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The Thirring model is a four fermion theory with vector interaction. We study it in three dimen-
sions, where it is closely related to QED and other models used to describe properties of graphene.
In addition it is a good toy model to study chiral symmetry breaking, since a phase with broken
chiral symmetry is present for the model with one fermion flavour. On the other hand, there is
no such phase in the limit of infinitely many fermion flavours. Thus, a transition at some critical
flavour number Ncr

f is expected, where the broken phase vanishes.
The model was already studied with different methods, including Schwinger-Dyson, functional
renormalization group and lattice approaches. Most studies agree that there is indeed a phase
transition from a chirally symmetric phase to a spontaneously broken phase for a small number
of fermion flavours. But there is no agreement on the critical flavour number and further details
of the critical behaviour. Values of Ncr

f found in the literature usually range between 2 and 7.
All earlier lattice studies were performed with staggered fermions, where it is questionable if the
continuum limit of the lattice model has the same chiral symmetry as the continuum model. We
present an approach for simulations of the Thirring model with SLAC fermions. With this choice,
we can be sure to implement the full chiral symmetry of the continuum model. First results from
simulations are shown but do not allow a reliable estimate of Ncr

f so far.
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1. Introduction

The Thirring model was introduced in 1958 by Walter Thirring as a two-dimensional quantum
field theory, when he was looking for an exactly solvable theory with interacting fermions [1]. Its
main feature is a four fermion interaction with a current term. While its original formulation in
two dimensions is quite well known [2], there are a lot of open questions in a three-dimensional
spacetime with a variable number of Nf fermion flavours. The Lagrangian in Euclidean spacetime
is given by

L = ψ̄ ji/∂ψ j−
g2

2Nf
(ψ̄ jγ

µ
ψ j)

2 j = 1, . . . ,Nf. (1.1)

We employ the usual Hubbard-Stratonovich transformation to introduce an auxiliary field Vµ and
obtain the Lagrangian

L = ψ̄ jiγµ
(
∂µ − iVµ

)
ψ j +λThV µVµ (1.2)

with λTh = Nf/2g2. We use a four-dimensional representation of the Clifford algebra, which is re-
ducible in a three-dimensional spacetime. This theory was shown to be renormalizable in a large
Nf expansion for 2 < d < 4 [3, 4]. The 3D formulation is useful to study chiral symmetry breaking
and is motivated by a strong similarity to QED3 [4, 5]. These models can be found in the literature
to describe the electronic properties of graphene [6, 7] or high temperature superconductors [8, 9].

The most interesting feature of the Thirring model is its chiral symmetry. The action is in-
variant under transformations generated by the matrices {1,γ4,γ5, iγ4γ5}. In addition, there is a
flavour symmetry, which leads to a full symmetry group of U(Nf,Nf) [10]. This symmetry can be
spontaneously broken to

U(Nf,Nf)→U(Nf)⊗U(Nf). (1.3)

The large Nf expansion shows, that no symmetry breaking occurs for Nf→ ∞. On the other hand,
there is a correspondence due to a Fierz identity of the irreducible Thirring model with Nf = 1 to a
Gross-Neveu model. The latter is known to always show chiral symmetry breaking, see for example
[11]. Since Nf = 1 in the irreducible representation can be thought of as “Nf = 0.5” in the reducible
representation, this can be taken as a hint, that our model shows chiral symmetry breaking for
small Nf. Thus, there must exist a critical flavour number Ncr

f , such that chiral symmetry breaking
is possible for Nf < Ncr

f but not for Nf > Ncr
f . The main motivation of our work is to determine the

value of Ncr
f from lattice simulations.

There have been numerous other approaches to determine Ncr
f , which found a variety of values:

The earliest works used Schwinger-Dyson equations and found values of Ncr
f = 3.24 [10], Ncr

f =

4.32 [5] or even Ncr
f = ∞ [12]1. There is a paper [13] constructing an effective potential from

the large Nf expansion, which found Nf = 2 and an extensive study [14] of four fermion theories
with methods of the functional renormalization group, where Ncr

f ≈ 5.1 is found. Lattice studies
were performed with staggered fermions only. Earlier simulations [15–17] used a HMC algorithm,
allowing integer values of staggered fermion flavours, where each lattice flavour corresponds to
two flavours of the continuum model. These studies report results for simulations with Nf = 2,4,6.
They used a non-vanishing mass, which breaks the chiral symmetry explicitly, and obtained fits to
the equation of state, that relates the chiral condensate to the mass. The authors conclude, that there

1Although the model is considered in the irreducible representation in this paper.
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must be a change in the chiral behaviour between Nf = 4 and Nf = 6. Moreover simulations with
a Hybrid Molecular Dynamics algorithm were performed with non-integer values of Nf. The first
study [18] agrees well with the other lattice results, while a more recent investigation [19] found
Ncr

f ≈ 6.6. As pointed out in [17], there is a difficulty in using staggered fermions: The staggered
lattice model shows a chiral symmetry breaking pattern different from (1.3) and it is not clear, if
the continuum limit of the staggered lattice model leads to the correct breaking pattern.

Another point that may be important to correctly interpret our results, is made in [16, 19].
It is shown there, that the renormalizability of the Thirring model in large Nf expansion requires
the vacuum polarization tensor to be transversal (as in QED). This can be achieved by a coupling
constant renormalization with renormalized coupling

g2
R =

g2

1−g2J(m)
, (1.4)

where J(m) is an integral depending on the bare mass m with a value of 2
3 for m→ 0 in first order of

the large Nf expansion. Remarkably, the renormalized coupling can get negative, if the inverse of
the bare coupling squared gets smaller than J(m). Then the model is believed to be in an unphysical
phase where it is not unitary. The authors of [19] interpret a decrease in the chiral condensate for
increasing bare coupling as a transition to this unphysical phase and assume that the position of the
maximum corresponds to g2

R→ ∞ in equation (1.4). This interpretation is criticized in [14], since
in the functional renormalization group approach, the transversality of the vacuum polarization is
not necessary to ensure renormalizability.

2. Current Approach

In order to overcome the disadvantages of the staggered fermions, we use the SLAC fermion
formulation [20]. This is possible here, since the Thirring model is not a gauge theory and the
argument considering the non-covariance of the vacuum polarization of [21] does not apply here.
It was shown [22] that Wess-Zumino models with SLAC derivative are renormalizable and have
the correct continuum limit. In recent years, the nonlocal SLAC fermions have been successfully
used in many simulations of Yukawa-type models, see [23] and references therein. We take this as
a strong indication that the SLAC derivative works here, too. In position space, it is given by

∂
SLAC
xy =

0 x = y
π

L (−1)x−y 1
sin( π

L (x−y))
x 6= y

(2.1)

while the application in momentum space is per definition just a multiplication with the lattice
momenta. There are no doublers and we have the exact chiral symmetry.

We can perform simulations with this setup using a rHMC algorithm, which allows us to
simulate the model for non-integer Nf. We are mostly interested in the chiral condensate, which
should be non-zero in the broken phase. Due to the exactly implemented chiral symmetry with
the SLAC fermions, it is always zero on every single configuration. To induce a condensate, we
introduced a coupling to a global U(1)-symmetric Gross-Neveu term as follows. We include a new
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action preserving U(1) symmetry, which reduces to a trivial factor of 1 in the limit of vanishing
coupling. With Σ := 1

V ∑x ψ̄xψx and Π := 1
V ∑x ψ̄xγ5ψx it is given by

1 = lim
gg→0

e−Sg = lim
gg→0

e
gg
2Nf
(Σ2−Π2)

We perform another Hubbard-Stratonovich transformation, which introduces global fields σ ,π via

e−Sg =
Nf

2πgg

∫
∞

−∞

dσ

∫
∞

−∞

dπ e−
Nf

2gg (σ2+π2)+Σσ+iΠπ
.

We rescale the fields by
√

V and define λg := V Nf/2gg. Now the terms Σσ and Ππ can be viewed as
part of the Dirac operator. The resulting full action of the simulated model and its partition sum are

S = ∑
x

ψ̄

(
i/∂ + /V − 1√

V
(σ + iγ5π)

)
ψ +λTh ∑

x
VµV µ +λg

(
σ

2 +π
2) := SD +STh +Sg

Z =
∫

Dψ̄DψDVµdσdπ e−S :=
∫

∞

0
dr re−Sg(r)Z(r).

In the last equation, we defined transformed global fields in a polar coordinate form by σ = r cosφ

and π = r sinφ . We get a formulation for the absolute value of the chiral condensate by

χ =
1
V ∑

x

〈
ψ̄eiγ5φ

ψ
〉
=
∫

∞

0
dr re−λgr2

χr (2.2)

Here, χr is defined as

χr =
1√
V

∂ lnZ(r)
∂ r

=
1

V Z(r)

∫
Dψ̄DψDVµ

∫ 2π

0
dφ ∑

x
ψ̄eiγ5φ

ψe−SD−STh . (2.3)

In addition, we can define a corresponding susceptibility by inserting ∂ 2 lnZ(r)
∂ r2 into (2.2).

3. Results and Current Work

The method described in section 2 allows us to obtain histograms of real and imaginary parts
of the chiral condensate like in figure 1. For Nf = 2 and 3 we can see ring shapes in these his-
tograms, indicating a chirally broken phase. We take the radius of these rings as an estimate for

λTh = 0.30 λTh = 0.32 λTh = 0.50 λTh = 0.70

-0.5

0.0

0.5

-0.5 0.0 0.5 -0.5 0.0 0.5 -0.5 0.0 0.5 -0.5 0.0 0.5

Figure 1: Histograms of the chiral condensate for Nf = 2, λg = 0.5 and lattice size 12. The first figure shows
the chiral condensate in the unphysical regime, the second and third show the ring shapes in the broken phase
and the last is close to the physical phase transition.
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Figure 2: Absolute value of the chiral condensate
for λg = 0.5 and size 12. For Nf ≥ 4 no non-zero
condensate can be observed.
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Figure 3: Critical values of the Thirring coupling for
physical and artefact transition with linear interpola-
tions. For each Nf the physical coupling lies at larger
λTh than the artificial one.

the absolute value of the chiral condensate as in figure 2. There is a maximal radius for these rings
at small inverse couplings with fixed value of λTh ≈ 0.17Nf. For increasing λTh, the size of the
rings decreases up to a point, where the rings melt to disks. This indicates a transition to a chirally
symmetric phase. To the left of the maximal chiral condensate, there is a very sharp decrease in
radius and the histograms become very sharply centred points. Thus, we have a second transition
to a phase of zero chiral condensate. Following the interpretation of [16], this transition is a sign of
the renormalized coupling (1.4) getting imaginary and thus leading to an unphysical theory. There-
fore, we will call this point near the maximal chiral condensate an artefact transition. We found
evidence in the time series of the chiral condensate, that this transition is of first order.

Simulations on lattices of size2 12 and 16 with a fixed global coupling of λg = 0.5 and non-
integer values of Nf between 1.8 and 4 showed, that the two points of phase transitions get closer
with increasing Nf. Figure 3 shows the positions of both phase transitions depending on Nf and
λg. For λg = 0.5 the two critical couplings get very close to each other around Nf ≈ 3.5 and we
cannot observe any non-vanishing chiral condensate for larger Nf. Increasing λg in order to recover
the Thirring model, the point of coincidence of the two phase transitions moves to smaller Nf. An
extrapolation of the intersections of the extrapolating lines in figure 3 with a fit function ax−b + c
yields a limiting value of Ncr

f

(
λg→ ∞

)
= 2.05±0.05.

Thus, simulations of our coupled model for Nf = 1 should show chiral symmetry breaking
for all values of the global coupling. But also in this case, the radius of the histograms gets too
small to extract a reliable estimate at λg ≈ 1.6. Using maxima of the susceptibility (see figure 4)
as another indicator of the phase transitions, we were able to determine their positions in λTh up to

2The lattice size is chosen such that the SLAC derivative gives antiperiodic boundary conditions in the time direction
and periodic in the space directions. This requires an even number of points in time direction and an odd number in
space directions, see [23]. We always took Ls = Lt−1, such that size 12 refers to a lattice with 12×11×11 points.
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Figure 4: Susceptibility for Nf = 1 and λg = 0.5.
The sharp peak on the left corresponds to the artefact
transition, which is of first order. The right peak is at
the position of the physical transition.
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Figure 5: Position of peaks of the susceptibility for
Nf = 1 with extrapolations in the global coupling for
lattice size 12. Note, that there is no second peak for
λg = 2.0 at lattice size 12.

λg = 1.8 as shown in figure 5. For λg = 2.0 the peak at the position of the physical transition cannot
be resolved any more at lattice size 12, but it is visible at size 16. Thus, to determine if the two
phase transitions stay separate as suggested by the extrapolations in figure 5, we have to increase
the lattice size, if we want to further increase the global coupling. At the moment, we cannot draw
a reliable conclusion regarding the critical flavour number of the Thirring model.
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