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1. Introduction

2. Standard quantities
For quite some time now lattice QCD predictions for simple meson matrix elements (with
at most one meson in the initial/final state) do play a decisive role in flavour phenomenology.
Experimental measurements of leptonic or semileptonic meson decays and neutral meson mixing
are only useful for SM phenomenology if the relevant hadronic matrix elements are known reliably
and precisely. This section provides a brief overview.
2.1 Leptonic and semileptonic tree-decays
In 2004 Marciano [4] suggested to use the lattice determination of fK / fπ to determine |Vus /Vud |
using the relation



Γ(K → µ ν̄µ (γ)) |Vus |2 fK ± 2 mK (1 − m2µ /m2K )2
ChPT
=
1 + δEM
.
(2.1)
2
2
2
2
Γ(π → µ ν̄µ (γ)) |Vud |
fπ ±
mπ (1 − mµ /mπ ) |
{z
}
0.9930(35)

The analysis of available experimental data [5] leads to |Vus /Vud | fK + / fπ + = 0.2758(5). Note that
in this equation the decay constants are the ones with mu and md assuming their physical value
(SU(2) isospin broken) but the electromagnetic coupling set to zero, αEM = 0. The QED corrections (indicated with the underbrace in eq. (2.1)) have been applied based on estimates in chiral
2
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This is the write-up of a talk in which I reported on the status of lattice QCD simulations
for mesons containing the light valence quarks u, d and s, focusing on flavour phenomenology.
The talk included a critical assessment of recent results and an outlook. But given the high level
of activity in the field this talk could highlight only a small set of recent efforts. For a more
comprehensive overview in particular of results readily applicable to wider Standard Model (SM)
phenomenology the reader should consult the reports prepared by Flavour Lattice Averaging Group
(FLAG) [1, 2, 3].
The topics covered in this talk split into two classes:
Standard quantities: computations where systematic errors are under good control and the main
objective is increased precision in view of applications to tests of the SM. These quantities are
covered in detail also in the FLAG-report [1, 2].
Beyond standard quantities: computations which require to go beyond known and established
lattice techniques (theory and algorithms). Rather than about precision it is about being able to do
the computation at all and to identify and understand sources of systematic uncertainties.
Section 2 summarises state-of-the-art results for the pion and kaon decay constants and the
K → π semileptonic form factor and neutral kaon mixing which by now are standard quantities.
This section also contains some critical remarks on how the progress in simulation quality, in
particular the availability of ensembles with physical light sea and valence quarks, allows to remove
hitherto dominant sources of systematics in the data analysis. Section 3 provides an overview over
efforts to inlcude QED effects in calculations of hadronic matrix elements and the computation
of long distance effects in neutral kaon mixing and rare kaon decays. Section 4 discusses results
following a new idea for predicting hadronic transition matrix elements in the timelike regime.
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perturbation theory. In chiral perturbation theory the SU(2) breaking effect is expected to be of the
same magnitude as the QED correction [6, 7] underlining that both corrections need to be taken
into account. A recent update by Moulson provides a slightly more precise number 0.2760(4) [8].
The improved error is mainly down to improved experimental analyses of branching ratios.
The SM prediction for semileptonic decays is
Γ(K → πlν) = CK2

 0 −
2
G2F m5K
ChPT
ChPT 2
K π
S
(1
+
δ
+
δ
)
I
f
(0)|V
|
.
EW
us
+
EM
SU(2)
192π 3

(2.2)

hπ(pπ )|Vµ (0)|K(pK )i = f+Kπ (q2 )(pK + pπ )µ + f−Kπ (q2 )(pK − pπ )µ .

(2.3)

and in most phenomenological analyses only its value from the lattice at zero momentum transfer
q2 = 0 enters and it’s shape (entering I) is taken from experiment. Based on the analysis in [5] the
0
−
experimental status can be summarised by |Vus | f+K →π (0) = 0.2163(5) where the electromagnetic
and strong isospin corrections are based on estimates in chiral perturbation theory [9, 10]. A
recent update by Moulson has a slightly reduced error, 0.2165(4) [11, 8]. The reduction in error is
mainly down to improved estimates of strong isospin breaking effects (quark mass ratios) based on
FLAG [2].
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Figure 1: Preliminary FLAG plots for the ratio of kaon and pion decay constants and the semileptonic vector
form factor at zero momentum transfer.
−

0

Figure 1 shows the preliminary update of the world data on fK + / fπ + and f+K →π (0) from the
upcoming 2016 FLAG review [3]. The precision with which these quantities can now be predicted
is below 0.3% and this has become possible only recently through the availability of gauge ensembles with very close-to-physical dynamical light quark masses in large volume. Note that before
all results were based on simulations with unphysically heavy dynamical and valence light quark
masses which had to be extrapolated to the physical quark masses guided by chiral perturbation
3
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K 0 → π − is the reference channel which the lattice is expected to predict and the Clebsh-Gordon
CK and the isospin and electromagnetic corrections δSU(2) and δEM , respectively, are adjusted to
±
allow for a combined analysis of various measured experimental channels (KL e3 , KL µ3 , KS e3 , Ke3
±
and Kµ3 ). The form factor f+ (0) is defined through the QCD matrix element
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theory or by models. With the increased availability of gauge ensembles with (close to) physical
light quark masses the residual correction towards the exact physical quark mass no longer dominates the error budget. Instead the statistical error, cutoff effects and finite volume errors now are
the dominant sources of uncertainties.
Figure 2 shows FLAG’s preliminary update of 1st-row CKM unitarity for N f = 2, 2 + 1, 2 +
1 + 1 flavour results. Despite the progress in the quality of results from the lattice no qualitatively
new picture has arisen and 1st row unitarity is confirmed.
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Figure 2: FLAG’s illustration of the first-row CKM unitarity test. The dashed black line corresponds to
unitarity |Vud |2 +|Vus |2 +|Vub |2 = 1. The tilted bands represent the N f = 2, 2+1, 2+1+1 results for fK + / fπ +
0
−
converted to |Vus /Vud |, and the horizontal bands correspond to the results for f+K →π (0) converted to |Vus |.
−

0

The plot on f+K →π (0) in figure 1 includes a recently published data analysis update by the
RBC/UKQCD collaboration [12]. The novelty in this paper is the inclusion of RBC/UKQCD’s
physical light quark mass ensembles at two lattice spacings. The study contains a detailed analysis
of excited state contributions to the ratio of three point functions by generating results for all possible source-sink separations between the initial and final state pions and kaons. Their results for the
vector form factor obtained from the 3pt function of the vector current as well as the one obtained
via the Ward Identity from the scalar current [13] (note that f0 (0) = f+ (0)),
hπ(pπ )|S|K(pK )i|q2 =0 = f0Kπ (0)

m2K − m2π
,
ms − mu

(2.4)

are illustrated in figure 3. The observed dependence on the source-sink separation differs between
time- and spacial components of the vector current and scalar current, respectively (it is found
smaller in magnitude for the zero-component of the vector current compared to the spatial components and the scalar current 3pt functions). This study underlines the importance of understanding
the contributions of excited states in detail. The results for the form factor f+K→π (0) for the various pion and kaon masses generated by RBC/UKQCD on their set of ensembles with a = 0.11fm
are illustrated in the plots in figure 4. The l.h.s. plot shows that the data cannot be reconciled
4
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with the NLO prediction of chiral perturbation theory [10] where the only free parameter is the
pseudoscalar meson decay constant [14]. Instead, the data suggests a simple linear interpolation in
(m2K − m2π )2 /m2K as illustrated in the r.h.s. plot. RBC/UKQCD uses this parametrisation, applied
at both of their lattice spacings (a = 0.09, 0.11fm), respectively, for the interpolation to the exact
physical quark mass point. For their final result they only include data from the light quark mass

Figure 4: Left: unsuccessful attempt to fit RBC/UKQCD’s data for the K → π form factor with NLO chiral
perturbation theory. Right: simple (successful) linear parametrisation of data.

ensembles to guide the interpolation. In this way the interpolated results end up having the same
statistical error as the ones on the (near) physical quark mass ensemble with entirely negligible
dependence on the model used for the interpolation.
2.2 Change of the analysis paradigm?
Here I would like to discuss briefly how the increased availability of ensembles with (near)
physical light quark masses is changing the way in which lattice data is analysed. With (near)
physical I mean that increasingly the generation of gauge ensembles is done with light as well as
strange (and charm) quark masses tuned to their physical values. That is, a pion decay constant
evaluated on such ensembles in principle no longer needs to be chirally extrapolated. In practice
however there usually remains a slight mistuning which has to be removed by means of a small
inter-/extra-polation towards the exact physical point. Reading the recent literature one can identify
two different strategies to do so:
5
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Figure 3: Dependence of the ratio of 3pt functions used by RBC/UKQCD [12] to determine the K → π
vector form factor on the separation of the kaon source and pion sink.
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• do a global analysis over a set of ensembles with physical as well as unphysical light quark
mass (also include results from different physical volumes and lattice spacings).
This strategy seems preferable in cases where the global fit model is known to be correct
(or correct to within the precision goal). The global analysis together with the fit ansatz is
known to help reducing the statistical error on the final result (often because of their cheaper
simulation cost, results at unphysically heavy quark mass parameters have smaller statistical
error and hence can better constrain the fit)

Let me illustrate the two strategies based on three recent results:
RBC/UKQCD’s overweighting [15]: The fit ansatz is based on heavy meson ChPT [16, 17] or
polynomial ansätze for the quark mass dependence. RBC/UKQCD carry out a global fit over their
comprehensive set of gauge ensembles giving the (near) physical point ensembles (of which they
have two at 1/a = 1.8, 2.4GeV, respectively) a particularly large weight factor ωi in the χ 2 function
(otherwise ωi = 1),
ωi [yi − f (xi ,~a)]2
2
χ =∑
.
(2.5)
σi2
i
The large weight is chosen such that the fit curve will go exactly through the data point with the
(near) physical ml . Given that these data are afflicted by only a small mistuning with respect to the
actual physical quark mass the result after the correction turns out to carry the same statistical error.
In this way the results for unphysically heavy quark masses merely guide the inter-/extrapolation
but they are not used to reduce the statistical error of the final result. In RBC/UKQCD’s analysis
the final error budget is completely dominated by the statistical error.
phys.
HPQCD’s global analysis [18]: A global fit ansatz over ensembles with mπ ≈ mπ , . . . , 300MeV
is used. It is based on NLO partially quenched Chiral perturbation theory with models for higher
order terms, cutoff effects and finite volume effects. This fit does not give any particular weight
to the results with (near) physical quark masses and profits from the small statistical error on all
ensembles towards a particularly precise result after the extrapolation.
FNAL/MILC’s physical mass analysis [19]: On their (near) physical quark mass ensembles this
collaboration generates a number of partially quenched (PQ) quark mass points in the vicinity of
their expected physical values. They then determine the lattice spacing, the physical light and
strange quark mass individually on each ensemble. This is achieved by interpolating the PQ results
for m2π / fπ2 towards their physical value [20]. This allows them to determine the lattice scale by
using the physical value of the pion decay constant as input. A similar analysis follows for the
strange and charm quark mass. The small interpolations for the light quarks are based on NLO
partially quenched chiral perturbation theory. Their analysis strategy reduces the dependence on
unphysically heavy simulation points and the fit model to a minimum.
This new generation of simulations achieves unprecedented precision. With the error budget being reshuffled due to the absence of long chiral extrapolations, other uncertainties have to
be controlled with much better care. An example is illustrated in figure 5. The two plots show
6
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• physical point analysis – use the result at unphysical quark masses merely to correct for
small mistunings in the quark mass. This analysis strategy depends less on the particular
form of the fit ansatz and is the ansatz of choice where model-independence is the paradigm.
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the continuum limits for the ratio of kaon and pion decay constants as obtained by FNAL/MILC
and HPQCD. Both FNAL/MILC and HPQCD use overlapping sets of MILC’s N f = 2 + 1 + 1
ensembles. Both collaborations include results for three lattice spacings a = 0.09, 0.12, 0.15fm.
FNAL/MILC however adds an even finer ensemble at a = 0.06fm allowing them to observe a significant upward turn towards the continuum limit relative to the data at a = 0.09fm and 0.12fm
which was not anticipated by HPQCD’s extrapolation from ensembles with a ≥ 0.09fm. Likely as
a result of this the final results by both collaboration are at variance:
FNAL/MILC : fK + / fπ + = 1.1956(10)stat (+23
−14 )a2 −extrapol (10)FV (5)EM
HPQCD :

fK + / fπ + = 1.1916(15)stat (12)a2 −extrapol (1)FV (10)other .

1.190

1.192

1.194

fK /fπ

1.196

1.198

(2.6)
The tension amounts to about two standard deviations where it is crucial to keep in mind that both
sets of results are statistically correlated due to the common set of underlying gauge ensembles. It
should be interesting to see whether and how this apparent tension will be resolved in the future.
2.3 Neutral kaon mixing
The physical state KL consists predominantly of the CP-odd K2 and a small admixture of the
CP-even K1 . The decay of the K2 into a CP-even two-pion state is called direct CP-violation and
has been established experimentally in 1999 by NA48 and KTeV [21, 22]. Indirect CP-violation
which occurs when the K1 component in KL decays into the CP-even two-pion state has been
established experimentally in 1964 by Cronin and Fitch [23]. Direct and indirect CP-violation
have been studied on the lattice for many years and in the following I will discuss recent advances
and results. See also Chris Kelly’s talk at this conference [24]. The experimental measurement of
|εK | = |A(KL → (ππ)I=0 )/A(KS → (ππ)I=0 )| is confronted by the SM expression


ImM12
ImΓ12
iφε
εK = e cos φε sin φε
−
(2.7)
2ReM12 2ReΓ12
7
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Figure 5: Continuum limit for the ratio of kaon and pion decay constants by FNAL/MILC (l.h.s.) and
HPQCD (r.h.s.), respectively.
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where φε is the weak phase, and M and Γ are the mass and decay matrix determining the timeevolution of neutral kaon mixing according to the Wigner-Weisskopf formula. In current phenomenological analyses the non-perturbative short-distance contribution to ImM12 , by means of an
operator product expansion, is expressed in terms of the kaon bag parameter
B̂K = C(µ)

hK 0 |Q∆S=2 (µ)|K 0 i
,
8 2 2
3 f K mK

(2.8)


O2∆S=2 = (s̄α (1 − γ5 )dα ) s̄β (1 − γ5 )dβ ,

O4∆S=2 = (s̄α (1 − γ5 )dα ) s̄β (1 + γ5 )dβ ,



O3∆S=2 = s̄α (1 − γ5 )dβ s̄β (1 − γ5 )dα ,


O5∆S=2 = s̄α (1 − γ5 )dβ s̄β (1 + γ5 )dα .

(2.9)

Their determination on the lattice is straight forward in principle and allows for model-independent
constraints for ∆S = 2 new physics processes (e.g. discussion in [27]).
While all lattice results for the SM bag parameters are in nice agreement (see the preliminary
2016 FLAG scatter plot in figure 6), this is not the case for the BSM bag parameters, in particular
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Figure 6: FLAG 2016 preliminary summary of lattice results for the (renormalisation group invariant) kaon
bag parameter B̂K .

for B2,4,5 . An overview over current results is provided in figure 2.3. One can make the following
observations:
8
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which constitutes the leading term (see [25, 26] for a discussion of power counting in the OPE and
also for the remaining ingredients in eqn. (2.7)). This equation then defines a hyperbola in the plane
of the Wolfenstein parameters η̂ and ρ̂ which constrains the apex of the unitarity triangle. Here
Q∆S=2 (µ) equals the difference of the parity even and parity odd four quark operators OVV +AA and
OVA+AV , respectively.
At this order of the OPE there are four more weak operators that mediate neutral kaon mixing
beyond the V − A structure found in the SM,

Andreas Jüttner
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a) the results by ETM 12 [27] for N f = 2 and ETM 15 [28] and RBC/UKQCD 12 [29], respectively, are all consistent
b) the results by SWME 15 [30] and RBC/UKQCD 15 [31] are consistent
c) the results under a) and b) are under tension, if not incompatible.
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Figure 7: Summary of results for the BSM bag parameters B2 − B5 .

Clearly, ETM, RBC/UKQCD and SWME are, respectively, using different techniques in their computations, inducing different systematic uncertainties. Most striking, however, is the difference
between RBC/UKQCD 12 and 15 since both results are from basically the same underlying gauge
ensembles and therefore statistically correlated. The main difference between the two sets of results
lies in the choice of intermediate renormalisation scheme (RI-MOM [32, 33] in RBC/UKQCD 12
and RI-SMOM [34, 35] in RBC/UKQCD 15). In RI-(S)MOM schemes the renormalisation condition is imposed on the operator’s vertex function with external off-shell quark states projected on a
particular choice of momentum. The induced momentum needs to be sufficiently large to be in the
perturbative regime but at the same time small enough to keep momentum-dependent cutoff effects
well under control. At low momenta in the RI-MOM scheme, however, non-perturbative effects –
e.g. a pion pole – substantially impact the shape of the vertex function. In [34, 36, 37] however,
it was found that for particular choices of the external momenta (non-exceptional momenta), the
non-perturbative contributions at low momenta are suppressed or absent, thus removing a rather unpleasant source of systematic uncertainty. To illustrate this, figure 8 a) and b) show RBC/UKQCD’s
results for the quark mass dependence on the same ensemble of the vertex function of a 4-quark
9
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Nf =2 +1 +1
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operator, normalised by the one of the axial current squared for both RI-MOM and RI-SMOM
schemes, respectively. Note the vastly different scales on the y-axis. The data in plot a) seems to
diverge for small quark masses which one explains with the contribution of a pion pole ∝ 1/m2π .
This divergence is removed in plot b). Plot c) shows the corresponding results by the ETM collaboration in the RI-MOM scheme where again we see (blue data) the divergence appearing for small
quark masses. ETM attempts to remove the divergence and extract a signal using the fit ansatz
Di j (a2 p̃2 ; m2PS ) = A (a2 p̃2 ) + B(a2 p̃2 )m2PS + C (a2 p̃2 )/m2PS + D(a2 p̃2 )/m4PS .

(2.10)

The data shown in red is the data after the pole-subtraction which turns out to be substantial.
In particular by comparing the two studies by the RBC/UKQCD collaboration one might suspect that systematic effects in the renormalisation could be a reason for the spread in results for the
BSM bag parameters. Moreover, SWME, who renormalise the 4-quark operators perturbatively
only, yield results that agree with RBC/UKQCD’s RI-SMOM calculation. It will remain exciting
to monitor how this puzzle (see also the discussion in [38]) will be resolved.
2.4 Miscellaneous
Heiri Leutwyler’s appeal to the lattice community at Chiral Dynamics 2015, Pisa, stating
“Please do not be content with reaching physical quark masses. Extract the dependence on them,
determine the LECs!”, has been responded to by at least two collaborations present at this conference: Firstly, RBC/UKQCD has carried out global NLO and NNLO analyses within SU(2) and
SU(3) [39, 40] chiral perturbation theory and extracted from it a comprehensive set of low energy
constants.
Secondly, JLQCD [41] have carried out a global analysis of electromagnetic and semi-leptonic
form factors on their N f = 2 + 1 overlap ensembles with fixed topological charge Q at a = 0.11fm.
They are fitting SU(3) NNLO chiral perturbation theory for which they use as input the low energy
constants L1−8 from [42]. They take advantage of the fact that the elm. and semileptonic form
factors share certain LECs in order to reduce the overall number of degrees of freedom in the

fit. Their preliminary result is f+K→π (0) = 0.9636 +62
−65 . Note also ETM’s new efforts in this
direction [43, 44] on N f = 2 + 1 + 1 ensembles of twisted mass fermions at three different values
10
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Figure 8: Mass dependence of vertex function. a) and c): RI-MOM by RBC/UKQCD and ETM, respectively; b): RI-SMOM scheme by RBC/UKQCD. Note the difference in resolution on the y-axis indicating
the successful removal of the pion pole contribution in the SMOM scheme. Plots a) and b) courtesy of
Nicolas Garron (RBC/UKQCD), c) from [28].
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3. Beyond standard quantities
3.1 Including QED effects in hadronic matrix elements
Current phenomenological analyses of kaon and pion decays are based on equations (2.1)
and (2.2). In practice the decay constant or the form factor are computed in isospin symmetric
QCD. Strong isospin is corrected for either through chiral perturbation theory (FLAG for instance
is doing this [2]) or by applying a correction based on the valence quark mass dependence of the
decay constant or form factor known in terms of the fit to lattice data (MILC for instance is doing
this [19]). In all cases QED effects are corrected for using the formulae provided by effective
theory.
The precision that can now be achieved in lattice QCD simulations of pion and kaon decay
constants and form factors is comparable to the size of electromagnetic and strong isospin corrections. It therefore appears timely and natural to try and replace the model and effective theory based
estimates by direct predictions on the lattice. How this can be done for spectral quantities has been
summarised by Antonin Portelli at the 2014 Lattice conference [45]. At the same conference, also
first ideas on how to extend such computations towards hadronic matrix elements were presented
by Chris Sachrajda [46, 47].
While leptonic decays are well parametrised at O(α 0 ) as

2
 G2F |Vud |2 fπ2
m2l
+
+
2
Γ π → l νl =
mπ ml 1 − 2
,
(3.1)
8π
mπ
at O(α), IR divergences arise in individual diagrams that contribute but eventually cancel in the
sum of the diagrams (Bloch-Nordsieck [48]). In particular, the individual terms on the r.h.s. of
Γ(π + → l + νl (γ)) = Γ(π + → l + νl ) + Γ(π + → l + νl γ)
Γ0
Γ1

(3.2)

diverge, where Γ0 contains all diagrams with only internal photon lines and Γ1 contains a photon in
the final state. The idea for how to handle the IR divergences in a lattice simulation was presented
in [47] and the authors suggest an analysis where only experimental data with a cut on the photon
momenta ∆E < 20MeV has been applied. The rationale is that in this situation the outgoing photon
merely sees a particle that can be well approximated by a point-particle. In this situation,




pt
pt
pt
Γ (∆E) = lim Γ0 − Γ0 + lim Γ0 + Γ1 (∆E) .
(3.3)
V →∞

V →∞
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of the lattice spacing and with a comprehensive study of the dependence of the form factor on the
momentum transfer q.
One result presented at this conference and worth highlighting is a renewed effort by ETM to
complete their set of N f = 2 flavour ensembles. Most collaborations have moved on to simulations
of N f = 2 + 1(+1) since they are more useful for SM phenomenology. This has lead to a situation
where no state-of-the-art results for N f = 2 with comparable control of systematic uncertainties
(in particular, not with physical light quark masses) exists. Having N f = 2 results would however
still be highly interesting. For instance, the N f dependence of low-energy quantities is not yet fully
understood, low energy constants for the N f = 2 theory could be determined more reliably, . . . . I
hope that ETM will push this study further and provide the set of reference results for N f = 2.
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Figure 9: Class of diagrams to be evaluated for the computation of Γ0 .

C1 (t) = −

1
2

Z

 ν
d 3~xd 4 x1 d 4 x2 h0|T JW
(0) jµ (x1 ) jµ (x2 )φ † (~x, −t) |0i∆(x1 , x2 ) ,

(3.4)

and
 ν
R
C1 (t)αβ =− d 3~xd 4 x1 d 4 x2 h0|T JW
(0) jµ (x1 )φ † (~x, −t) |0i

×∆(x1 , x2 ) γν (1 − γ 5 )S(0, x2 )γµ αβ eEl t2 −i~pl ·~x2 ,

(3.5)

with explicit insertions of the photon and lepton propagators, respectively. First results are illustrated in figure 10 for various combinations of currents between the pion and the vacuum. The
plots show that a signal can be obtained for the type of correlation functions in eqns. (3.4) and
(3.5). This work constitutes the first attempt at a conceptually clean calculation in lattice QCD of
leptonic decays including O(α) QED effects. The next step in this project will be the evaluation of
quark-disconnected contributions and combining the numerical data with the analytical predictions
pt
pt
for Γ0 and Γ1 (∆E) as indicated in eqn. (3.3). A statistical error of the order of 20% on the QED
contributions would be sufficient for use for phenomenology and might be feasible in the not so
distant future.
3.2 Long distance effects
The error budget of current uses of εK in flavour phenomenology is dominated by the uncertainty in |Vcb | entering eqn. (2.7) via the box-diagram mediating the mixing. Still, depending on
the choice of input to the analysis, in particular whether |Vcb | is taken from exclusive or inclusive
determinations, one sees either a 3.4σ tension between the prediction for εK and the experimental
value [20], or none, as highlighted in Lee’s poster [49, 50].
The lattice prediction for the kaon bag parameter is now well controlled and possible with a
precision of around 1% [2, 3]. The bag parameter at this point no longer constitutes the dominant non-perturbative uncertainty. This role has now been taken over by long-distance effects, as
12
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The first term on the r.h.s. contains Γ0 obtained from a lattice computation with only internal
photon lines from which the same process in finite volume V computed in perturbation theory in
the point-like approximation is subtracted. The crucial observation is that this difference is IR
finite since at long distance both terms describe the same physics. Also finite volume effects are
expected to be the same for both terms. They can be computed analytically or be extrapolated away
in a series of simulations with different volumes. The contributions to the second term on the r.h.s.
can be computed in the point-like approximation in perturbation theory in infinite volume. This
second term is again IR finite. Part of the work has been reported on in [47] and at this conference
an update on the numerical implementation was presented. In particular, the computation of the
diagrams in figure 9, which involves evaluating correlation functions of the form
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anticipated in [25, 26]. When lifting the prediction for εK to the next order in the OPE, long distance effects in both Im M12 and Im Γ12 need to be taken into account. Long distance effects can
contribute to CP violation in kaon mixing at the level of 5% [26] and therefore deserve attention.
The long distance contribution originates from two insertions of dimension-six ∆S = 1 effective weak operators,
T12 = −i

Z

D
h
i
E
(u,c)
(u,c)
d 4 x K 0 T H|∆S|=1 (x)H|∆S|=1 (0) K 0 .

(3.6)

Beyond εK , there is wider interest in reliable predictions of matrix elements with two insertions of
effective weak or electromagnetic operators between initial and final hadronic states: For instance,
compared to typical QCD scales the closely related KL − KS = 2ReM12 mass difference, known
experimentally to be ∆MK = 3.484(6) × 10−12 MeV [20], is a tiny quantity and therefore a sensitive
probe for new physics. Long distance effects to it should be around 20% [51]. If predicted reliably
at the level of 10% precision it could be a probe for new physics at scales up to O(TeV) [52].
In a sense the above-mentioned correlation functions relevant for the computation of QED
effects in hadronic matrix elements, eqns. (3.4) and (3.5) are of a similar type. Later in this article
we will also briefly consider rare kaon decays where they play a role. Following [53, 52] the

K0

K0

HW


HW
T

-

Figure 11: Kaon mixing with two insertions of dimension-six ∆S = 1 weak operators.
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Figure 10: First numerical results for the correlation functions entering the computation of Γ0 .
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amplitude in eqn. (3.6) can be computed in Euclidean space from


ZtB
ZtB


1
†
A = h0|T K 0 (t f )
dt2 dt1 HW (t2 )HW (t1 )K 0 (ti ) |0i ,


2
tA

(3.7)

tA

The term linear in T corresponds to the actual physical amplitude, the second term is a constant that
needs to be subtracted. The remaining contribution is either exponentially decreasing(increasing)
if En > MK (En < MK ) for the hadronic state n mediating between the two HW . For instance, an
intermediate vacuum-, π 0 - or η-state need to be subtracted in order to extract the actual signal.
To this end several methods are being studied [53, 52, 54]. For instance, the contributions can
be determined from a fit to the T -dependence of the correlation function. Or, the matrix elements
hn|HW |K 0 i can be computed separately from suitably constructed meson 3pt functions. Yet another
option is to add terms s̄d or s̄γ5 d to the weak Hamiltonian with prefactors that can be computed
to explicitly subtract unwanted states. These additional terms, by means of the Vector and Axial
Ward Identity, are total derivatives and do not modify the physics. For instance, for the subtraction
of the vacuum and η intermediate states one determines the prefactors cS and cP for the additional
terms to the effective Hamiltonian from
h0|HW + cP s̄γ5 d|Ki = 0

and hη|HW + cS s̄d|Ki = 0 .

(3.9)

Given that multi-hadron intermediate states can contribute to A special care needs to be taken to
control finite volume effects [55, 56]. Care also has to be taken for x → 0. In the case of ∆MK ,
GIM-cancellation together with the V − A structure of the weak operator ensure that no residual
divergence has to be dealt with. In the case of εK a residual logarithmic divergence has to be
removed. Exploratory studies for both quantities are under way [52, 57].
Another class of processes with important long distance contributions are rare kaon decays.
Two new experiments are dedicated to the study of these decays: NA62 at CERN and KOTO at
J-PARC. As flavour changing neutral current processes they constitute a probe into flavour mixing
and BSM physics due to their suppression relative to the SM.
Only a subset of the various rare kaon decay channels have sufficiently large long distance
contributions to warrant a lattice QCD study. Amongst those are the CP-conserving decays KS →
π 0 ν ν̄, K + → π + ν ν̄, KS → π 0 l + l − and K + → π + l + l − . This last decay is illustrated diagrammatically in figure 12. Current experimental facilities are able in principle to study this channel as well.
The decay into charged leptons is long-distance dominated through one-photon exchange and has
previously been investigated in chiral perturbation theory [58, 59]. A first principles calculation of
the form factor in lattice QCD, besides its use in flavour phenomenology (Vts and Vtd ) will therefore
also constitute a test of chiral effective theory.
Considering as an example the decay K + → π + l + l − , the amplitude to be computed is similar
in structure to the one for εK and ∆MK in eq. (3.7) but with one of the effective weak Hamiltonians
14
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where the integration over Euclidean time is taken as tB − tA = T − 1 with tA and tB such that only
the kaon ground state contributes. The amplitude can be evaluated to be
!
1
e(MK −En )T
hK̄ 0 |HW |nihn|HW |K 0 i
2 −MK (t f −ti )
−T −
+
.
(3.8)
A = NK e
∑
MK − En
MK − En
MK − En
n
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l+

γ

l−

u, c,t
s

K+

W

u

d

π+

u

Figure 12: Diagrams for K + → π + l + l − kaon semileptonic rare decays.

Aµ = (q )
2

Z



d 4 xhπ(p)|T Jµ (0)HW (x) |K(k)i .

(3.10)





The two effective weak operators Qq1 = s̄i γµL di q̄ j γµL q j and Qq2 = s̄i γµL qi q̄ j γµL d j , respectively,
provide for the dominant contributions. When integrating the weak operator over the fiducial volume (cf. figure 11 and eq. 3.7) gauge invariance and the GIM mechanism remove residual divergences. One yet again identifies exponentially growing and decaying terms which are unphysical
and hence have to be subtracted, in particular, π, ππ (can be shown not to contribute by symmetry) and πππ (expected to be small). In a pilot study RBC/UKQCD have set out to compute the
corresponding form factor Vi defined as
Ai = −

GF α
Vi (z)(k + p)µ ūl (p− )γµ νl (p+ )
4π

(3.11)

and presented first results at this conference [54]. For their unphysical kinematics with mπ ≈
421MeV and mK = 600MeV, they were able to obtain a signal after successfully subtracting the
one-pion intermediate state contribution (the only allowed intermediate state for this choice of
kinematics). The subtraction and integration over the fiducial volume are illustrated in the series of
plots in figure 13.

(a)

(b)

(c)

Figure 13: Example for K → πγ ∗ correlation function in (a) , after subtraction of π-intermediate state (b),
after integration over fiducial volume (c).

The decay K + → π + ν ν̄ is harder by the fact that both photon and Z-exchange diagrams as
well as WW -diagrams contribute (cf. figure 14). Power divergences are only partially removed
leaving a logarithmic divergence that needs to be taken care of [62].
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replaced by a conserved vector current representing the coupling to the photon [60, 61, 54],
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ν̄
ν̄

γ/Z
u, c,t
K+

s
u

ν

ν
W

d

W
π + K+

u

s
u

W
u, c,t

d
u

π+

Figure 14: Diagrams for K + → π + ν ν̄ kaon semileptonic rare decays.

Spacelike momenta are the natural domain for simulations of e.g. the pion form factor on a
Euclidean lattice. The timelike region is however still of considerable phenomenological interest
for e.g. low-energy experiments and chiral perturbation theory. To this end Meyer [63] derived
a relation between the absolute value of the ππ to vacuum matrix element of the electromagnetic
current, to the pion form factor in the timelike region. The relation was extended to the moving
frame in [64] allowing to map out the form factor in the whole elastic ππ scattering region. That
same work also presents a first numerical study with N f = 2 + 1 overlap quarks (fixed topology,
mπ > 290MeV). They obtained a good signal for the form factor and in addition extracted the
coupling gρππ and the ρ-mass, cf. figure 15. In this context also have a look at the contributions

Figure 15: Results for the scattering phases (left) and modulus of the pion form factor (right) as computed
in [64].

by Werner [65] on the ρ resonance parameters.

5. Conclusions
Simulations with the light quark masses tuned such that pion masses assume the value found in
nature allow for a new quality of simulation results and at the same time open the door for new data
analysis strategies. In particular those analysis strategies that minimise model dependencies (here
the model for the quark mass dependence) can be devised. In this way long chiral extrapolations are
no longer necessary and no longer play a role in systematic error budgets. Instead, statistical errors,
finite volume corrections and the continuum extrapolation error tend to dominate error budgets.
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4. Timelike form factors
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