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We study the static electric current due to the Chiral Magnetic Effect in samples of Weyl semi-
metals with slab geometry, where the magnetic field is parallel to the boundaries of the slab. We
use the Wilson-Dirac Hamiltonian as a simplest model of parity-breaking Weyl semimetal with
two-band structure. We find that the CME current is strongly localized at the open boundaries of
the slab, where the current density in the direction of the magnetic field approaches the conven-
tional value j = µ5B

2π2 at sufficiently small values of the chiral chemical potential µ5 and magnetic
field B. On the other hand, very large values of magnetic field tend to suppress the CME response.
We observe that the localization width of the current is independent of the slab width and is given
by the magnetic length lB = 1/

√
B when µ5�

√
B. In the opposite regime when µ5�

√
B the

localization width is determined solely by µ5.
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1. Introduction

The Chiral Magnetic Effect (CME) [1] and the closely related phenomenon of the negative
magnetoresistivity [2–7] are nowadays actively studied as the hallmarks of the chiral anomaly in
condensed matter systems. Quantitative calculations of these effects require careful regularization
both in the infrared and in the ultraviolet, and e.g. in the case of CME different regularizations
yield different answers [8, 9].

More precisely, the CME can be characterized by the chiral magnetic conductivity σCME which
relates the electric current density ~j and the magnetic field ~B and which in general depends on the
temporal/spatial modulation of ~B:

~j
(

w,~k
)
= σCME

(
w,~k
)
~B
(

w,~k
)
. (1.1)

In this paper, we will consider the static CME response, thus the frequency w will be set to zero
in what follows. A continuum calculation of σCME in the static limit using Dirac fermions with
Pauli-Villars regularization yields the following result [11]:

σCME (k) =
1

(2π)2

(
µ5 +

µ2
5 − k2/4
|k|

log
∣∣∣∣2µ5−|k|
2µ5 + |k|

∣∣∣∣) , (1.2)

where µ5 is the chiral chemical potential parameterizing the difference between the occupation
numbers of right- and left-handed states of Dirac fermions. On the other hand, the continuum
calculation without any regularization also yields a finite result which differs from (1.2) by a term
of the form µ5

2π2 . The unregularized result implies the existence of the CME current

~j =
µ5~B
2π2 (1.3)

even in the limit k→ 0, that is, for a static magnetic field with infinitely slow spatial variation. On
the other hand, the regularized chiral magnetic conductivity in the limit of small momenta~k tends
to zero as k2, thus implying that the CME current should vanish in the infrared [12, 13]. The naive
unregularized value (1.3) is only recovered in the limit of large k [11], albeit with an opposite sign.
All lattice calculations of the CME current reproduce the regularized result (1.2) up to some lattice
artifacts [9, 11, 14].

The vanishing of the static CME current in lattice systems in the infrared immediately rises
the question of how such a current can be measured in condensed matter systems subject to strong
static and uniform magnetic fields, as in the recent experiments [3–5]. Thus, it is very interesting
to consider bounded samples of Weyl semimetal, which is closer to experimental setups. The
importance of boundaries was demonstrated in the recent paper [10], where it was shown that
in the slab of Weyl semimetal subjected to the external magnetic field perpendicular to the slab
boundaries the density of CME current vanishes in contrast to the naive formula (1.3). This is a
direct consequence of the finite sample size.

In these Proceedings we use the simple Wilson-Dirac Hamiltonian with open boundaries to
argue that the CME current is still non-vanishing locally even in constant magnetic field parallel
to the boundary due to the finite size of the system. More precisely, we find that near the open
boundaries of the system the current density is quite close to the naive value (1.3), if the values
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of µ5 and B are small. At larger values of µ5 or B nonlinear effects and lattice artefacts become
important, and the CME current saturates. On the other hand, the total current through the whole
section of the slab vanishes.

2. Wilson-Dirac Hamiltonian with open boundaries and the current density
operator

We consider the Wilson-Dirac lattice Hamiltonian on a lattice of slab geometry with open
boundaries at z = 0 and z = Lz. The external magnetic field is directed along the slab in the x
direction. The corresponding vector gauge potential is chosen as Ay = −Bz, so that translational
symmetry is intact for both x and y directions. The single-particle Hamiltonian in the coordinate
space reads

hX ,Y =
3

∑
k=1
−iαk∇k XY +

r γ0

2
∆XY + γ0mδXY + γ5µ5δXY , (2.1)

where αk with k = x,y,z are the Dirac α-matrices, γ0 and γ5 are the Dirac gamma-matrices in
the same representation, capital letters denote a set of spatial coordinates X = {x,y,z}, δXY is the
Kronecker symbol for all three coordinates and ∇k XY and ∆XY are the lattice discretizations of the
derivative and the Laplacian operators corrected at the open boundaries of the slab:

∇k XY =
1
2

(
θ (Lz− z−1)eiAX ,k δX+k̂,Y −θ (z)e−iAX−k̂,k δX−k̂,Y

)
,

∆XY =
3

∑
k=x,y,z

(
2δXY −θ (Lz− z−1)eiAX ,k δX+k̂,Y −θ (z)e−iAX−k̂,k δX−k̂,Y

)
, (2.2)

where θ (z) is the unit step function, which we define as θ (z) = 1 if z > 0 and θ (z) = 0 if z≤ 0.
The single-particle current density operators can be obtained in a straightforward way by dif-

ferentiating the single-particle Hamiltonian (2.1)

jk,X ,Y (Z) =
∂hX ,Y

∂AZ,k
= P+θ (z)e−iAZ,k δZ+k̂,X δZ,Y +P−θ (Lz− z−1)eiAZ,k δZ,X δZ+k̂,Y , (2.3)

where P± = αi±iγ0
2 .

By virtue of translational invariance in x and y directions the Hamiltonian (2.1) and the current
density operator (2.3) can be partially diagonalized in the basis of plane waves propagating in these
directions:

hzz′ (kx,ky) =−iα3∇3zz′+
r γ0

2
∆zz′+δzz′ [α1 sin(kx)+α2 sin(ky−Bz) +

+2r γ0 sin2 (kx/2)+2r γ0 sin2 ((ky−Bz)/2)+ γ0m+ γ5µ5] (2.4)

The partially diagonalized current in the x directions takes a particularly simple form:

jx,zz′ (kx,ky) = δzz′ (αx cos(kx)+ rγ0 sin(kx)) . (2.5)
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At zero temperature, the expectation value of the current along the magnetic field is given by
the sum of contributions of the eigenstates of the single-particle Hamiltonian (2.4) with negative
energy values (these are the levels in the “Fermi sea”):

〈 jx 〉(z) = ∑
i

π∫
−π

dkx

2π

dky

2π
θ (−εi (kx,ky)) ψ̄i,z (kx,ky) jx,zz (kx,ky)ψi,z (kx,ky) , (2.6)

where the eigenstates ψi,z (kx,ky) and the energy levels εi (kx,ky) are defined as

∑
z′

hzz′ (kx,ky)ψi,z′ (kx,ky) = εi (kx,ky)ψi,z (kx,ky) . (2.7)

3. Spatial profiles of the current density

We now calculate the spatial profiles of the CME current (2.6) in the direction z perpendicular
to the boundaries of the slab. We use the slab width Lz = 60. Integration over the longitudinal
momenta kx, ky in (2.6) is performed using the Cubature package [15].
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Figure 1: Spatial profiles of the current density in the direction of the magnetic field at different values of
the chiral chemical potential µ5 (from left to right and from top to bottom: µ5 = 0.01, µ5 = 0.05, µ5 = 0.1
and µ5 = 0.3) and the magnetic field B. Solid black lines are the result of a linear response theory calculation
with σCME given by (1.2).

On Fig. 1 we show the spatial profiles of the current density in the direction of the magnetic
field at different values of the chiral chemical potential. Since the distribution of the current is
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completely symmetric with respect to the center of the slab, we show only half of the full profile.
One can see that in all cases the current density is concentrated near the boundary of the slab and
shows some oscillations of relatively small amplitude in the bulk. The current density directly at
the boundary is maximal and is close to the naive value (1.3), but can be both slightly below or
slightly above it. Interestingly, the total current through the whole cross-section of the slab seems
to vanish within the precision of our integration over the Brillouin zone.
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Figure 2: Profile of the current density in the direction of the magnetic field at different values of slab width
Lz at fixed values of the magnetic field B = 0.007 and chiral chemical potential µ5 = 0.05. Solid black line
represents the naive value of the CME current (1.3). Note that

√
B > µ5.

On Fig. 2 we demonstrate how the profile of the current depends on the slab width Lz at
relatively small values of magnetic field and chiral chemical potential. It is interesting to note that
the localization width and the profile of the current near the boundaries seem to be independent of
the slab width. At large slab widths we observe that the current density deep in the bulk almost
vanishes. This suggests that for very large slab widths all non-trivial behavior of the current density
is localized near the boundaries and determined solely by the values of the magnetic field B and the
chiral chemical potential µ5.

In order to characterize the dependence of the current density on the magnetic field and the
chiral chemical potential µ5, on Fig. 3 we plot the current density jx at the boundaries of the slab
(which is also the maximal value of the current density in all the cases which we have considered)
as a function of the magnetic field strength at several fixed values of µ5. At small values of B and
µ5 we see the expected linear scaling with a slope quite close to the naive value (1.3). At larger
values of B, however, we observe a saturation effect and the current density might even decrease.
Assuming a reasonable physical lattice spacing of order of 0.1nm, the values of B at which one
sees the saturation would correspond to very large physical magnetic fields of order of hundreds of
Tesla, which are certainly out of the reach of modern high magnetic field facilities. Realistic values
of B of order of tenth of Tesla are deep in the linear regime, see Fig. 3 on the left.

Next we study the dependence of the localization width of the current density near the bound-
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Figure 3: The dependence of the current density at the boundaries of the slab on the magnetic field strength
for several values of the chiral chemical potential µ5. Solid black line corresponds to the naive result (1.3).
The right plot illustrates the saturation of the current at very large values of the magnetic field.
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Figure 4: Dependence of the localization width l0 of the current density on the magnetic field strength at
different values of the chiral chemical potential. Solid black line represent the magnetic length lB = 1/

√
B.

On this plot Lz = 60, however it should be emphasized that l0 is completely independent of the slab width
when lB < Lz/2.

aries on the strength of the magnetic field B and chiral chemical potential µ5. We define the local-
ization width l0 as the distance from the boundary to the nearest extremum of the current profile:
d jx(z)/dz|z=l0 = 0. We estimate it numerically for different sets of parameters and present the re-
sults on Fig. 4. Interestingly, at small values of the chiral chemical potential µ5�

√
B the width

l0 seems to be determined solely by the magnetic field B and agrees with a very good precision
with the magnetic length lB = 1/

√
B in the region where lB < Lz/2. However, the chiral chemical

potential µ5 sets a scale roughly
√

B∼ µ5 at which the dependence of the width l0 on the magnetic
field is saturated and as consequence l0 depends only on µ5.

In order to estimate the importance of open boundaries, we also perform a simple comparison
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with the linearized response (1.1), where the chiral magnetic conductivity is given by the continuum
result (1.2). To this end we consider a magnetic field that vanishes everywhere except for a finite
region of size Lz, where it has a nonzero constant value. The fermion mass and the chiral chemical
potential are assumed to be constant throughout the whole space. We multiply the Fourier transform
of such a step-shaped magnetic field distribution by σCME

(
~k
)

and then transform the resulting
current density back into the coordinate space. The result is shown on Fig. 1 with solid black lines.

The qualitative behavior of the linear response current density depends on the dimensionless
product Lzµ5. For Lzµ5 . 1 the current density inside the slab is constant and its magnitude is close
to the naive value. In the regime where Lzµ5 � 1 the current density is localized near the slab
boundary. The localization width does not depend on Lz and is comparable to the one observed in
the lattice calculation in the regime with µ5�

√
B. Typical results for the linear response current

density are shown on Fig. 5.
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Figure 5: Profile of the linear response current density. Left: For Lzµ5 . 1 the current density inside the
slab is constant. Right: If Lzµ5� 1 the current density is localized near the slab boundary. The localization
width l0 does not depend on Lz. In the plot µ5 = 0.2 and the current density outside of the slab is not shown.

Let us also note that the current density calculated using the linear response formula only totals
to zero when summed over the whole space, not just over the interior of the slab. This is simply
because in the linear response calculation we are assuming that outside of the slab we have the
same medium, only with vanishing magnetic field.

4. Discussion

In this sections we would like to discuss the qualitatively different behavior of the current
profile depending on the relation between the chiral chemical potential µ5 and the magnetic field
B. First of all, we observe that in the presence of sufficiently strong magnetic field, much greater
that µ2

5 , at least in our simple lattice model nonlinear effects in B become important, whereas in
the opposite regime the response of the current is almost linear in the magnetic field. Thus it is
interesting to estimate which of this two scenarios is realized in our model at typical values of
fields from the recent experiments on Dirac and Weyl semimetals.
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To this end we note, that in real experiments the chiral chemical potential is induced dynami-
cally by the anomaly in the background of parallel magnetic and electric fields:

dρ5

dt
=

e2

4π2h̄2 E ·B− ρ5

τυ

, (4.1)

where ρ5 is the density of the chiral charge and τυ is the inter-valley scattering time which takes
into account mixing between left- and right-handed fermions in the material. We can estimate the
induced chiral chemical potential µ5 using the following expression for the density of chiral charge
at zero temperature and chemical potential [1] :

ρ5 =
µ3

5

3π2h̄3
υ3

, (4.2)

where υ is the Fermi velocity. Finding a steady state at long times from equation (4.1) and matching
the result to the expression (4.2), we find:

µ5

υ
= 2 3

√
3
2

h̄e2τυE ·B, (4.3)

and for typical values B∼ 4 T , τυ ∼ 10−14 s, υ ∼ c/300 [4] and some reasonable value of electric
field E ∼ 104 V ·m−1 we find that

µ5

υ
�
√

eBh̄,

E � 1
τυ

√
Bh̄
e
. (4.4)

This suggests that such fields correspond to the nonlinear regime in our lattice model, which is
unaccessible from the linear response formula (1.1).

5. Conclusions

We have numerically demonstrated that for a finite-size lattice system of slab geometry the
CME current is vanishing in total, however, locally the current is still nonzero. It is maximal
directly at the boundaries of the slab, where it is quite close to the naive value (1.3). The localization
depth of the current seems to be independent of the chiral chemical potential and coincide with the
magnetic length lB when µ5�

√
B and to be mostly determined by the value of the chiral chemical

potential µ5 when µ5�
√

B.
Since the chiral magnetic effect is a crucial ingredient in the negative longitudinal magnetore-

sistivity phenomenon (NMR) [4], it would be interesting to calculate the longitudinal conductivity
directly using the Hamiltonian (2.1) and understand, whether the current responsible for the NMR
is also localized at the boundary of the sample. The discussion presented in Section 4 above sug-
gests that in such a calculation the magnetic field cannot be treated as a small perturbation, and one
has to calculate the conductivity assuming infinitely small electric field in the presence of strong
magnetic field rather that the small magnetic field in the presence of some chiral chemical potential.
We leave such a calculation for the future work.
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