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We present a gauge-invariant effective action for the Abelian-Higgs model in 1+1 dimensions. It
is constructed by integrating out the gauge field and then using the hopping parameter expansion.
The latter is tested with Monte Carlo simulations for small values of the scalar self-coupling. In
the opposite limit, at infinitely large self-coupling, the Higgs mode is frozen and the partition
function can be written in terms of local tensors and the tensor renormalization group blocking
can be applied. The numerical implementation requires truncations and the time continuum limit
of the blocked transfer matrix can be obtained numerically. At zero gauge coupling and with a
spin-1 truncation, the small volume energy spectrum is identical to the low energy spectrum of a
two-species Bose-Hubbard model in the limit of large onsite repulsion. The procedure is extended
to finite gauge coupling and we derive a spin-1 approximation of the Hamiltonian which involves
terms corresponding to transitions among the two species in the Bose-Hubbard model. An optical
lattice implementation involving a ladder structure is proposed.
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1. Introduction

2. The Abelian-Higgs model and the effective action
We consider the Abelian-Higgs model on a 1+1 space-time lattice of size Ns × Nτ . The scalar
field φx = |φx | exp(iθx ) is attached to the sites and the gauge fields Ux,ν̂ = exp(iAx,ν̂ ) to the links of
the lattice. The product of U’s around a plaquette is denoted Upl,x where x is the lower left corner
of the plaquette in space-time coordinates. β pl = 1/g2 is the inverse gauge coupling and κs (κτ ) is
the hopping coefficient in the space (time) direction. The partition function and the action are:
Z
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Dφ † Dφ DUe−S , S = −β pl ∑ Re Upl,x + ∑ φx† φx + λ ∑ φx† φx − 1
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x
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i
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i
h
†
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†
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− κτ ∑ e φx Ux,τ̂ φx+τ̂ + e φx+τ̂ Ux,τ̂ φx − κs ∑ φx Ux,ŝ φx+ŝ + φx+
ŝUx,ŝ φx .

Z =

x

(2.1)

x

The Nambu-Goldstone fields θx can be eliminated by a gauge transformation
Ax,ν̂ → Ax,ν̂ − θx+ν̂ + θx ,

(2.2)

which leaves the plaquette terms unchanged.
Unlike other approaches, e.g. [1, 2, 4, 5, 6, 7, 8], we will not try to implement the gauge field
on the optical lattice, but rather try to implement a gauge-invariant effective action obtained by integrating over the gauge fields. A similar approach is being pursued for theories with fermions [9].
For this purpose, we use the Fourier expansion of the Boltzmann weights in terms of the modified
Bessel functions In , for instance,
exp[2κτ |φx ||φx+τ̂ | cos(θx+τ̂ − θx + Ax,τ̂ − iµ)]

(2.3)

∞

=

∑

In (2κτ |φx ||φx+τ̂ |) exp[in(θx+τ̂ − θx + Ax,τ̂ − iµ)],

n=−∞

and similar expressions for the space hopping and the plaquette interactions. We can then collect
all the exponentials involving a given Ax,ν̂ and perform the integration over Ax,ν̂ . This results in
2
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There has been a lot of interest recently in the possibility of building quantum simulators for
lattice gauge theory using optical lattices [1, 2]. When gauge fields are mapped onto the physical
degrees of freedom, such as individual atoms or condensates trapped in an optical lattice, one needs
to ensure that the physical observables are gauge invariant. This can be achieved by imposing
Gauss’s law (which has often to be done approximately) or by constructing an explicitly gauge
invariant formulation of the original model. We report on our recent progress in following the latter
approach [3].
We establish an approximate quantitative correspondence between the Abelian-Higgs model
(scalar electrodynamics) on a 1+1 dimensional lattice and a two-species Bose-Hubbard model with
specifically chosen interactions that can in principle be realized experimentally on optical lattices.
We derive the gauge-invariant effective action by integrating over the gauge fields. In this case the
constraint enforcing gauge invariance is satisfied automatically.
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Kronecker deltas relating the various Fourier modes. The final result is
#

∏ Im (β pl ) ∏ Inx,ŝ (2κs |φx ||φx+ŝ |)Inx,τ̂ (2κτ |φx ||φx+τ̂ |) exp(µnx,τ̂ ) ,

"
e−Se f f =

∑

{m }



(2.4)

x

where the link indices nx,ν̂ are related to the plaquette indices m by the rules
nx,ŝ = mbelow − mabove , nx,τ̂ = mright − mle f t ,

(2.5)

Se f f



I1 (β pl )
1 4
2
2
= ∑ −κ Mx My + κ (Mx My ) − 2κ 4
∑ Mx My Mz Mw + O(κ 6 ),
4
I
(β
)
0
pl
hxyi
(xyzw)

(2.6)

where Mx = φx† φx is a composite gauge-invariant field.

3. Monte Carlo calculations
We consider the action (2.1) for the isotropic case κτ = κs = κ. In the β pl → ∞ limit when
Ux,ν̂ = 1, the expectation value of the hopping term Lφ = hRe{φx†Ux,ν̂ φx+ν̂ }i can be calculated with
the hopping parameter expansion, for small κ. It has been derived up to O(κ 5 ) in Ref. [10]. This
result can be generalized to β pl < ∞ by including the appropriate factors of I1 (β pl )/I0 (β pl ) for the
diagrams that involve plaquettes.
To check the range of validity of the expansion we perform Monte Carlo simulations at several
values of β pl , κ and λ on a 162 lattice. To test the β pl → ∞ limit we set β pl = 20 and for λ = 0.05
and 0.1 scan the range of κ ∈ [0.05, 0.30]. The results for Lφ are shown in Fig. 1. The lines
represent the expansion at two orders. The expansion starts to break down around κ = 0.15 at
O(κ 3 ) and κ = 0.2 at O(κ 5 ).
To understand the dependence on β pl better we also calculate Lφ for several values of β pl at
fixed κ = 0.15. The results together with the hopping expansion are shown in Fig. 2. There is good
agreement, and the dependence on β is weak.
3
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where the subscripts of ms refer to the plaquette location with respect to the link. Eqs. (2.5) guarantee that the link indices automatically satisfy the current conservation imposed by the integration
of the θx variables, so the m act as the dual variables.
Equations (2.5) have simple electromagnetic analogs. First, nx,τ̂ can be interpreted as a charge
and mx as an electric field in the spatial direction. With this Minkowskian interpretation, Eq. (2.5)
enforces Gauss’s law. Second, nx,ν̂ can be interpreted as a two-dimensional current and mx as a
magnetic field normal to the two-dimensional plane. In this Euclidean interpretation, Eqs. (2.5)
express the current as the curl of the magnetic field.
At the lowest order of the strong-coupling expansion we have β pl = 0 and from In (0) = 0
for n 6= 0, we see that all the indices must be zeros. The effect of the plaquette can be restored
perturbatively. This can be organized in an expansion in the hopping parameter. In the isotropic
case κτ = κs = κ we obtain:
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Figure 2: Lφ at fixed κ = 0.15 as function of β pl for
λ = 0.1 compared with the hopping expansion with
included dependence on β pl up to O(κ 5 ).

Figure 1: Lφ at β pl = 20 for λ = 0.05 and λ = 0.1
as function of κ compared with the hopping expansion at β pl = ∞ at O(κ 3 ) and O(κ 5 ).

4. The large λ limit
When λ becomes arbitrarily large, Mx is frozen to 1, or in other words, the Brout-EnglertHiggs mode becomes infinitely massive. We are then left with compact variables of integration in
the original formulation (θx and Ax,ν̂ ) and the Fourier expansions described before lead to expressions of the partition function in terms of discrete sums.
As explained in Ref. [11], these sums can be formulated in a compact way using tensorial
notations. The partition function can be written as
"
#
Z = (I0 (β pl )I0 (2κs )I0 (2κτ ))V Tr

(s)

∏ Am

above mbelow

(τ)

()

Amle f t mright Bm1 m2 m3 m4 ,

(4.1)

s,τ,

where the A tensors are associated with the spatial and temporal links and B tensors with the
plaquettes. A and B tensors are defined in terms of the ratios of Bessel functions tn (z) = In (z)/I0 (z),
see Ref. [3] for details.
The traces can also be expressed in terms of a transfer matrix T which can be constructed by
defining the following tensors:
B(m1 ,m2 ,...mNs )(m01 ,m02 ···0N ) = tm1 (2κτ )δm1 ,m01 tm1 (β pl )t|m1 −m2 | (2κτ )δm2 ,m02 tm2 (β pl )
s

× t|m2 −m3 | (2κτ ) . . .tmNs (β pl )tmNs (2κτ ).

(4.2)

A(m1 ,m2 ,...mNs )(m01 ,m02 ...m0N ) = t|m1 −m01 | (2κs )t|m2 −m02 | (2κs ) . . .t|mNs −m0N | (2κs )
s

s

(4.3)

(this definition implies open boundary conditions, m = 0 at both ends). In this case, the chemical
potential has completely disappeared. If we had chosen different m’s at the end allowing a total
charge Q inside the interval, we would have an additional factor exp(µQ).
Since B is diagonal, real and positive, the symmetric transfer matrix can be defined as
√ √


(4.4)
T = BA B and Z = (I0 (β pl )I0 (2κs )I0 (2κτ ))V Tr TNτ .
The A and B matrices can be constructed by a recursive blocking method similar to those discussed
in Ref. [11].
4
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In the case where both λ and β pl are infinite this model corresponds to the two-dimensional
classical O(2) model. A Hamiltonian formulation of the model suitable for quantum simulation on
optical lattice has been proposed by some of the present authors in Ref. [12].

5. The time continuum limit, energy spectrum and Bose-Hubbard model
implementation

We set the scale with the gap energy ŨP and relate it to the other energy scales as:
√
β pl
1
1
, Ỹ ≡
=
ŨP , X̃ ≡ 2β pl κsŨP .
ŨP ≡
aβ pl
2κτ a 2κτ

(5.2)

We can now derive an expression for the Hamiltonian in the spin-1 approximation where the
plaquette quantum number m takes values ±1 and 0 only. The effect of κs can be included by
linearization. The final form of the Hamiltonian H̄ for 1 << β pl << κτ is
ŨP  z 2 Ỹ 0 z
z
x
H̄ =
L̄(i) + ∑ (L̄(i) − L̄(i+1)
)2 − X̃ ∑ L̄(i)
,
(5.3)
2 ∑
2
i
i
i
where ∑0i is a short notation to include the single terms at the two ends as in Eq. (5.1), i.e. besides
z
z 2
z
z
z 2
z
z 2
z
)2 .
) and (L̄(N
)2 terms this sum contains (L̄(1)
− L̄(N
) , ... , (L̄(N
− L̄(3)
) , (L̄(2)
− L̄(2)
(L̄(1)
s)
s)
s −1)
A generic two-species Bose-Hubbard Hamiltonian for a linear optical lattice realization of the
Abelian-Higgs model has the form [3]:
H = − ∑ (ta a†i a j + tb b†i b j + h.c.) − ∑(µa+b + ∆α )nαi
i,α

hi ji

+

Uα α α
tab
ni (ni − 1) +W ∑ nai nbi + ∑ Vα nαi nαj − ∑(a†i bi + b†i ai )
2
2 i
i,α
i
hi jiα

∑

(5.4)

with α = a, b indicating two different species and with nai = a†i ai and nbi = b†i bi . In the limit where
Ua = Ub = U and W and µa+b = (3/2)U are much larger than any other energy scale, we have the
condition nai + nbi = 2 for the low energy sector. The three states |2, 0i, |1, 1i and |0, 2i satisfy this
condition and correspond to the three states of the spin-1 projection considered above.
At the second-order degenerate perturbation theory this Hamiltonian can be rewritten in terms
of the angular momentum operators:


Va ta2 Vb tb2
−tatb
He f f =
− + −
Liz Lzj +
(L+ L− + Li− L+j ) + (U −W ) ∑(Liz )2
∑
2 U
2 U hi ji
U hi∑ji i j
i

 

2
2
p(n + 1)tb
pn
p(n + 1)ta
pn
+
Va + ∆a −
−
Vb + ∆b −
∑ Liz − tab ∑ Lix , (5.5)
2
U
2
U
i
i
5
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We construct the time continuum limit of the transfer matrix T by taking the limit 1 << β pl <<
κτ and keeping the open boundary conditions (m = 0 at both ends). At leading order in the inverse
of these large parameters, the eigenvalues of T are

1 1
λ(m1 ,m2 ,...mNs ) = 1 −
(m2 + m22 + . . . + m2Ns )
2 β pl 1

1
2
2
2
2
(m + (m2 − m1 ) + . . . + (mNs − mNs −1 ) + mNs )
(5.1)
+
2κτ 1
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where p is the number of neighbors and n is the occupation (p = 2, n = 2 in the case under consideration). L̂ is the angular momentum operator in the representation n/2.
By imposing ta = tb = 0, Va = Vb = −Ỹ /2 and tab = X̃ we match the two-species Bose-Hubbard
Hamiltonian (5.5) to the one given in Eq. (5.3). In Fig. 3 we show the spectra of the Abelian-Higgs
model obtained with the tensor renormalization group method and the two-species Bose-Hubbard
model obtained with exact diagonalization for a system of two (left) and four (right) sites.
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Figure 3: Abelian-Higgs model with X̃/ŨP = 0.1, Ỹ /ŨP = 0.1 and the corresponding Bose-Hubbard
spectra for L = 2 (left) and L = 4 (right).

The last term in the Hamiltonian, Eq. (5.4), interchanges the species index and thus rules
out implementing this Hamiltonian using mixtures of two different types of atoms. It could be
realized with a single atomic species on a ladder structure with a and b corresponding to the two
legs of the ladder. For the experimental implementation, an attractive nearest neighbor interaction
(Va = Vb = −Ỹ /2) can be obtained by using cold dipolar atoms or molecules, with dipole moments aligned along the ladder and with inter-rung distance such that the rapidly decaying dipoledipole interaction between next-nearest-neighbors can be neglected. Alternatively, the two boson
species in the Bose-Hubbard Hamiltonian could correspond to two hyperfine states of the same
atom species, provided these two states support Raman transitions between them so that the species
conversion term can be created.

6. Conclusions
With the remarkable experimental progress in the field of ultra-cold atoms trapped in optical
lattices, and the unprecedented levels of control and tunability of their interactions, a wide range
of quantum many-body lattice Hamiltonians can be realized and studied. We have proposed a twospecies Bose-Hubbard model that may be used as a quantum simulator for the Abelian-Higgs model
in the case of frozen radial mode in 1+1 dimensions. The gauge invariance is built-in and thus
does not need to be achieved via fine-tuning, and the correspondence between the proposed BoseHubbard Hamiltonian and the Abelian-Higgs model can be checked quantitatively. We demonstrate
the matching between the two models by calculating the spectra for small systems.
6
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