2

G2
M + ε

τ
G2

E

{
GMℜG 2γ

1 +
ε

τ
GEℜG 2γ

2 +
1− ε

1− ε0

(
ε0

τ
GEℜG 2γ

4 −GMℜG 2γ

3

)}
, (1.7)

where we define for convenience the following amplitudes:

G 2γ

1 = G 2γ

M +
ν

M2 F 2γ

3 +
m2

M2 F 2γ

5 , (1.8)

G 2γ

2 = G 2γ

M − (1+ τ)F 2γ

2 +
ν

M2 F 2γ

3 , (1.9)

G 2γ

3 =
m2

M2 F 2γ

5 +
ν

M2 F 2γ

3 , (1.10)

G 2γ

4 =
ν

M2 F 2γ

4 +
ν2

M4(1+ τ)
F 2γ

5 , (1.11)

and use the photon polarization parameter ε:

ε =
16ν2−Q2(Q2 +4M2)

16ν2−Q2(Q2 +4M2)+2(Q2 +4M2)(Q2−2m2)
, (1.12)

The TPE structure amplitudes enter the unpolarized cross-section through their real parts.
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2. Hadronic model versus dispersion relations

For the region of small energies the TPE correction in elastic lepton-proton scattering can be
evaluated by DRs or with assumptions of the photon-proton vertex.

DRs approach is realized for the fixed value of the momentum transfer squared Q2. Structure
amplitudes are studied as functions of ν variable. The imaginary part of the helicity amplitude
Th′λ ′,hλ is obtained from the S-matrix unitarity as sum over all possible intermediate states and
helicities (κ):

2ℑTh′λ ′,hλ = ∑
n,κ

n

∏
i=1

∫ d3qi

(2π)3
1

2Ei
T ∗

κ,h′λ ′Tκ,hλ (2π)4
δ

4(k+ k′−∑
i

qi), (2.1)

with n particles in the intermediate state. The structure amplitudes are given by the linear combi-
nation of the helicity amplitudes.

Assuming analyticity of the structure amplitudes in whole complex ν plane, except branch
cuts from the particle production threshold to infinity, one can write down DRs for the invariant
amplitudes with the fixed value of the squared momentum transfer Q2. The invariant amplitudes
have definite properties with respect to the change of ν variable sign. According to these properties
the DRs for the ep scattering amplitudes GM,F2,G1,G2 are given by:

ℜG 2γ(ν ,Q2) =
2
π

ν

∞∫
νth

ℑG 2γ(ν ′,Q2)

ν ′2−ν2 dν
′, (2.2)

and for the amplitude F3:

ℜF 2γ

3 (ν ,Q2) =
2
π

∞∫
νth

ν
′ℑF 2γ

3 (ν ′,Q2)

ν ′2−ν2 dν
′. (2.3)

These DRs reproduce the contribution from the sum of the direct and crossed box graphs.
The proton intermediate state TPE contribution to structure amplitudes can be evaluated also

in the hadronic model with the assumption of the on-shell form of the off-shell vertex. For the
direct box graph contribution the amplitude is given by:

Tdirect = −e4
∫ id4k1

(2π)4 ū(k′,h′)γµ(k̂1 +m)γνu(k,h)N̄(p′,λ ′)Γµ(P̂+ K̂− k̂1 +M)ΓνN(p,λ )

1
(k1−P−K)2−M2

1
k2

1−m2

1
(k1−K− q

2)
2−µ2

1
(k1−K + q

2)
2−µ2 . (2.4)

We introduce the finite photon mass µ as IR regulator and subtract IR divergences according to the
Maximon and Tjon prescription [11], see Sec. 4 for details.

We compare the hadronic model evaluation of the box and crossed box graphs with the evalu-
ation of the amplitudes based on DR formalism for the elastic intermediate state. For comparison
we exploit the dipole form of the electric and magnetic form factors. We evaluate separately contri-
butions from two Dirac couplings in photon-proton-proton vertex (F1F1), from two Pauli couplings
(F2F2) and the mixed case (F1F2). We expect different high-energy behaviour of the structure am-
plitudes for these vertex structures. The imaginary parts of structure amplitudes are the same in
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both approaches. They are determined by the vertex with on-shell protons. For the real parts of
the ep scattering amplitudes two approaches give the same results for all amplitudes in the case of
F1F1 and F1F2 vertex structures and also for the amplitudes G 2γ

1 ,G 2γ

2 ,F 2γ

2 in the case of F2F2 ver-
tex structure. The amplitude F 2γ

3 , that was zero in the OPE approximation, differs by a constant.
We notice that after one subtraction the DR calculation and the box diagram model results agree.

3. Subtracted DR results for unpolarized elastic electron-proton scattering

In order to avoid the model dependence in the definition of the photon-proton vertex and with
the aim to decrease the contribution of resonances and states with higher invariant masses we
propose to use the subtracted DR for the amplitude F3.

� 2
�

A1 Coll.
subtracted DR (ε0 = 0.2)
subtracted DR (ε0 = 0.5)
subtracted DR (ε0 = 0.8)
unsubtracted DR
full box graph modelQ2 = 1 GeV2

−0.025

−0.020

−0.015

−0.010

−0.005

0

ε
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

� 2
�

A1 Coll.
subtracted DR (ε0 = 0.2)
subtracted DR (ε0 = 0.5)
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full box graph model
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Q2 = 0.05 GeV2

0.01

0.02

0.03

ε
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

Figure 2: Subtracted DR based predictions for the TPE correction for Q2 = 0.05 GeV2 (left panel) and
Q2 = 1 GeV2 (right panel), in comparison with the box diagram model and the unsubtracted DR prediction.
Three subtracted DR curves correspond with three choices for the subtraction point : ε0 = 0.2, 0.5, 0.8. The
blue band is the experimental result from the fit of Ref. [1].

In the approximation of the elastic intermediate state only the TPE correction to the unpolar-
ized elastic electron-proton scattering cross section can be expressed as the sum of a term evaluated
using an unsubtracted DR and a term arising from the F2F2 contribution in the F3 amplitude, which
we will evaluate with a subtraction:

δ2γ = δ
0
2γ + f

(
ν ,Q2)

ℜF F2F2
3 , (3.1)

δ
0
2γ =

2
G2

M + ε

τ
G2

E

(
GM (ε−1)

ν

M2 ℜF F1F1+F1F2
3 +GMℜG1 +

ε

τ
GEℜG2

)
, (3.2)

f (ν ,Q2) =
2GM(ε−1)
G2

M + ε

τ
G2

E

ν

M2 . (3.3)

The predictions for the elastic electron-proton scattering cross section correction can be made
with one subtraction point at ν = ν0, the correction is expressed as:

δ2γ(ν ,Q2) = f (ν ,Q2)
[
ℜF F2F2

3 (ν ,Q2)−ℜF F2F2
3 (ν0,Q2)

]
+ δ

0
2γ(ν ,Q

2)+ f (ν ,Q2)ℜF F2F2
3 (ν0,Q2), (3.4)
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where we can express the value of the subtraction function ℜF F2F2
3 (ν0,Q2) through the experimen-

tal input δ2γ(ν0,Q2), that we obtain from the fit of the experimental data [1], as:

ℜF F2F2
3 (ν0,Q2) =

δ2γ(ν0,Q2)−δ 0
2γ
(ν0,Q2)

f (ν0,Q2)
. (3.5)

We show the realization of this formalism [9] for two different values of the momentum trans-
fer in Fig. 2. We take three different subtraction points. The space between curves describes the
error of our analysis coming from the inelastic intermediate states, the assumptions of the fit details
and the assumption of the dipole form of electric and magnetic proton form factors.

4. Hadronic model estimates of the elastic TPE correction in MUSE experiment

We make estimates of the TPE corrections in MUSE experiment coming from the elastic in-
termediate state in the hadronic model described above. We subtract the IR divergencies according
to the Maximon and Tjon prescription [11]. The QED TPE amplitude GM for the scattering of two
point-like charges (i.e., F1F1 contribution with F1(Q2) = 1) has the following IR divergent term:

G IR,0
M =

s−M2−m2
√

Σs

(
ln
(√

Σs− s+(m+M)2
√

Σs + s− (m+M)2

)
+ iπ

)
α

π
ln
(
− t

µ2

)
− u−M2−m2

√
Σu

ln
( √

Σu−u+(m+M)2

−√Σu−u+(m+M)2

)
α

π
ln
(
− t

µ2

)
, (4.1)

with Σs ≡ (s− (m+M)2)(s− (m−M)2). The IR divergent contribution to the G 2γ

M amplitude is
given by F1(Q2)G IR,0

M for the F1F1 vertex structure. The IR divergent contribution to G 2γ

M and F 2γ

2
is given by F2(Q2)G IR,0

M for the F1F2 vertex structure. The other amplitudes are IR finite in case of
the F1F1 and F1F2 vertex structures. The F2F2 vertex structure is IR finite.

We show our results [10] in Fig. 3 for the nominal beam momentas of MUSE experiment. For
the small momentum transfer the TPE correction has the same order of magnitude as the expected
uncertainty of the MUSE experiment.

5. Subtraction function contribution to elastic unpolarized scattering

The leading term in the momentum transfer expansion of the TPE contribution from the in-
elastic intermediate states can be evaluated in the approximation of the forward VVCS tensor as the
lower blob of the TPE graph. The covariant tensor structure of the unpolarized part of the forward
VVCS can be written as:

Mµν(ν̃ , Q̃2) = −
(
−gµν +

q̃µ q̃ν

q̃2

)
T1(ν̃ , Q̃2)−

1
M2

(
Pµ +

Mν̃

Q̃2
q̃µ

)(
Pν −Mν̃

Q̃2
q̃ν

)
T2(ν̃ , Q̃2). (5.1)

The unpolarized forward VVCS process is described by two invariant amplitudes T1,T2, which are
functions of Q̃2 ≡−q̃2 and ν̃ ≡ P · q̃/M.
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Figure 3: The TPE correction δ2γ is shown as function of the momentum transfer for three nominal beam
momentas of the MUSE experiment. We show the full correction for muon-proton (blue solid line) and
electron-proton (black dash-dotted line) scattering together with the muon-proton scattering correction with-
out the flip of muon helicity (red dashed line).

The amplitude T2 can be completely evaluated within DRs from the proton inelastic structure
function, while the amplitude T1 is extracted up to the subtraction function T1(0, Q̃2) [12], that can
be evaluated in chiral perturbation theory [13, 14] up to few hundreds MeV. In Ref. [15] there
was an attempt to solve the radius puzzle with the enhanced T1(0, Q̃2) function at large momentum
transfer region. It is interesting to study its contribution to the unpolarized scattering cross sec-
tion. The description of the VVCS process by two amplitudes is valid only for the energies much
smaller than the hadronic scale, consequently one can not provide the reliable prediction for the
contribution of such subtraction functions. We assume the VVCS description by Eq. (5.1) to be
valid.

It turns out, that the correction is proportional to the squared lepton mass and therefore can
be neglected in the measurement of the unpolarized electron-proton scattering cross-section. The
subtraction in VVCS amplitude corresponds with the subtraction in the F4 invariant amplitude
of the lepton-proton elastic scattering. For the region of small Q2 the TPE contribution from the
enhanced at large momentum transfer T1(0,Q2) can be approximated as:

δ
subt
2γ,0 =−Q2 3m2

2E

∞∫
0

T1(0, Q̃2)

π

dQ̃2(
Q̃2
)2 , (5.2)

7
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with the lepton momentum p and the lepton energy E. Substituting the enhanced at large momen-
tum transfer subtraction function we reproduce the result of the Ref. [15] .

In Fig. 4 we show the contribution from the subtraction functions of Refs. [13, 14, 15] for
the typical kinematics of the MUSE experiment. We estimate uncertainties of the baryon chiral
perturbation theory [14] varying the upper integration limit between 0.5 GeV2 and 10 GeV2. The
effect coming from the enhanced at large Q̃2 subtraction function is of the same order as the ex-
pected uncertainty of the MUSE experiment or slightly below it, while the more realistic theoretical
predictions are few orders of magnitude smaller.

Feshbach
Miller
Birse et al.
Alarcon et al.

p = 153 MeV

|� 2
�
|

+

-

-

-

10−5

10−4

10−3

10−2

Q2, GeV2
0.005 0.010 0.015 0.020 0.025 0.030 0.035

Figure 4: The forward Compton scattering subtraction function T1(0,Q2) contribution to TPE correction in
elastic muon-proton scattering for the beam momenta p = 153 MeV. The TPE correction from the different
subtraction functions of Refs. [13, 14, 15] is shown in comparison with the leading elastic contribution given
by the Feshbach term. The sign corresponds to the µ−p scattering.
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