Shear viscosity of a pion gas due to ρππ and σ ππ
interactions
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We have calculated the shear viscosity of a medium containing pions where the propagating pion
has a finite thermal width due to interaction with the low mass resonances, σ and ρ . With the help
of standard thermal field theoretical technique, the thermal width of the pion has been calculated
from the pion self-energy diagram for πσ and πρ loops, where an effective Lagrangian density
has been used for interaction part. We have found a very small value of shear viscosity by entropy
density ratio (η /s), which is very close to the KSS bound.
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1. Introduction

2. Formalism
Let us start with the standard expression of shear viscosity for pion gas, obtained from relaxation time approximation (RTA) [5, 6, 4]:

η=

β
10π 2

Z

d 3~k~k6
n(ωk ) [1 + n(ωk )] ,
Γπ (~k, T ) ω 2

(2.1)

k

where n(ωk ) = 1/{eβ ωk −1} is Bose-Einstein (BE) distribution function for a temperature T = 1/β ,
with ωk = (~k2 + m2π )1/2 , and Γπ (~k, T ) is identified as the thermal width of π mesons in the medium.
As σ and ρ resonances play a dominant role in π -π scattering, therefore we have adopted an
effective interaction Lagrangian density,
L = gρ ρ µ · π × ∂ µ π +

gσ
mσ π · π σ ,
2

(2.2)

to handle the dynamics of pion interaction with mesonic medium. We have taken coupling constants gρ = 6 and gσ = 5.82, which are fixed from experimental decay widths of ρ and σ respectively.
The thermal width of the pion Γπ has been obtained from the imaginary part of pion self-energy
Ππ (π R) for π R loops, where (resonance) R stands for σ and ρ mesons. The self-energy diagram is
shown in the left panel of Fig. (1). We obtain from a thermal field theoretical evaluation [7]
Γπ (~k, T ) =

∑

Γπ (π R) =

R=σ ,ρ

=

1
∑ mπ
R=σ ,ρ

Z

ImΠπ (π R) (k0 = ωk ,~k, T )
mπ
R=σ ,ρ

∑

d 3~l
L(k, l)|l0 =−ωl ,k0 =ωk {n(ωl ) − n(ωu )}δ (ωk + ωl − ωu ) ,(2.3)
32π 2 ωl ωu
2
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The new state of matter known as quark gluon plasma which is expected to be produced in high
energy nucleus-nucleus collisions is likely to have a very small ratio of shear viscosity to entropy
density, η /s. This conclusion has been made by different hydrodynamical and transport simulations to explain the elliptic flow parameter, v2 , extracted from data collected at RHIC (Relativistic
Heavy Ion Collider). Such a small η /s is not really compatible with standard finite temperature
calculations of Quantum Chromo Dynamics (QCD), which exhibits weakly interacting gas due to
the asymptotic freedom of QCD at high temperature. Therefore, several investigations on microscopic and model dependent calculation of η /s for quark matter as well as hadronic matter have
been done in recent times. The latter has attracted some importance in recent times when Niemi
et al. [1] showed that the extracted transverse momentum pT dependence of the elliptic flow parameter, v2 (pT ), obtained from RHIC data is highly sensitive to the temperature dependent η /s
in hadronic matter. In this context, we have calculated η as well as η /s of a pion gas using an
effective Lagrangian for ππσ and ππρ interactions and then we have also compared our results to
others of the recent literature.
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where n(ωl ) and n(ωu ) are BE distribution functions of intermediate π and R mesons for ωl =
{~l 2 + m2π }1/2 and ωu = {|~k −~l|2 + m2R }1/2 respectively. The vertex factors g2σ m2σ
,
for R = σ ,
4




g2ρ
= − 2 [k2 k2 − m2ρ + l 2 l 2 − mρ2 − 2{(k · l) m2ρ + k2 l 2 }], for R = ρ
mρ

L(k, l) = −

(2.4)

can be obtained from the effective Lagrangian density, given in Eq. 2.2.
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Figure 1: Left : General representation of pion self-energy diagram for πσ and πρ loops. Right : Momentum dependence of the thermal width at temperature T = 0.170 GeV (upper panel) and T = 0.150 GeV
(lower panel).

Next, to take into account the widths of the resonances, at first their masses mR are taken as free
parameters denoted by M. Then the modified Γπ (π R) (~k, T ; M) of Eq. (2.3) are folded by vacuum
spectral functions of the corresponding resonances whose general form is


1
1
ρR (M) = Im
.
(2.5)
π
M 2 − m2R + iMΓR (M)
With the help of the Lagrangian density 2.2, the vacuum decay width ΓR (M) of the R = σ , ρ mesons
can be obtained as
1/2

3g2σ m2σ
4mπ2
Γσ (M) =
,
(2.6)
1− 2
32π M
M
3/2

g2ρ M
4m2π
.
Γρ (M) =
1− 2
48π
M

(2.7)

The normalized relation for this folding is given by
Γπ (π R) (~k, T, mR ) =

R

dM 2 ρR (M) Γπ (π R) (~k, T ; M)
R
.
dM 2 ρR (M)
3

(2.8)
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3. Results and Discussion
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Figure 2: (Color online) Left : With (lower panel) and without (upper panel) folding results of η vs T due
to πσ (dashed lines), πρ (dotted lines) loops and their total (solid line). Right : Our estimation of η (T )
(upper panel) η /s(T ) (lower panel) have been compared to some other results. Horizontal red line indicates
the KSS bound of η /s.

Our results have been compared with the earlier results obtained by Fraile et al. [2], Lang
et al. [3] and Mitra et al. [4], which are attached in the upper and right panel of Fig. (2). Shear
viscosity of pion gas, obtained by Refs. [6, 5, 4] in the kinetic theory approach, has been found
to be a monotonically increasing function of temperature in the hadronic temperature range (0.100
GeV < T < 0.175 GeV) for vanishing baryon chemical potential (µ = 0) whereas Lang et al. [3]
in the Kubo approach have shown η as a decreasing function of temperature. Similar decreasing
nature of η (T ) is obtained in the Kubo-approach calculation by Fraile et al. [2] but it turns to an
increasing function after dynamically generating low mass resonances (ρ and σ ) via unitarization
technique. This change in nature of η vs T may be because of the transformation from the scenario
of pionic medium without resonances to one with resonances. Using the effective Lagrangian
density, we have approximately considered a similar kind of scenario, where probabilities of pion
4
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Using Eq. (2.3) and (2.8), without (dotted line) and with (solid line) the results of thermal
width after folding as a function of momentum are respectively estimated and displayed in the
right panel of Fig. 1 at T = 0.170 GeV (upper panel) and T = 0.150 GeV (lower panel). We see
that due to folding effect, modification of Γπ (~k) at low momentum becomes larger than that at
high momentum and this modification increases with the increase of temperature. This momentum
distribution of Γπ is integrated out to obtain shear viscosity η of pion gas, as expressed in Eq. (2.1).
The temperature dependence of η originates from two sources - the Bose-Einstein distribution of
pion and its thermal width Γπ . In the left panel of Fig. 2 results for the temperature dependence of
η is presented without (upper panel) and with (lower panel) folding of Γπ . The shear viscosity due
to πρ (dotted line) and πσ (dashed line) loops become divergent in the higher (T > 0.100 GeV)
and lower (T < 0.100 GeV) temperature regions respectively. This complementary feature of these
two loops indicates that consideration of both resonances in π − π scattering is strictly necessary
to obtain a smooth, non divergent η for temperatures below the critical, Tc ≃ 0.175 GeV. Though
results of η without folding at very low temperatures (T < 0.020 GeV) tends to diverge, but after
folding this trend disappears.
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4. Summary and Perspectives
By considering the interaction of pion with the low mass resonances σ and ρ , we have calculated the shear viscosity coefficient of hot pion gas. In the framework of thermal field theoretical
technique, the thermal width Γπ has been calculated from one-loop pion self-energy at finite temperature. For the interaction part, we have taken an effective Lagrangian density, by which pion
self-energy for πσ and πρ loops have been evaluated at finite temperature. To treat σ and ρ resonances as two-pion states, we have folded the self-energy of πσ and πρ loops with Breit-Wigner
type spectral functions of σ and ρ with their vacuum width in ππ channel respectively. We have observed a complementary role of πσ and πρ loops to make η non-divergent in the lower (T < 0.100
GeV) and higher (T > 0.100 GeV) temperature regions respectively. From the investigations of
Niemi et al. [1], we see that v2 (PT ) of RHIC data prefers these small values of η /s(T ) for hadronic
matter. This provides experimental justification to the microscopic calculation of shear viscosity
due to σ ππ and ρππ interaction performed in this work.
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scattering with the low mass resonances ρ and σ have been found from the finite temperature
calculation of pion self-energy for πρ and πσ loops. Similar to the results obtained by Fraile et
al. [2] after unitarization, we have observed an increasing η (T ) after T = 0.100 GeV but lower in
magnitude and increasing slope.
Using ideal expression of entropy density s for pion, we have shown the variation of the ratio
η /s with respect to T in the lower panel of Fig. (2), on the right side. Within the hadronic temperature domain, our results of η /s respect the KSS bound 41π as shown by horizontal red line.
Since Niemi et al. [1] have taken a similar range of η /s(T ), close to the KSS bound and found its
important role to fit v2 (PT ) of RHIC data, therefore our estimation has a good association with the
phenomenological side also.

