Transverse Force on Quarks in DIS
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Generalized Parton Distributions (GPDs) provide information on the distribution of quarks in impact paarmeter space. For transversely polarized nucleons, these impact parameter distributions
are transversely distorted and this deviation from axial symmetry leads on average to a net transverse force from the spectators on the active quark in a DIS experiment. This force when acting
along the whole trajectory of the active quark leads to a transverse single-spin asymmetries. For a
longitudinally polarized nucleon target, the transverse force implies a torque acting on the quark
Orbital Angular Momentum (OAM). The resulting change in OAM as the quark leaves the target
equals the difference between the Jaffe-Manohar and Ji OAMs.
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1. Angular Momentum Decompositions
Since the famous EMC experiments revealed that only a small fraction of the nucleon spin is
due to quark spins[1], there has been a great interest in ‘solving the spin puzzle’, i.e. in decomposing the nucleon spin into contributions from quark/gluon spin and orbital degrees of freedom. In
this effort, the Ji decomposition[2]
1 1
∆q + ∑ Lzq + Jgz
=
2 2∑
q
q

(1.1)

in a nucleon state polarized in the +ẑ direction. Here ~D = ~∂ − ig~A is the gauge-covariant derivative.
The main advantages of this decomposition are that each term can be expressed as the expectation
value of a manifestly gauge invariant local operator and that the quark total angular momentum
J q = 12 ∆q+Lq can be related to GPDs[2] and is thus accessible in deeply virtual Compton scattering
and deeply virtual meson production and can also be calculated in lattice gauge theory.
Jaffe and Manohar have proposed an alternative decomposition of the nucleon spin, which
does have a partonic interpretation, and in which also two terms, 21 ∆q and ∆G, are experimentally
accessible [3]
1 1
(1.3)
∆q + ∑ L q + ∆G + L g .
=
2 2∑
q
q
In this decomposition the quark OAM is defined as


Z
1~ z
†
q
3
L ≡ d rhPS|q+ ~r × ∂ q+ |PSi/hPS|PSi,
i

(1.4)

where light-cone gauge A+ = 0 is implied. Although Eq. (1.4) is not manifestly gauge invariant
as written, gauge invariant extensions can be defined [4, 5]. Indeed, manifestly gauge invariant
definitions exist for each of the terms in Eq. (1.3) which with the exception of ∆q involve matrix
elements of nonlocal operators. In light-cone gauge those nonlocal operators reduce to a local
operator, such as Eq. (1.4).

2. TMDs and OAM from Wigner Distributions
Wigner distributions can be defined as off forward matrix elements of non-local correlation
functions[6, 7, 8] with P+ = P+′ , P⊥ = −P⊥′ = q2⊥
Z

W U (x,~b⊥ ,~k⊥ ) ≡

d 2~q⊥ d 2 ξ⊥ d ξ − −i~q⊥·~b⊥ i(xP+ ξ −−~k⊥·~ξ⊥ ) ′ ′
e
e
hP S |q̄(0)ΓU0ξ q(ξ )|PSi.
(2π )2
(2π )3
Z

2

(2.1)

PoS(DIS2015)188

appears to be very useful: through GPDs, not only the quark spin contributions ∆q but also the
quark total angular momenta Jq ≡ 21 ∆q + Lzq (and by subtracting the spin piece also the the quark
orbital angular momenta Lzq ) entering this decomposition can be accessed experimentally. In the Ji
decomposition (1.1) the quark OAM is defined as the expectation value
z

Z
1
(1.2)
Lzq = d 3 rhPS|q† ~r × ~D q|PSi/hPS|PSi
i
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ˆ Furthermore, we will focus on the ’good’ comThroughout this paper, we will chose ~S = ~S′ = ~z.
+
ponent by selecting Γ = γ . To ensure manifest gauge invariance, a Wilson line gauge link U0ξ
connecting the quark field operators at position 0 and ξ is included. The issue of choice of path for
the Wilson line will be addressed below.
In terms of Wigner distributions, TMDs and OAM can be defined as [4]
f (x,~k⊥ ) =
LU

Z

dxd 2~b⊥ d 2~k⊥~k⊥W U (x,~b⊥ ,~k⊥ )
Z

z
= dxd 2~b⊥ d 2~k⊥ ~b⊥ ×~k⊥ W U (x,~b⊥ ,~k⊥ ).

(2.2)

Lqstraight = LqJi .

(2.3)

However, depending on the context, other choices for the path in the Wilson link U should be
made. Indeed for TMDs probed in SIDIS the path should be taken to be a straight line to x− = ∞
along (or, for regularization purposes, very close to) the light-cone. This particular choice ensures
proper inclusion of the FSI experienced by the struck quark as it leaves the nucleon along a nearly
light-like trajectory in the Bjorken limit. However, a Wilson line to ξ − = ∞, for fixed ~ξ⊥ is not yet
sufficient to render Wigner distributions manifestly gauge invariant, but a link at ξ − = ∞ must be
included to ensure manifest gauge invariance. While the latter may be unimportant in some gauges,
it is crucial in light-cone gauge for the description of TMDs relevant for SIDIS [9].
Let U0+LC
be the Wilson path ordered exponential obtained by first taking a Wilson line from
ξ
−
(0 ,~0⊥ ) to (∞,~0⊥ ), then to (∞, ~ξ⊥ ), and then to (ξ − , ~ξ⊥ ), with each segment being a straight line

(Fig. 1) [5]. The shape of the segment at ∞ is irrelevant as the gauge field is pure gauge there, but it
(∞− , ξ⊥ )

q(ξ − , ξ⊥ )

ξ⊥
ξ−

q̄(0− , 0⊥ )

(∞− , 0⊥ )

Figure 1: Illustration of the path for the Wilson line gauge link U0+LC
entering W +LC
ξ

is still necessary to include a connection at ∞ and for simplicity we pick a straight line. Likewise,
, and using those
with a similar ’staple’ to −∞ we define the Wilson path ordered exponential U0−LC
ξ
1
light-like gauge links , we define
Z

W ±LC(x,~b⊥ ,~k⊥) ≡

d 2~q⊥ d 2 ξ⊥ d ξ − −i~q⊥·~b⊥ i(xP+ ξ −−~k⊥·~ξ⊥ ) ′ ′
hP S |q̄(0)ΓU0±LC
e
e
ξ q(ξ )|PSi.
(2π )2 (2π )3
Z

(2.4)

This definition for W +LC the same as that in Ref. [5] and similar to that of WLC in Ref. [7] (the link
segment at ξ − = ∞ was not included in the definition of WLC ).
1 Subtleties

in regularizing/renormalizing such objects are addressed in Ref. [10].

3
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No issues with the Heisenberg uncertainty principle arise here since only perpendicular combinations of position ~b⊥ and momentum ~k⊥ are needed simultaneously in order to evaluate the integral
for LU .
A straight line connecting 0 and ξ for the Wilson line in U0ξ results in [7]
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In light-cone gauge A+ = 0, only the segment at ξ − = ±∞ contributes and the OAM looks
similar to the local manifestly gaguge invariant expression, except
~r × ~A(~r) −→~r × ~A(r− = ±∞, r⊥ ).
q

(2.5)

q

q

From PT invariance one finds that L+ = L− [5]. In the Bashinsky-Jaffe definition of OAM LBJ
[13], the vector potential in the gauge covariant derivative is replaced by
R∞

−
−
−∞ dx A⊥ (r , r⊥ )
R∞
−
−∞ dx

=


1
A⊥ (r− = ∞, r⊥ ) + A⊥(r− = ∞, r⊥ ) ,
2

(2.6)

Ai⊥ (r− =

∞, r⊥ ) − Ai⊥(r− , r⊥ )

=

Z ∞

−

dz

r−

∂− Ai⊥ (z− ,~r⊥ )

=

Z ∞

dz− G+i (z− ,~r⊥ )

r−

where G+⊥ = ∂− A⊥ is the gluon field strength tensor in A+ = 0 gauge. Note that

y
√
− 2gG+y ≡ −gG0y − gGzy = g (E y − Bx ) = g ~E +~v × ~B

(2.8)

(2.9)

yields the ŷ component of the color Lorentz force acting on a particle that moves with the velocity
of light in the −ẑ direction (~v = (0, 0, −1)) — which is the direction of the momentum transfer in
DIS [11, 14]. Thus the difference between the Jaffe-Manohar and Ji3 OAMs
z
 Z ∞
Z
q
q
3
+
− +⊥ −
L − L = −g d xhP,S|q̄(~x)γ ~x× dr F (r , x⊥ ) q(~x)|P,Si /hPS|PSi
(2.10)
x−

has the semiclassical interpretation of the change in OAM due to the torque from the FSI as the
quark leaves the target:[12] while Lq represents the local and manifestly gauge invariant OAM of
the quark before it has been struck by the γ ∗ , L q represents the gauge invariant OAM after it has
left the nucleon and moved to r− = ∞.

3. Intuitive Picture for the Torque from Final State Interactions
In order to estimate the effect from the final state interactions on the quark OAM we first
consider the effect on a positron moving through the magnetic dipole field of an electron, which is
polarized in the +ẑ direction. This should be the most simple analogy to a proton polarized in the
+ẑ direction because more quarks are polarized in the same direction as the nucleon spin and the
color-electric force between the active quark and the spectators is attractive. As illustrated in Fig.
2 As

Lq involves a manifestly gauge invariant local operator, it can be evaluated in any gauge.
we replaced γ 0 → γ + in Lq as discussed in Ref. [15].

3 Here

4
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and is thus equivalent to the light-cone-staple definition
1
q
q
q
q
q
LBJ =
L+ + L− = L+ = L− .
(2.7)
2
Imposing A+ = 0 does not completely fix the gauge as one can still make r− -independent gauge
transformations. If one fixes this residual gauge invariant by imposing anti-symmetric boundary
conditions A⊥ (r− = −∞, r⊥ ) = −A⊥ (r− = −∞, r⊥ ) the vector potential at r− = ±∞ cancels out in
L+q +L−q and therefore, with the understanding of anti-symmetric boundary conditions at r− = ±∞
the Jaffe-Manohar OAM becomes also identical to L±q .
This last observation is crucial for understanding the difference between the Ji vs. JaffeManohar OAM, which in light-cone gauge2 involves only the replacement Ai⊥ (~r) −→ Ai⊥ (r− =
±∞, r⊥ ). Using
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Figure 2: Illustration of the torque acting on a positron moving in the −ẑ direction through a magnetic
dipole field caused by the magnetic moment of an electron polarized in the +ẑ direction. a.) side view; b.)
top view. In this example the ẑ component of the torque is negative as the positron leaves the bound state.

2 the magnetic FSI leads to a negative torque. Since the example was chosen such that the signs of
polarization and forces are the same as in the nucleon this implies that the color-magnetic torque
acting on quarks ejected from the proton are negative as well.
The dipole example also illustrates why the torque vanishes immediately after the absorption
of the virtual photon: when comparing the ⊥ magnetix field (for fixed ⊥ position) at positions at
the ’front’ and ’back’ side of the nucleon are equal and opposite, and therefore the torque at the
original position of the active quark averages to zero


hP, S|q̄(0) xF +y (0) − yF +x (0) q(0)|P, Si = 0.

(3.1)

Note that this cancellation is a consequence of averaging over all possible initial positions of the
active quark. For a specific initial position the initial torque will in general be nonzero. While
we used here an intuitive picture to motivate this result, it can also be shown to be a rigorous
consequence of PT invariance.
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