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1. Introduction

With the restart of the LHC at an unprecedented 13 TeV center-of-mass energy, the search
for beyond-standard-model particles continues. For a successful achievement of the goals of this
second run, precision is vital from both theory calculations and experimental measurements. Due
to the inevitable hadronic environment involved at the LHC,where for example most Higgs studies
are overwhelmed by QCD background, analytic estimates of QCD observable cross-sections will
continue to play a central role leading either to the systematic improvement/tuning of Monte Carlo
event generators, or to the development of better methods ofbackground elimination.

The resummation of large logs, resulting from the real/virtual mis-cancellation of soft and/or
collinear singularities in the matrix element, is perhaps the most challenging QCD perturbative
aspect when one attempts to make an estimate of the cross-section of a given observableV. For
observables that are sensitive to emissions in the entire angular phase space, and which are termed
“global” observables, the resummed distribution maybe cast into the general form:

σ(V) ∝ exp
(

Lg1(αsL)+g2(αsL)+αsg3(αsL)+α2
sg4(αsL)+ · · ·

)

, (1.1)

whereL is the large log of the observableV. The functionsg1, g2, . . . , respectively resum leading
logs (LL), next-to-leading logs (NLL),. . . .

While the development of the resummation programme for global observables has seen sub-
stantial progress in recent years, achieving up to NNNLL accuracy (i.e. up tog4 in eq. (1.1)),
e.g. for theC-parameter distribution [1], and even semi-automatic resummation to NLL [2] and
NNLL [3], progress in the resummation of “non-global” observables [4, 5] has been very limited.
Non-global observables are those which are sensitive to emissions in restricted regions of the an-
gular phase space, and as a result their distributions suffer from non-global logs (NGLs). There
are several important observables that are non-global and that are widely used in studies relevant
to new physics searches, such as jet mass and single hemisphere observables.

There are two main reasons that have long jeopardised progress in the resummation of NGLs.
Firstly, the treatment of cascade gluon branching is extremely cumbersome within perturbation
theory. Secondly, the phase-space integrations that one has to perform are prohibitive at higher
orders due to non-iterative geometry involved in the calculation. A practical solution to the above
hindrances is resorting to the large-Nc approximation, with Nc being the number of quark colours,
which amounts to discarding non-planar Feynman diagrams [6] in the calculation of amplitudes
of soft gluon emissions, leading to considerable simplifications. Specifically this approximation is
equivalent to the leading-order expansion of the colour factor CF = Nc/2− 1/2Nc ≈ Nc/2. Fur-
thermore, a convenient approach to deal with the multi-dimensional integrations is restoring to
numerical Monte Carlo methods. The numerical resummation of NGLs at large Nc was first per-
formed in the pioneering work of Dasgupta and Salam [4].

There has recently been an increasing interest in literature in the calculation of NGLs both
at fixed order and to all orders. In ref. [7], Rubin numerically evaluated NGLs at large Nc for
both filtered Higgs jet mass and interjet energy flow up to sixth order inαs. Hatta and Ueda [8]
performed a numerical resummation of NGLs based on the Weigert equation [9], accounting for
NGLs at finite Nc to all orders. A similar equation that was developed by Banfi,Marchesini and
Smye, the BMS equation [10], and whose solution accounts forthe all-orders resummation of
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NGLs at large Nc, was the subject of study by Schwartz and Zhu in ref. [11], where the analytic
solution up to fifth order was achieved.

The aim of this work is to address the question of how the accuracy of resummation of NGLs
is affected by the large-Nc approximation. For this, and other reasons, we perform the analytic
calculation of NGLs at finite Nc up to fifth order. In the next section we define the observable that
we use to illustrate the calculation of NGLs, namely the single-hemisphere mass distribution in
e+e− → qq̄. In section 3 we show the results for the NGLs up to fifth order,which are then used to
make an anstaz for the all-orders (partial) resummation of NGLs into an exponential form. We also
compare, in the same section, our findings to those reported at large Nc by Schwartz and Zhu [11].
In section 4 we perform a comparison with the numerical results obtained by Dasgupta and Salam
[4] and discuss the implications of our results. Finally we summarise and give future directions of
this work in section 5.

2. Observable and kinematics

We are interested in the calculation of NGLs at finite Nc up to fifth order. For illustrative
purposes we choose to study the simple processe+e− → qq̄ accompanied by the emission of soft
energy-ordered gluonski , as depicted in figure 1. The quark and anti-quark directionsdetermine

q̄ q q̄ q

k1 k1

k2

HRHL

Measured hemisphere

b b

Figure 1: Diagrams for gluon emission from an outgoingqq̄ dipole, relevant for NGLs calculation.

two back-to-back hemispheresHL andHR. We consider for measurement the right hemisphere
HR and calculate its normalised invariant massρ defined by:

ρ =

(

pq+ ∑
i∈HR

ki

)2

/Q2
≈ 2 ∑

i∈HR

ki · pq/Q2 , (2.1)

whereQ is the center-of-mass energy andpq andki are the four-momenta of the quark and gluons,
respectively.

The integrated hemisphere-mass distribution, normalisedto the Born cross-sectionσ0, is:

σ(ρ) =
∫ ρ

0

1
σ0

dσ
dρ ′

dρ ′ = 1+σ1(ρ)+σ2(ρ)+ · · · , (2.2a)

σm = ∑
X

∫

dφmÛmW
X

12···m, (2.2b)

whereW X
12···m = W X(k1,k2, . . . ,km) represents the eikonal squared amplitude, normalised to the

Born squared amplitude, for the emission ofmenergy-ordered gluons and dφm is the corresponding
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phase space. The sum overX accounts for all possible real/virtual configurations of the radiated
gluons. Themeasurement operatorÛm plays the role of an event selector, i.e. it forbids real
emissions intoHR which contribute more thanρ to the hemisphere mass.

In order to be able to compute the cross-section (2.2), thereare several issues that need to be
addressed. First, one must evaluate the gluon-emission squared amplitudesW X

12···m, including all
the possible real-virtual configurationsX at each order in the perturbation series (our aim is up to
fifth order). The calculation of such amplitudes is non-trivial due to the complexity of the colour
algebra involved as well as the factorially growing number of Feynman diagrams that one has to
account for at each order. Further details about the computation of these eikonal amplitudes, which
involves using theMathematica packageColorMath [12], are to be found in our work in refs.
[13, 14].

The second task is to apply the measurement operator according to the various real-virtual
gluon configurations in order to extract the appropriate phase-space region of integration for each
gluon. Doing so the final task is to perform the relevant multi-dimensional integrations in eq.
(2.2). At fourth order, for instance, the integral is seven-dimensional and was performed semi-
analytically.

3. Non-global logs up to fifth order at finite Nc

We can write the integrated hemisphere mass distribution (2.2) as:

σ(ρ) = σS(ρ)×σNG(ρ) , (3.1a)

σS(ρ) = exp
(

−CFᾱsL
2) , (3.1b)

whereL = ln(1/ρ) and ᾱs = αs/π. We have factorised the distribution into the product of a
Sudakov form factorσS, that resums double logs originating from soft-collinear primary emissions,
times a non-global factorσNG, that resums single logs originating from soft wide-angle secondary
correlated emissions.

We express the non-global factor as a series in the coupling starting from second order, where
NGLs first appear, up to fifth order as follows:

σNG(ρ) =1−
L̄2

2!
CFCAζ2+

L̄3

3!
CFC2

Aζ3−
L̄4

4!

(

25
8

CFC3
Aζ4−

13
5

C2
FC2

Aζ 2
2

)

−

−
L̄5

2!3!
C2

FC3
Aζ2ζ3+

L̄5

5!
CFC4

Aζ5

[

α +β
(

CF

CA
−

1
2

)]

+O(α6
s ) , (3.2)

with L̄ = ᾱsL, CA = Nc, andα andβ are constants that are yet to be determined.
To compare our result (3.2) with that obtained in ref. [11] atlarge Nc, by means of analytic

solution to the BMS equation, we simply make the substitution CF → Nc/2, leading to:

σNG(ρ) =1−
π2

24
(NcL̄)

2+
ζ3

12
(NcL̄)

3+
π4

34560
(NcL̄)

4+

(

−
π2ζ3

288
+α

ζ5

240

)

(NcL̄)
5+O(α6

s ) ,

(3.3)

which exactly agrees with the result arrived at in ref. [11] up to fourth order. Furthermore, at fifth
order we can extract the value of the undetermined constantα by comparison with the result in ref.
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[11] and we obtainα = 17/2+ ζ2ζ3/ζ5. We can also further make an anstaz for the constantβ
based on the pattern of zeta functions observed at previous orders:β = 2ζ2ζ3/ζ5.

In order to check the impact of finite-Nc corrections (relative to large-Nc result) on the distri-
bution, we compare the result at large Nc (eq. (3.3)) to that at finite Nc (eq. (3.2)). We find that at
fourth order the size of finite-Nc result constitutes merely anO(1.5%) correction to the large-Nc re-
sult. This observation is in accordance with that made in ref. [8] by means of numerical evaluation
of NGLs at finite Nc through a solution to the Weigert equation.

We note that the series of NGLs in eq. (3.2) adheres a pattern of an expansion of an exponential
function:

σNG(ρ) =exp

(

−
L̄2

2!
CFCAζ2+

L̄3

3!
CFC2

Aζ3−
L̄4

4!
CFC3

Aζ4

[

29
8

+

(

CF

CA
−

1
2

)]

+

+
L̄5

5!
CFC4

Aζ5

[

α +β
(

CF

CA
−

1
2

)]

+O(α6
s )

)

=exp

(

−
L̄2

2!
CFCAζ2+

L̄3

3!
CFC2

Aζ3−
L̄4

4!

[

25
8

CFC3
Aζ4+

2
5

C2
FC2

Aζ 2
2

]

+

+
L̄5

5!

[

17
2

CFC4
Aζ5+2C2

FC3
Aζ2ζ3

]

+O(α6
s )

)

, (3.4)

where we substituted the values ofα andβ based on the observations discussed above. The first
form of the above exponential explicitly displays the finite-Nc corrections, whilst the second form
focuses on disclosing the pattern of the Zeta functions.

To determine the convergence of the series in the exponent ofeq. (3.4), we plot in figure 2
the ratioσNG/exp(σNG

2 ), with σNG
2 = −L̄2/2!×CFCAζ2, being the second-order NGLs function

1.0
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1.3

1.4

0.9
0 0.1 0.2 0.3 0.4 0.5

L̄

3 orders
4 orders
5 orders

σ
N

G
/

ex
p(

σ
N

G
2

)

Figure 2: Plot of the ratioσNG/exp(σNG
2 ).

in the exponent. In figure 2 we show truncations of the series at third, fourth and fifth orders. It is
clear from the curves that the third, fourth and fifth-order terms in the exponent form a significant
O(30%) contribution (particularly at larger values of̄L), meaning that the series converges very
slowly. It also means that more terms of the series in the exponent are needed for a phenomenolog-
ically reliable estimate of the all-orders behaviour of thedistribution.
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4. Comparison to numerical results at large Nc

In this section we compare the results we obtained for the resummed NGLs, the exponential
form (3.4), with the numerical all-orders resummed result obtained by Dasgupta and Salam at large
Nc via a Monte Carlo approach [4]. Their numerical result is parameterised as follows [4]:

σNG
DS (t) = exp

(

−CFCA
π2

3
1+(0.85CAt)2

1+(0.86CAt)1.33t2
)

, (4.1)

with the evolution parametert given by:

t =
1

4πβ0
ln

1
1−2β0αsL

, (4.2)

andβ0 is the leading-order coefficient of the QCDβ function. We show in figure 3 (on the left)
a plot of the functionsσNG

DS (eq. (4.1)) andσNG (eq. (3.4)) with various truncations of the NGLs
series in the exponent of eq. (3.4). We also show in the same figure (on the right) a plot of the ratio
of the two functions.
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Figure 3: Left: Plot of the functionsσNG
DS andσNG with various truncations of the NGLs series. Right: Plot

of the ratioσNG/σNG
DS .

It is clear from the plots, particularly the right-hand-side one, that as one adds more terms
in the exponent of eq. (3.4), one obtains larger intervals (starting from t = 0 and spanning over
large values oft) over which there is an agreement between the analytical form (3.4) and the
parameterised form of the Monte Carlo output (4.1). This observation means that it may suffice to
compute just a few more higher-order terms in order to obtainagreement between the two functions
for a phenomenologically sufficient interval oft. It is worth noting that the second-order result has
the peculiar feature that it represents the best fit to the all-orders result over the full range oft
considered.

5. Summary and outlook

In this work we addressed the calculation of NGLs at finite Nc at single log accuracy up to
fifth order for hemisphere mass distribution ine+e− → 2 jets. This was achieved through a brute-
force method in which we integrated eikonal squared amplitudes over the appropriate phase space.
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We observed that the obtained series of NGLs suggest a possible resummation into an exponential
form. When expanded to leading order in colour, our results exactly reproduce those obtained at
large Nc by means of the analytical solution to the BMS equation. The results we obtained agree
with the statement made in ref. [8] that finite-Nc contribution forms a small correction to the large-
Nc result, meaning that the large-Nc approximation is a good one, at least in the context ofe+e−

collisions.
Our next task in this work is to go beyond fifth order in the calculation of the series of NGLs

in an attempt to confirm the structure of the resummation intoan exponential form. In addition we
plan to extend this work by analytically investigating the effect of jet clustering on the hemisphere
mass as well as other jet-shape distributions.
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