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We present results of the first variational calculations of the s-shell hypernuclei 4
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H using
a recently developed Fermionic Molecular Dynamics (FMD) code. The relevance of the variation
of the parity projected trial state (VAPπ ) is discussed. We found rather weak dependence of the Λ

separation energies on the type of the VNN potential. We observed substantial difference between
the predicted Λ separation energy spectra for various VΛN potentials applied in calculations. The
proper choice of VΛN as well as the Fermi momentum kF , which enters the YNG VΛN potentials
as a parameter, is thus crucial.
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1. Introduction

Hypernuclei are nuclear systems with non-zero strangeness containing besides neutrons and
protons also one or more hyperons. Their study provides unique opportunity to test models of
baryon-baryon interactions, as well as various nuclear models. Since the Λ hyperon is not affected
by Pauli blocking in the nucleus, it can penetrate deep in the nuclear interior and thus serves as a
probe of the nuclear medium. The ΛN scattering data are rather scarce and therefore the form of
the ΛN potential is not so strictly constrained as in the NN case. Selected Λ hypernuclear data are
thus used as an input for the ΛN interaction models.

There is fair amount of data on Λ hypernuclei including their production, structure and de-
cay. The most precise information, including γ-ray spectra, are available for s-shell and p-shell
Λ hypernuclei up to mass number A=16 [1].

In this paper we present the first application of the Fermionic Molecular Dynamics model
[2, 3] in structure calculations of the light s-shell Λ hypernuclei 4

Λ
He and 4

Λ
H. We studied the

effects in the nuclear core caused by the presence of Λ. We have evaluated the Λ separation energy
of the hypernuclear ground and excited states for different NN and ΛN effective potentials in order
to explore model dependence of the calculations.

In Section 2, we briefly introduce the FMD model together with applied projection techniques.
Results of hypernuclear structure calculations are discussed in Section 3. We summarize our find-
ings in Section 4 where our future plans are presented as well.

2. Theoretical approach

Hypernuclear and nuclear calculations presented in this work are performed within the Fermionic
Molecular Dynamics approach. The FMD is a non-relativistic many-body variational model which
describes systems of N interacting fermions. The antisymmetrized many-body wave function is
adopted in a Slater determinant form

〈x1, . . . ,xN | Q〉=
1

N! ∑
Pi

sgn(Pi)
〈
x1
∣∣ qPi(1)

〉
. . .
〈
xN
∣∣ qPi(N)

〉

=
1

N!
Det

∣∣∣∣∣∣∣
〈x1| q1〉 · · · 〈x1| qN〉

...
. . .

...
〈xN | q1〉 · · · 〈xN | qN〉

∣∣∣∣∣∣∣ ,
(2.1)

where xi denotes a generalized coordinate which fully defines space, spin and isospin components
of a single-particle state.

The single-particle basis is spanned by Gaussian wave packets

|qk〉=
∣∣∣ak, ~bk

〉
⊗
∣∣∣χ↑k ,χ↓k〉⊗|ξk〉 ,〈

~x
∣∣∣ ak,~bk

〉
= exp

(
−(~x−~bk)

2

2ak

)
,

(2.2)

where~bk stands for position-like complex vector. In contrary to AMD [4] or HyperAMD [5] we use
for each state a different complex width parameter ak. The spin part

∣∣∣χ↑k ,χ↓k〉 is defined as a most
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general complex spinor to ensure correct rotational properties. The isospin part |ξk〉 remains fixed
throughout the entire calculation. Each single particle state is then described by twelve independent
variational parameters qk =

{
ak,~bk,χ

↑
k ,χ

↓
k

}
.

The Hamiltonian describing a hypernuclear system is defined in a form

Ĥ = T̂N + T̂Λ− T̂cm +V̂NN +V̂ΛN , (2.3)

where T̂N , T̂Λ, and T̂cm denote kinetic energy of nucleons, Λ, and center of mass motion, respec-
tively. The V̂NN (V̂ΛN) stands for NN (ΛN) two-body potential. In this paper we use the effective
VolkovV2 [6] NN interaction as well as Malfliet-Tjon V [7] and Afnan-Tang S3M [8] UCOM trans-
formed [9] V̂NN potentials. The hypernuclear part V̂ΛN is represented by the G-matrix transformed
YNG-NF and YNG-NS Nijmegen two-body ΛN potentials [10].

The binding energy and the corresponding state of the nuclear or hypernuclear system are
obtained within the time-independent variation method. We minimize the expectation value of the
Hamiltonian (2.3) with respect to the parameters qk of each single-particle state |qk〉. The binding
energy EB of the many-body system is then defined as a minimum

EB = min
q1,...,qN

〈Q| Ĥ |Q〉
〈Q| Q〉

(2.4)

under following conditions

< X̂cm >2 = 0, < P̂cm >2= 0, Re(ak)> 0. (2.5)

To solve this problem numerically we have implemented Sequential Quadratic Programming (SQP)
method [11].

The FMD state |Q〉 is in general not an eigenstate of the parity and total angular momentum
operators. Hence, we project out a state with particular quantum numbers Jπ by applying on the
resulting state of the variation method the parity projector

P̂π =
1
2
(
1+πΠ̂

)
(2.6)

and the total angular momentum projector within the GCM [12]

P̂J
MK =

2J+1
8π2

∫
dΩDJ

MK
∗
(Ω)R̂(Ω). (2.7)

Given that the parity and total angular momentum projected states P̂J
MKP̂π |Q〉 = |Q;JπMK〉

are not lineary independent, we obtain orthogonal eigenstates

|Q;JπMκ〉= ∑
K
|Q;JπMK〉CJπ κ

K (2.8)

by the diagonalization of the Hamiltonian (2.3) in a subspace spanned by projected states |Q;JπMK〉.
This procedure formulates the generalized eigenvalue problem

∑
K′

HJπ

KK′C
Jπ

K′ = EJπ κ
∑
K′′

NJπ

KK′′C
Jπ

K′′ ,

HJπ

K,K′ = 〈Q;JπMK| Ĥ
∣∣Q;JπM′K′

〉
= 〈Q;π| ĤP̂J

KK′ |Q;π〉 ,

NJπ

K,K′ =
〈
Q;JπMK

∣∣ Q;JπM′K′
〉
= 〈Q;π| P̂J

KK′ |Q;π〉 .

(2.9)
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As a result we obtain coefficients CJπ κ defining eigenstates (2.8) and corresponding binding ener-
gies EJπ κ .

The minimization procedure could be further improved by applying the projection techniques
[13] to the trial FMD state already before the variation, as will be discussed in the next section.

3. Results

In this contribution, we present results of the first calculations of the s-shell hypernuclei
4
Λ

He and 4
Λ

H within the recently developed FMD code. Calculated Λ separation energies BΛ

are compared with the experimental values of BΛ in the 0+(1+) state, BΛ exp.(
4
Λ

He;0+) = 2.39±
0.03(1.15±0.04) MeV and BΛ exp.(

4
Λ

H;0+) = 2.04±0.04(1.04±0.05) MeV [14, 15].
The Λ separation energies in the 0+ and 1+ states of 4

Λ
He, calculated using the Malfliet-Tjon-

V-UCOM VNN (MTV) and YNG-NF VΛN (NF) potentials are shown in Figure 1. The results of the
variation of a basic FMD trial state (V) are compared with the results with the even parity projected
trial FMD state (VAP+). Clearly, the VAP+ leads to larger Λ separation energies of the both 0+

and 1+ states while the 0+−1+ splitting remains almost unchanged. This finding holds for all VNN

and VΛN potentials used in our calculations.
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Figure 1: Λ separation energies BΛ of 4
Λ

He obtained using the variation of a trial FMD state (V) and variation
of an even parity projected trial FMD state (VAP+), calculated with the MTV VNN and NF VΛN potentials.
Variated trial states are further projected on the 0+ ground and 1+ excited states.

It is to be noted that the results of previous calculations of ordinary nuclei [13] suggest that
the effect of VAPπ would be larger in more deformed hypernuclei. In the following we will present
only the VAPπ results which we consider a more accurate description of hypernuclear bound states.

To a first approximation, the binding of the Λ hyperon in a nuclear system is mainly determined
by the ΛN interaction. However, since the nuclear part of the total Hamiltonian (2.3) also partic-
ipates in the variation process, the impact of the presence of the hyperon on the nuclear structure
should depend on the VNN potential as well. This feature allows us to indicate the effects coming
from the nuclear core description. In Figure 2, we plot the Λ separation energies BΛ of the 4

Λ
He
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Figure 2: Λ separation energies BΛ of 4
Λ

He obtained using the variation of an even parity projected trial
FMD state (VAP+) calculated with the V2M0.6, MTV, and ATS3M VNN potentials and the NF VΛN potential.
Variated trial states (+) are further projected on 0+ ground and 1+ excited states.

hypernucleus calculated for the same VΛN potential (YNG-NF) but three different VNN potentials -
the MTV, Afnan-Tang-S3M-UCOM (ATS3M), and VolkovV2-M0.6 (V2M0.6) potentials. We ob-
serve, that the separation energy BΛ of an intrinsic state before the angular momentum projection
(denoted by ’+’) varies only slightly within tens of keV. However, after the angular momentum
projection the Λ separation energies of the ground 0+ and excited 1+ states differ by few hundreds
of keV, which is also reflected in the 0+−1+ splitting.

In Table 1, we present energy differences between the individual contributions to the binding
energies of the 0+ and 1+ states in 4

Λ
He, calculated with the VolkovV2-M0.0 (V2M0.0), V2M0.6,

MTV, and ATS3M VNN potentials and the NF (kF = 0.763 fm−1) VΛN potential. We observe that
the size of the |BΛ(0+)−BΛ(1+)| splitting comes dominantly from the spin-dependent part of the
VΛN potential (∆V σ

ΛN). Furthermore, the size of BΛ splitting changes considerably for various VNN

potentials, as they predict a different level of the nuclear core modifications due to the presence of
Λ. Indeed, the ATS3M potential gives the largest change of the rms radius of 3He and the nuclear

VNN potential ∆Tint. ∆VNN ∆V σ
NN ∆VΛN ∆V σ

ΛN |BΛ(0+)−BΛ(1+)|
V2M0.0 10−4 10−4 - 10−5 0.626 0.626
V2M0.6 10−4 10−5 10−5 10−4 0.625 0.626
MTV-UCOM 10−4 10−5 - 10−4 0.726 0.726
ATS3M-UCOM 0.023 0.027 0.048 0.006 0.767 0.817

Table 1: The differencies between the BΛ(0+) and BΛ(1+) Λ separation energies expressed in the form of
individual contributions to the 0+ - 1+ splitting (in MeV). The Tint., VNN , V σ

NN , VΛN and V σ
ΛN denote intrinsic

kinetic energy, spin-independent part of VNN , spin-dependent part of VNN , spin-independent part of VΛN and
spin-dependent part of VΛN . The calculations are performed with the V2M0.0, V2M0.6, MTV, and ATS3M
VNN potentials and the NF (kF = 0.763 fm−1) VΛN potential.
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core of 4
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He.
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Figure 3: Λ separation energies BΛ of 4
Λ

He obtained using the variation of an even parity projected trial
FMD state (VAP+) calculated with the V2M0.0 VNN potential and NF, NS VΛN potentials. Variated trial
states (+) are further projected on 0+ ground and 1+ excited states.
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Figure 4: Λ separation energies BΛ of 4
Λ

He obtained using the variation of an even parity projected trial
FMD state (VAP+) calculated with the MTV VNN potential. The VΛN part is described by the NF potential
with different values of the Fermi momentum kF. Variated states (+) are further projected on 0+ ground and
1+ excited states.

In Figure 3, we show the Λ separation energies in 4
Λ

He calculated using two different VΛN

potentials, YNG-NF and YNG-NS, and the same V2M0.0 VNN potential. We observe substantial
difference between the calculated BΛ energies as well as 0+− 1+ splittings. The NS potential
clearly overestimates the |BΛ(0+)−BΛ(1+)| difference which is attributed to the strong spin de-
pendent part of the ΛN interaction. This feature is in accordance with previous calculations [4].
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The important aspect of the YNG potentials is their Fermi momentum dependence. The
calculations presented so far were performed for one particular value of the Fermi momentum,
kF = 0.763 fm−1, determined from the calculations of the 3He rms radius [16]. In Figure 4, we plot
the results of three different calculations of 4

Λ
He with the same VNN and VΛN potentials, but different

values of kF. The value kF = 0.8 fm−1 was adopted from previous hypernuclear cluster calculations
[4] and kF = 0.72 fm−1 was used as a test value. We observe that the Fermi momentum acts as a
scaling factor - Λ separation energies increase rapidly with decreasing kF. The 0+− 1+ splitting
changes only slightly (tens of keV) and also has an increasing tendency with decreasing kF.

Properties of the NN and ΛN interactions can be studied through mirror hypernuclei 4
Λ

He and
4
Λ

H. Since the YNG potentials do not distinguish between neutron and proton, the difference be-
tween the Λ separation energies comes exclusively from the NN-potential description of the nuclear
core. In Figure 5, we plot the BΛ energies in the aforementioned systems. The calculation was per-
formed with the ATS3M VNN potential which distinguishes between individual isospin channels.
As a result, we received a slightly higher-lying spectrum for 4

Λ
H (the difference is about tens of

keV).
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Figure 5: Λ separation energies BΛ of 4
Λ

He and 4
Λ

H obtained using the variation of an even parity projected
trial FMD state (VAP+). Calculations are performed with the ATS3M VNN potential and NF VΛN potential.
Variated states (+) are further projected on 0+ ground and 1+ excited states.

4. Summary

We performed first calculations of s-shell Λ hypernuclei using a recently developed FMD
code. In this contribution, we presented selected results for 4

Λ
He and 4

Λ
H in order to discuss main

features of the calculations. Applying the parity projection techniques to the trial FMD states before
variation yields larger separation energies of the Λ hyperon. We found rather weak dependence of
the calculated Λ separation energies on the applied VNN potential. On the other hand, the proper
choice of the VΛN potential, as well as kF which enters the YNG potentials, appeared crucial for the
predictions of the Λ separation energies and 0+−1+ splitting.
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As a next step, we should incorporate more sophisticated VNN and VΛN potentials, such as
those derived from chiral effective field theory. Moreover, the Λ−Σ mixing which plays important
role in realistic hypernuclear calculations should be included. It is also desirable to study the role
of three body forces. We intend to extend our calculations to p-shell hypernuclei and investigate
the effect of the Λ hyperon on the intrinsic nuclear clasterization.
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